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Abstract

We study the existence and uniqueness of a maximal solution of equation u; —
Au+ f(u) =01in Q x (0,00), where Q is a domain with a non-empty compact
boundary, which satisfies u = g on 9Q x (0,00), assuming that g and f are
given continuous functions and f is also convex, nondecreasing, f(0) = 0 and
verifies Keller-Osserman condition. We show that if the boundary of €2 satisfies
the parabolic Wiener criterion then the maximal solution is the unique large
solution, i. e., it blows up at ¢t = 0.

Key words: semilinear heat equation, maximal monotone operators, Wiener
criterion, maximal and large solutions.

1. Introduction
We consider the following semilinear parabolic equation :
ug — Au+ f(u) =0 in QF :=Q x (0,00), (1)
with the boundary condition
u=g on 9Qy =00 x (0,00), (2)

where Q@ € RN, N > 2, is a domain (bounded or possibly unbounded) with a
non-empty compact boundary. Concerning the nonlinear functions f and g we
assume that

f:]0,00) — [0,00) is a continuous and non-decreasing function,

f(O):O, J>0on (0700)7 (fl)

which satisfies the Keller-Osserman condition (see [6],

[9]):
/ OO[QF(S)rl/?ds@o where F(s) = / ) f(7)dr, (f2)
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and g : 0,Q%F — [0,00) is a continuous given function.

The main purpose of this paper is to study the existence and uniqueness of a
large initial solution of equation (1), subject to the boundary condition (2), that
is a positive function u which satisfies (1), (2) and

}in(lJ u(-,t) = oo, uniformly on any compact subset of 2. (3)

The existence of large solutions for the corresponding elliptic equation
—Au+ f(u) =0 in Q, (4)

has been originally studied by Keller [6] and Osserman [9] in 1957. In these
works they provided a condition on f (more precisely, condition (f2)) which is
necessary and sufficient in order that the set of solutions of (4) should be locally
bounded from above. The result of Keller and Osserman states:

Theorem 1. Let f be a function satisfying assumptions (f1) and (f2). There
exists a continuous and nonincreasing function h defined on Ry with the limits
lim h(p) = 00, lim h(p) =0,

p—0 p—00

such that, for any domain Q@ G RN and any function u € C(Q) satisfying
Au > f(u) in D'(Q), u(z) < h(dist(xz,00)) Va € Q.

As a consequence of the above Theorem, it is known that if f satisfies condi-
tions (f1) and (f2) then a large solution u (i. e. a function u € C(Q) which
verifies equation (4) in Q and u(x) — oo as dist(x,0Q) — 0, = € K, for every
bounded set K C 2) exists in every bounded domain which possesses a Lips-
chitz boundary. Labutin [5] showed that the Lipschitz condition on 9§ can be
replaced by a Wiener type condition which is necessary and sufficient for the
existence of a large solution. Uniqueness in smooth domains was established
under some additional assumptions on f (see [2]). Other results concerning ex-
istence and uniqueness for large solutions of (4) in non-smooth domains 2 have
been obtained by Marcus and Veron in [7].

The aim of this article is to extend these questions to the parabolic equation
(1). We note that the special case f(u) =| u [9~! u, ¢ > 1, has been studied
by Waad Al Sayed and Veron in [1]. It is worth pointing out that the existence
and the uniqueness of the solution of problem (1) which satisfies u = oo on
the parabolic boundary Q x {0} JO x (0,00) when  is a domain in RY
with a compact boundary and f is a continuous increasing function satisfying
superlinear growth condition have been studied by Marcus and Veron in a recent
article [8].

In Section 2 we consider the following problem, denoted by Fq o:

{ u—Au+ f(u) =0 in QF,
Pao
u=0 on 0,QF.



The first result we obtain in this paper is an existence theorem for maximal
solutions of problems Pq ¢ under appropriate assumptions on function f, when
) is an arbitrary subdomain of R with compact boundary (see Theorem 8
below). Next, we prove that a such solution is also a minimal solution of our
problem which satisfies (3) (Proposition 9). In the next part of this Section we
suppose that 02 verifies the parabolic Wiener criterion. In this case the solution
constructed in Theorem 8 is more regular, as we shall prove in Theorem 12
(see also Proposition 13). The last purpose of the paper is to obtain a result
concerning the existence and uniqueness for the solutions of problem consisting
of equation (1), lateral boundary condition (2) and (3). The assumptions we
should require to achieve our goal are given in Theorem 14, the main result of
Section 3. We point out that the existence and uniqueness of such a solution u
is associated to the existence of a large solution to the stationary equation (4)
and solution of the ODE (see Remark 6)

¢+ flp)=0 in (0,00), lim o (t) = 0.

2. Maximal solutions of problem Pgq o

We will be concerned with problem Pq o formulated above under assump-
tions (f1), (f2), where € is a domain of RN, N > 2, with a non-empty compact
boundary.

In order to investigate this problem, we choose as our framework the Hilbert
space H := L?(Q2), endowed with the usual scalar product, denoted (,-), and
the corresponding induced norm, denoted | - ||. It is not difficult to see that
Paq,o can be represented as an equation in the Hilbert space H, associated to a
maximal monotone operator:

E(t) + Aq(u(t)) =0, t € (0,00), (5)
where u(t) := u(-,t), f: D(f) Cc H — H,
D(f) ={u € H; x — f(u(x)) belongs to H},

)
) = f(u(z)) for a. a. z € Q, ¥ u € D(f),

(f is the canonical extension of f to H), Ag : D(Aq) C H — H,
D(Ag) = {u € Hy(Q); Auc H}(\D(f), Aqu=—Au+ f(u) ¥V u € D(Aq).

It is well known that under assumption (f;), operator Ag is maximal monotone.
In fact, Aq is even cyclically monotone. More precisely, since f is the derivative
of the convex function j(z) = fox f(y)dy, we have Aq = O, where g : H —
(—OO, OO],

2 o IVulPde + [, i(w)de, if u € HF(Q), j(u) € L*(Q),
Ya(u) = .
400, otherwise,



where | - | denotes the euclidian norm of R (see, e.g., [10], p. 197). Therefore,
according to well known Brezis’ result (see [3])), we have:

Theorem 2. Assume that (f1) is satisfied and ug € H is a given function.
Then, there exists a unique strong solution u of equation (5) which satisfies the
ingtial condition w(0) = ug, such that u(t) € D(Aq) ¥V t >0,

u € C([0,00); L*(€2)) (1) Line (0, 00; Hy (2)) [ ] Hioe (0, 005 L*(92)).

In addition,
| (du/dt)(t) [[< 1/t [ uo || V€ (0,00). (6)

In the following we consider solutions of equation(5) with the above regularity.

Definition 3. Let Q be a bounded subdomain of RYN. We denote by So(Q)
the set of positive functions u € C(0,00; L*(Q)) (N L%, .(0,00; H} () such that
ue, Au € L2 (0,00, L3(R)), u(-,t) € D(Aq) ¥V t > 0, which verify (5) for all
t > 0.

More generally, we denote by S(QE) the set of all positive functions u €
(0,00; HY () N H} (0, 00; L2(Q)), f(u) € LE (0,005 L*(2)), such that

loc

L2

loc
/Q[(au/at)g F VUV f)()de =0Y E>0, ¢ € HXQ).  (7)

We define in a similar way a subsolution (resp. supersolution) of (1) by impos-
ing the same regularity conditions on u and f(u) and

/[(3U/3t)4 +Vu- V¢ + f(u)C](t)de <0V >0, (€ Hy(Q),  (8)
Q
respectively,
/[(8u/8t)( +Vu - V¢4 f(u)](t)de >0V ¢t >0, ¢ € Hy(Q). (9)
Q

Now we consider the case when € is unbounded and we assume that Q¢ C Bp,,
denote by Qr = Q| Br, R > Ry, and by HZ(Qg) the closer in H'(Qg) of the
space of C*°(Qp)— functions which vanish in a neighborhood of 9£2.

Definition 4. If Q is not bounded and Q° C Bpg,, we denote by So(Qy) the
set of positive functions u such that, for any R > Ry, u € C(0,00; L>(QRr))
N L2 .(0,00; H:(Qr)), us, Au € L2 _(0,00; L2(QRr)), u(-,t) € HY(QR) V t > 0,

loc loc

which verify (5) for allt > 0. Also, we denote by S(QY) the set of all positive
functions

u € L3,,(0,00; H' (QR)) () Hbe(0, 00; L2(QR)), f(u) € L7,.(0,00; L*(Qr)),
such that

/Q [(Ou/Ot)C + Vu - V¢ + f(u)C](,t)de =0V t >0, ¢ € H}(QR), (10)

for all R > Ry.



Remark 5. Suppose that  is a bounded subdomain of R, f verifies assump-
tion (f1), and
f is a convex function. (f3)

Obviously, if u1, uz € S(QY), then uy + ug is a supersolution of (1).

On the other hand, if v € S(QY) and v is a supersolution of (1), such that
supp [u—v]+(, t) is a compact subset of Q@ V¢ > 0 and limy~ o || [u—v]+(-,t) ||= 0,
then u(z,t) < wv(z,t) Vit >0, for a.a. z € Q.

Indeed, starting with the obvious inequality

[ (B 9= ) -96) (e < [ (7600 = F)- e

Vit >0, ¢e HYDQ), and taking in the above inequality ¢ = [u — v]4(-,t) €
H}(2) V t > 0, we can see that

oh 2) (-, t)dx v) — f(u L t)dx
|Gt 1 90 )t < [ ((7(0) = s .y .
< f/ (f(R)R) (- t)de <OV t >0,
Q
where h := [u — v]4+ (we have used that f is a convex function, f(0) = 0,

therefore f(a+0b) > f(a) + f(b) V a,b > 0).
Clearly, inequality (11) implies
d
T | h(-,t) <0V Et>0= t—| h(-,t)| is non-increasing on (0, cc).

Therefore, || h(-,t) ||[< limgo || h(-,s) ||= 0, which implies h(z,t) = 0 &
u(z,t) <v(z,t) Vit>0, for a.a. x € Q.

Remark 6. If assumptions (f1) — (f3) are satisfied, then there exists a unique
solution ¢ : (0,00) — (0,00), of the following problem:

¢+ f(p) =0 in (0,00), 12)
li t) = oc.
Jim o (t) = o0

Indeed, it is known that under assumptions (f1) — (f3), F(t) := — 1= ﬁds <

oo ¥t > 0. On the other hand, since f is a convex function, s — f(s)/s is
non-decreasing on (0, 00), therefore f(s)/s < f(1) V 0 < s < 1. Thus for every

s € (0,1) we have
Loat 1 L dt 1
ozl T

. 1 gt . . . . = _
It follows that lims\ o [; 7y = 00, which implies }{I(l) F(t) = —oco. Therefore,

F : (0,00) — (—00,0) is a C! increasing bijective function and the general
solution of equation (11); is F'(¢(t)) = —t + K, K < 0. Taking into account
(12),, we obtain K = 0, therefore the unique solution of problem (12) is ¢(t) =

FY(—t)Vt>o0.



Lemma 7. Suppose that assumptions (f1) — (fs) are satisfied. If u € S(QYF)
the following estimate holds:

u(w,t) < o) + Ua(x) V (2,1) € QF, (13)
where Ug € C1(Q) is a mazimal solution of the equation
—Au+ f(u) =0 in Q (14)

(for the existence of a such solution, see [7], p. 642).
If, in addition, Q is bounded and u € So(QY), then:

u(z,t) < p(t) V (z,t) € Qg . (15)

PrROOF. Let {Q"},en be a sequence of bounded subsets of 2 with smooth
boundary such that Q" c Qntl Q= Unen 2. For every n € N, denote by
U,, the maximal solution of (14) in Q™ (in fact, as Q™ is bounded and possesses
smooth boundary, U, is a large solution). Let u € S(QY).

Clearly, ¢, U, € S(Q3), therefore ¢ + U, is a supersolution of (1) in Q..
For 7 > 0 and n € N, we denote by v, » the function defined as follows

Unr(z,t) == u(z, t +7) — (Up(x) + () V (z,t) € Q3.

Obviously, supp [vn, -]+(-,t) is a compact subset of Q" V ¢ > 0. In addition,
by Lebesgue’s theorem, limg o || [vn,7]+ (1) [|z2(@n)= 0. Thus, making use of
Remark 5, we find u(x,t 4+ 7) < Up(x) + ¢(t) ¥V t > 0, for a.a. z € Q™. Letting
7 \\ 0 and using the continuity we find

u(z,t) <Up(z) + () Vt>0, z €™ (16)

Finally, we can pass to the limit as n — oo in inequality (16) to obtain (13).

The proof of the last part of the Lemma goes similarly, with slight modifi-
cations. More exactly, if Q is bounded and u € Sp(QF ), we denote v, (z,t) :=
w(z,t+7)— )V (z,t) € QY. Since supp [v-]+(+,t) is a compact subset of
Q VYt >0 and, on account of Lebesgue’s theorem, limy o || [v7]+ (-, ) ||= 0, by
Remark 5 we find that u(x,t +7) < p(t) V¢ > 0, for a.a. x € Q. Inequality
(15) follows by letting 7\, 0.

Next, we continue with a result about the existence of a maximal solution
of problem Pq g :

Theorem 8. Assume that (f1) — (f3) are satisfied. Then problem Pqoo has a
mazximal solution g € So(QF), more precisely:

o > u in QF, Y u € So(QF). (17)

PROOF. Step 1. Construction of 7 in the case that Q is bounded.



Let k € N*. By Theorem 2, the following Cauchy problem in H:

duy ” _ 50
{ ﬂé;)i;&(ﬂli(t» 0, te (07 )7 (18)

has a unique strong solution, denoted by uy € Sp(QY). Since f is non-decreasing,
it follows by the maximum principle that the corresponding sequence of these
solutions {uy}y increases with &k and in view of Lemma 7 (see (15)) is locally
uniformly bounded in Q@ by ¢. Thus, for every (z,t) € Q¥ we can define
Ug(z,t) = limg— 00 up(x, t).

Next, we check that Tg € Sp(Qg) is a maximal solution of problem Py, .
Let K be a compact subset of (0, 00). Now, making use of inequalities (6), (15),
assumption (f1) and equation (18); we find

| (dur/dt)(-, t) | =I Aa(ur)(-,t) < (1/t0)v/meas(Q)e(to),
| uk(-,t) || < vmeas(Q)p(to), f(ur(-t)) < flo(ts)) VEEN, teK,
where to := inf{¢; ¢t € K}. Therefore, according to Lebesgue’s theorem and
demi-closedness of maximal monotone operators we obtain that
wp = i i Hb (0,005 LA(Q)), flu) — f(iia) in L, (0, 00 L2(Q)),
ﬂQ € Hlloc(07 003 L2(Q))v f(aQ) € leoc(ov 005 LQ(Q))7aﬂ(vt) € D(Aﬂ)a
Aq(ug(-,t)) = A(tg(-,t)) in L2(Q) YVt > 0.

We let k — oo in (18); and derive that ug verify (5) for all ¢ > 0. Now, let us
verify that g € C(0, 00; L?(Q2)). By a standard computation, we find

I = ) ) 2 +2 1V e = u),0) Py @8 <1 s = wn),) [P

V0 < s <t Since || (up —u)(-,s) |[— 0 as k,I — oo, we obtain up, — Ug in
C([s,t]; L3(R)) V 0 < s < t which implies g € C(0, 00; L3(9)).

It remains to show that uq is a maximal solution of problem Pq . To this
end, let 7 > 0, u € S§(QF), k- € N, such that ug_(x,0) = k; > ¢(7) and define
the function

vr(z,t) == u(x, t +7) — ug, (x,t) V(z,t) € QF.

It is easy to see that v, (-,t) € H}(Q) V¢ > 0. In addition, lim,~ o || [v-]+ (-, %) ||=
0, and thus, using a similar reasoning as in Remark 5, v, (-,t) =0V ¢ > 0, a.e.
in Q. Finally, making use of the continuity and letting 7 — 0 (which implies
k; — o00) it follows that u < Ug in QY.

Step 2. Construction of ©ig when £ is unbounded.

Let Ry > 0 be large enough such that 0 C Bg, and for n > Ry, we denote
by Q, = Q) B, and g, the solution obtained in Step 1 with Q replaced by



Q,,. More precisely, for n, k € N*, Ug, = limg_,oc Uy &, Where u, j is the strong
solution of the Cauchy problem:

dun 1 .
{ un,k(())jlfﬁl gi:.,k(t)) =0, t € (0,00), 19)

It is clear that up,x < Upq1,k, therefore tg, < g, , in Q, x (0,00). On the
other hand, for every xy € Q there exists ng € N such that zq € 2, for all
n > np. In view of the monotonicity of the sequence {uq, (zo,t)}n>n, and (15)
we can define Ug(zo,t) = lim, . Uq, (zo,t) ¥Vt > 0.
Now, we are going to prove that U belongs to the space Sp(Qg) and is
a maximal solution of problem Py . As we have been proved in Step 1, uq,
satisfies
dug
dt
Taking the scalar product in L?(€,,) of (20) and &%tq,, where & € C§°(12,,), we
get

™ (t) + Aq, (uq, (t)) =0, t € (0,00). (20)

1d

th/ﬂn §2ﬂgn(-,t)2dx+/ (| Vig, |? +f(ﬂgn)aﬂn)(',t)§2dm

n

+ 2/ (Vig, (-, 1) - V)€t (- t)de =0 t > 0,
Q

n

from which we derive

/ g, (- dx+/ (271 | Vg, > +f(tq,)da, ) (-, ) dx
2 dt .

<2 / €2 | VE 2 g, (1)
Q

n

Let us consider R > Ry, 7 > 0. In what follows we denote by Cr(k =1,--- ,4)
different positive constants which depend on R and N, but are independent of
n,t, 7. Taking £ such that 0 < & <1, supp £ C BSy, £ =1 on Bg, in the above
inequality and integrating over [, ], we obtain:

1

5/ ugq, (-t da:—l—/ / (27" | Vg, > +f(tq,))tq, dvds
e (21)
< 2/ / | VE dads + 5/ U, (-, 7)%dr < C1(t + 1)p(7)?,
QZR Q2R

VY'n>2R, t >7 >0 (we have used inequality (15)). Letting n — oo in (21)
and using Fatou’s lemma we find

/ ag(-,t)2dx+// (| Vg |* +2f (Ug)tq)dzds < 20 (t + 1)p(1)?, (22)
Qr T JQRr

for all ¢t > 7.



Next, if we take the scalar product in L?(Q,,) of (20) with (t — 7)&2dug,, /dt,
we get

=) [ Tt

[+ (ia,)) (- )¢ }

2 +j(aQn)) ('7 t)fgd‘r

_/ (27! | Vi,
Qn

=2t -m) [ D)V, () VE)eda

n

< t_T/ dig, (~7t)2§2dx+2(t—7)/ | Vg, (-, t) 2| V€ |2 da,
2 Jo, dt

n

for every t > 7, where j(z fo y)dy (see [3], Proposition 2, p. 517). Inte-
grating this inequality over [T t] and taking £ as before, we infer

// (s—1) ”dwds

+(t—7)/9 (271 | Vi, [2 +(@a,)) (- t)dz

t (23)
<02/ (s—7+ 1)/ | Viig, | deds
Qar

+C'3// J(ugq, )dzds,
QzR

Vn>2R, t>7>0. On account of inequalities (15) and (22), the right hand
side of (23) remains bounded by Cy(t +1)2(¢(7)? + j((7))). Passing to the let
as n — oo in (23) we derive by Fatou’s lemma:

// 5—7T) “dg;d

+(t—T)/Q (271 | Vaa(,t) P +i(@al, 1)) de

<Cyt =7+ 1D (o(r)?* +j(p(1)) Vt>7>0.

(24)

Obviously, (23) is an estimate in L2(7, t; H}(Qg)), which is a closed subspace of
L2(,t; H'(Qg)), therefore U € L2 (7, t; HL(QR)). Note also that inequalities
(21),(23) imply g € So(QF)-

Finally, our next goal is to show that uq is a maximal solution of prob-
lem Pqoo. Let us consider u € Sp(QF). For every 7 > 0 and R > Ry we
set v (z,t) = u(z, t +7) — Ug(z,t) — Ur(z) V (z,t) € Qr x (0,00), where
Ug is the large positive solution of equation (14) with Q@ = Bg. Obviously,



supp [vr,+]+(-,t) is a compact subset of Qg V ¢ > 0. Also, by Lebesgue’s the-
orem, limg\ o || [vr7]+ (-, 8) ||22(0z)= 0, therefore making use of Remark 5, we
get

u(m, t+ T) < UR(I') + iL\Q(.’E, t)v
vVt >0, foraa x € Qg. Letting R — oo, 7\, 0, and using the continuity
we find u(z,t) < Ug(x,t) Vit >0, z € Q (we have used that limp_,o Ur(z) =
0V z €, which is a consequence of Theorem 1). This concludes the proof.

Proposition 9. Under assumptions of Theorem 8, the maximal solution uq €
So(QY) is a minimal solution with initial blow-up, more exactly:

}i\n(lJ uq(x,t) = oo locally uniformly on Q, (25)

and ¥V u € S(QY) such that limy o u(z,t) = 0o locally uniformly on Q we have
U <uin QF. (26)

In addition,
im ugQ (‘T) t)
N0 p(t)
PrROOF. We will use the same notations as in the proof of Theorem 8. Let K
be a compact subset of €. For y € K, let Q% ) = B, (y) x (0,00) C QF and
denote by U,., the unique positive large solution of the problem

{ —AUyy + [(Uyry) =0 in Bi(y),

=1 locally uniformly on . (27)

‘ 111}1 U y(z) = o0.
r—y|—r

For 7 > 0, there exists k, € N, such that ux_(x,0) = k; > ¢(7). We denote by
vr, the function defined as follows

Ur 1= p(t+7) — Uz, t) — Upy(z) Y(z,t) € QF (-
Obviously,
Ua(z,t)+Ury(x) > up, (2,8) +Ur y(x) > @(t+7)VE >0, for a.a. x € 0B, (y),

therefore, for all ¢ > 0, supp [vr,]+(+,t) is a compact subset of B.(y). In
addition, limyo || [vrr]+(- ) ||= 0 V ¢ > 0 which implies (see Remark 5)
to(z,t) + Ury(z) > ot +7) Vt >0 for a.a. x € B,(y). Therefore, using the
continuity and letting 7 — 0 in the previous inequality we infer

uo(z,t) + Ury(z) = @(t) V (2,1) € QF () (28)

On the other hand, for any 0 < 7’ < r there exists a positive constant C,, ,» such
that U, y(z) < Cy,» ¥V « € B,v(y). This inequality together with (28) implies
li\rjr(l) Uq(x,t) = oo uniformly on B,/ (y). As K can be covered by a finite number
¢

of such balls we obtain (25).

10



Next we are going to prove (27). Making use of inequalities (15) and (28)
(with Q replaced by B,.(y)) we obtain

Up, (y) (@, t) + Upy(x) > @(t) > Up, () (2, 1) V (2,1) € QOB?T(y),
and hence

u t
lim uBr(y) (:C’ )

=1 locally uniformly on B,- Vo' <o 29
N —ry y y (y) (29)

Since

Up,(y)(z,t) + Ury(2) 2 Ua(z,1) > Up,y)(2,1) ¥V (2,t) € QF ()

the last equality (29) leads us to (27).

Finally, if v € S(QY) is a solution of (1) which satisfies initial blow-up
condition locally uniformly on €2, and € is a bounded subdomain of RV we have
up < uin QY and letting kK — oo we derive (26). On the other hand, when Q2
is unbounded we have g, < u in Qg , where Q,, = Q( B,,. Letting n — oo in
the previous inequality, (26) follows. The proof is complete.

Remark 10. In fact, (27) remains true if we replaced ug by any solution u €
S(Q) which verifies the initial blow-up condition on €. The proof follows ideas
similar to those we have already used in the proof of Proposition 9.

If 02 has the minimal regularity which allows the Dirichlet problem to be
solved by any continuous function g given on 9;,Qg, we can consider another
construction of the maximal solution of problem Pq . The needed assumption
on 0N is known as the parabolic Wiener criterion (PWC) (see [11]).

Definition 11. If 9Q is compact and satisfies PWC, we denote by So(Qg) the
set of all positive solutions of problem Pq o which belong to the space C*H QYY)
N C(£2 x (0,00)).

Theorem 12. Assume that (f1)—(fs) are satisfied, OS2 is compact and satisfies
PWC. Then problem Pq o has a mazimal solution Ta € So(QgF).

PRrROOF. We first assume that €2 is bounded. In the same manner as in the proof
of Theorem 8 we can construct the maximal solution ug as being the limit in
Q x (0,00) of the increasing sequence {uy }r>1, where uy, is the unique solution
(on account of the maximum principle) of the problem Py o, which satisfies the
initial condition ug(-,0) = k in Q for all & > 1. Clearly, such a solution wy
exists and belongs to So(QY) on account of PWC assumption. Furthermore,
inequality (14) is still valid for uz in Q x (0,00). In view of this estimate, the
sequence {uy }x>1, is locally uniformly bounded in € x (0, 00) and therefore (by
standard parabolic equations estimates) it is compact in C%1(Qg).

Consequently, Tg = limy_,o ux belongs to C*H(QF)NC(Q x (0,00)) and
verifies (1) in Qg . In addition, taking into account the construction of ug we
get Ug = 0 on 9N x (0,00), therefore u € So(QF).
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On the other hand, if €2 is unbounded we consider Ry > 0 such that 092 C
Bpr, and for n > Ry, n € N we denote by uq, the solution obtained above
with €2 replaced by Q,, = Q[ B,,. From the construction of T, we derive that
ug, <Ug,,, inQF . Since g, < ¢ in Q,, x(7,00) ¥ 7 > 0 we can see that there
exists Uq := lim,_, U, in QF. By applying a bootstrap regularity argument
we obtain Tg € So(QY).

In order to establish the maximality of Tg in So(QY’) we can use similar rea-
sonings to those we have already used in the last part of the proof of Theorem 8,
so we will just sketch its. For example, let us suppose that € is unbounded.
We will use the same notation as in the proof of the previous Theorem. If
u € So(QY), for R > Ry, 7> 0 we set

VR =u(-,- +7) —TUg — Ug in Qg X (0, 00).

Clearly, [vg,-]+ is a subsolution of (1) in Qg X (0, c0) which is zero on (0Qg x
(0,0)) U(©rx{0}.) As a consequence of the maximum principle we get vg » < 0
in Qg x (0,00). Letting R — oo, 7 — 0 in the last inequality we obtain u < g
in Q.

Proposition 13. Under assumptions of Theorem 12

Uq € So(Qy), Ua = Ug. (30)

PROOF. Let us suppose that ) is bounded. As 0f) verifies PWC, there exists a
sequence {Q"},, of smooth domains such that

Q" c Q' cattcq, UQ" =Q, sup{dist (x,Q°) ;2 € 90"} < 1/n.

For 7 > 0, n € N, we consider the solutions u, , € C>'(Q" x (1,00)) N C(Q" x
(1,00)) of the following problems:
Optn,r — Aty + f(Un,-) =0 in Q" x (7,00),
Upr =0 on 90" x [r,00), (31)
Un, (-, 7) =Ua(-,7) in Q.
By the maximum principle, V t > 7 we have
0 <Tq(,t) — un (-, t) <max{ug(z,s); (x,s) € 90" x [1,t]} — 0 as n — oo.
This implies that

lim %, , = Ug uniformly on Q x [7,t] V¢ > 7 > 0, (32)
n—oo
where U, . is the extension by 0 outside Q" X [1,00). As 92" is smooth we
obtain u, ,(-,t) € H}(Q") therefore u, ,(-,t) € H}(Q) V ¢t > 7. A standard
computation involving Green’s formulae and inequality (15) leads us to the
estimates

1

t
5/77717T(.,t)2d:£+/ /(| Vi r > 4+f (U, )n,-)deds < Cro(1)?,  (33)
Q T JQ
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t iy »° e 2 e
/T /Q(s —7) s dxds + (t — 1) /9(2 | Vg, 2 +5 (7)) (-, t)da
<Co(t — 7+ 1)*(P*(1) +i(p(T)) YVt > 7 >0,

where C, Cy are positive constants depending on 2. We let n — oo and derive
by Fatou’s lemma and (32) that estimates (33) and (34) still hold with @q
instead of uy, . Obviously these inequalities imply uq € Sp(QF).

If 2 is unbounded we can consider smooth internal approximations of bounded
domains, {Q' }., of Q,, := Q) B, ¥V n > Ry, as above. Therefore {J,, , Q7' = Q.
For 7 > 0, we denote by w, » - the solutions of problems (31) with Q™ replaced
by Q7. Using the same arguments as in the case when (2 is bounded we derive

(34)

lim Uy, = Ug uniformly on Q x [7,¢] V¢ > 7 > 0.
m,n— o0
Next, reasoning as in the proof of Theorem 12 we can see that inequalities (22)
and (24) hold with u replaced by g, therefore g € Sp(QY).

Finally, by the construction, g is a solution which satisfies initial blow-up
condition locally uniformly on © and belongs to Sp(Qg). In conclusion, taking
into account Theorem 8 and Proposition 9 we obtain ug = ugq. The proof is
complete.

3. Uniqueness of initial blow-up solutions

As a consequence of the results obtained in Section 2 we are able to state
and prove the main Theorem of this paper concerning the existence and unique-
ness for the solution of problem Pg 4, consisting of equation (1) and boundary
condition (2), which verifies initial blow-up condition:

Theorem 14. Let Q be a domain in RN with a compact boundary satisfy-
ing PWC. Assume that f verifies assumptions (f1) — (fs). Then for any g €
C(9,QF), g > 0 there exists a unique positive solution g, , € C*1(QF) N C(2x
(0,00)) of the following problem

w—Au+ f(u) =0 in QF,
u=g on 0,Q%F, (35)
}i\rr[l)ﬂg’g(:c,t) = oo locally uniformly on .

PROOF. Step 1. Existence.

The construction of a solution verifying (34) is similar to that we have already
used in the proof of Theorem 12. Thus, we are not going into many details but
we will just describe the basic steps to be followed when, for example, 2 is
bounded. More exactly, for 7 > 0, k¥ € N, we denote by uy 4 the unique
positive solution belongs to C%1(Q5>) N C(Q x (0,00)), QG = Q x (7,00),
of the problem

ur — Au+ f(u) =0 in QF™,
u=g on 090 X (1,00),
u(-,7) =k in Q.

13



In view of the following estimate
kg (@, 1) < Ua(@,t —7) + uo,rg(2,8) V (2,1) € Q57 = Q x (r,00) V k€N,

the increasing sequence {uy r g} is locally uniformly bounded in ng. There-
fore, there exists limy—.o0 Uk, r.g(7,1) 1= Uoo,r,g(2,t) for all (z,t) € Q™. Obvi-
ously, Uso r,g € C’(Q%OO), Uso,r,g = g on 02X (7, 00) and by the parabolic regular-
ity theory we obtain that e -, belongs to C*1(Q5™) and verifies (1) in Q5.
Clearly, limy + too,r,g(2,t) = 00 locally uniformly on €. Since, oo r,g > Uso,r g
in Q% for all 0 < 7/ < 7 there exists Uq g(x,t) = My Uoo,rg(x,t) for all
(z,t) € Q x (0,00). Obviously, @ 4 is a solution of problem (35).

If Q is unbounded we define ug 4(x,t) = lim, . Uq, ¢(z,t) for all (z,t) €
Q2 x (0,00), where uq, , is the solution of problem (35) with Q replaced by
Q, = Q) Bn.
Step 2. Uniqueness.

Assume that there exists another positive solution u, € C(2x(0,00)) () C*1(Q¥)
of problem (35) and we will verify that u, = Ug 4.
As uo g dominates in 2 x (7, 00) the restriction to this set of any solution
u € C*HQF)NC( x (0,00)) of problem Pq 4, we have e r g > uy in Qg™
and letting 7 \, 0 we get
ug < TUg,q in QF - (36)

Now, for every 7 > 0 we denote by u, the solution of the problem
u— Au+ f(u) =0 in QF,

u=0 on 9N x (1,00), (37)
u(,7) = ug(-,7) in Q.

Similarly, we denote by %, the unique positive solution of the problem (37), ,
with initial condition at t = 7, u(-,7) = Ug,¢(-, 7) in Q. We have u, < ug, u, <
ur <Tgy in QLY. Put

Wy =T g—ug, A :=Dp(Un g, Ug) I QF, Wr 4 :=Tr—ur, A := p(Ur,u,) in QF,

where F)—f(s)
) B s,
plr,s) = { 0 ifr=s.

Observe that the convexity of function f implies p(ra, s2) > p(ri,$1) ¥V r1 >
S1, T2 > 82, Tg > 11, 82 > S1. Therefore A > A in Qf, and a straightforward
calculation yields

H(Wy = Wrg) = AWy = We ) + AW, = Wr ) <0 in ngo (38)

Furthermore, Wy — W, , = 0 on (09 X [r,00)) J(€ x {r}). Thus, according to
the maximum principle we obtain that

W, < W,y in Q5. (39)
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On the other hand,
ur(z,7) = ug(z, 7) > ur(z,7), Ur(z, ) =TUqq¢(x, ) > Ur (z,7),

for all z € Q,0 < 7/ < 7, therefore there exist the limits lim \ o u,(x,t) =
wo(z,t) and lim 0T, (z,t) = Uo(x,t) for all (z,t) € QF. In addition, by
standard arguments we have already used it follows that uy and @y are solutions
of problem (35) with g = 0 which belong to C*(Q¥) (N C(Q x (0,00)). If we
take into account (39) and let 7\, 0, we infer

Ug,g — Ug < Up — Up N QF . (40)

Since g, > Uq we can derive from maximum principle that Ty > %g, which
implies Ty = Uq (we have used the maximality of %g). On the other hand,
on account of Proposition 9 and Theorem 12, ug > uqo = Uq. Therefore, the
right-hand side of inequality (40) is negative. This together with (36) leads to
Ug,g = ug in Q. The proof is complete.
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