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Abstract

The work of H. Hundal (Nonlinear Anal. 57 (2004), 35-61) has revealed that the
sequence generated by the method of alternating projections converges weakly, but
not strongly in general. This paper seeks to design strongly convergent algorithms
by means of alternating the resolvents of two maximal monotone operators, A and
B, that can be used to approximate common zeroes of A and B. In particular,
methods of alternating projections which generate sequences that converge strongly
are obtained. A particular case of such algorithms enables one to approximate
minimum values of certain convex functionals under less restrictive conditions on
the regularization parameters involved.

1 Introduction and preliminaries

Let H be a real Hilbert space with scalar product 〈·, ·〉 and induced norm ‖·‖. An operator
A : D(A) ⊂ H → 2H is called monotone if it satisfies the monotonicity property

〈x− x′, y − y′〉 ≥ 0, ∀ (x, y), (x′, y′) ∈ A.

Said differently, A is monotone if its graph is a monotone subset of the product space
H × H. If there does not exist a monotone operator A′ whose graph properly contains
the graph of A, then A is referred to as a maximal monotone operator. For a maximal
monotone operator A, the resolvent of A, defined by JAβ := (I + βA)−1, is well defined on
the full space H and single-valued for every β > 0. Most importantly, JAβ is nonexpansive,
meaning that for every x, y ∈ H, the inequality ‖JAβ x− JAβ y‖ ≤ ‖x− y‖ holds true.

We shall adopt the following notations: given a sequence (xn)n∈N0 , N0 = {0, 1, . . . }, (or
(xn) in short), and a point x ∈ H, xn → x (respectively, xn ⇀ x) means that (xn)
converges strongly (resp. weakly) to x. The weak ω−limit set of (xn) will be denoted by
ωw((xn)). This set is defined as follows:

ωw((xn)) = {x ∈ H | xnk
⇀ x for some subsequence (xnk

)k∈N0 of (xn)n∈N0} .
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The class of proper and convex functions from H into (−∞,∞] will be represented by
Γ(H). For any ϕ ∈ Γ(H), the subdifferential (operator) ∂ϕ : H → H is defined by

∂ϕ(x) = {w ∈ H | ϕ(x)− ϕ(v) ≤ 〈w, x− v〉, for all v ∈ H} ,

and a point z ∈ H minimizes ϕ ∈ Γ(H) iff (z, 0) ∈ ∂ϕ (meaning that z ∈ D(∂ϕ) and
0 ∈ ∂ϕ(z)). Recall that the subdifferential of a proper, lower semicontinuous, convex
function is a maximal monotone operator. Given a closed convex subset C of H, the
indicator function of C is a (proper) convex and lower semicontinuous function which
assumes the value zero at x ∈ C and infinity outside C. Its subdifferential is the normal
cone to C.

Now let K1 and K2 be two nonempty closed convex sets in H with nonempty intersection,
and consider the (convex feasibility) problem

find an x ∈ H such that x ∈ K1 ∩K2. (1)

The roots of this problem goes as far back as the early 1930s when von Neumann showed
that in the case when K1 and K2 are subspaces, the sequence of alternating projections

H 3 x0 7→ x1 = PK1x0 7→ x2 = PK2x1 7→ x3 = PK1x2 7→ x4 = PK2x3 7→ · · · ,

converges strongly to the point in the intersection of K1 and K2 that is nearest to the
starting point x0. For the proof of this result, see e.g., [4]. In 1965, Bregman [9] showed
that for two arbitrary closed convex sets K1 and K2 with nonempty intersection, the
sequence (xn) generated by the method of alternating projections converges weakly to
some point in K1 ∩K2. The question on whether or not (xn) converge strongly remained
open until recently when Hundal [11] constructed an example in `2 showing that for any
starting point x0 ∈ `2, there exists a hyperplane K1 and a cone K2 such that K1∩K2 = {0}
and the sequence of alternating projections (xn) converges weakly to zero, but not strongly.

It should be noted that projection operators coincide with resolvent operators of normal
cones. Therefore, a natural way of extending the method of alternating projections is
to consider two arbitrary maximal monotone operators, say A and B, instead of normal
cones, in which case the method of alternating (or composition of) resolvents is defined
as follows:

H 3 x0 7→ x1 = JAβ1x0 7→ x2 = JBγ1x1 7→ x3 = JAβ2x2 7→ x4 = JBγ2x3 7→ · · · ,

where (βn) and (γn) are sequences of positive real numbers. There seems to be already
many papers concerning this extension. In particular, for βn = γn = λ > 0 for all n ≥ 1,
Bauschke et al. [3] showed that the sequence generated from this method converges weakly
to a point of Fix JAλ J

B
λ − the fixed point set of the composition JAλ J

B
λ − provided this

set is not empty. In this paper, we investigate the convergence properties of the sequence
generated by the method of alternating resolvents defined above for the case when (βn)
and (γn) are not constant sequences. More precisely, we consider the inexact iterative
method

x2n+1 = JAβn(x2n + en), for n = 0, 1, . . . , (2)

x2n = JBγn(x2n−1 + e′n), for n = 1, 2, . . . , (3)
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where x0 ∈ H is a given starting point and show that under summability condition on
(‖en‖) and (‖e′n‖), where (en) and (e′n) are sequences of computational errors, the sequence
generated by it is weakly convergent to a point of A−1(0) ∩ B−1(0) provided this set is
not empty, and that both (βn) and (γn) are bounded from below away from zero. In
order to obtain strong convergence results for general maximal monotone operators A
and B, a modification (following the idea from the case of a single maximal monotone
operator, cf., [7, 8, 13, 15, 16]) of this method is carried out, see Section 3 below. With
such a modification, the summability condition on the error sequences (en) and (e′n) is
also relaxed.

2 Preliminary Lemmas

In this section we collect the necessary tools needed to prove our main results. The first
lemma which is due to H. K. Xu [15] is basic, yet very useful.

Lemma 1 [15]. Let (sn) be a sequence of non-negative real numbers satisfying

sn+1 ≤ (1− an)sn + anbn + cn, n ≥ 0,

where (an), (bn), (cn) satisfy the conditions: (i) (an) ⊂ [0, 1], with
∑∞

n=0 an = ∞, (ii)
lim supn→∞ bn ≤ 0, and (iii) cn ≥ 0 for all n ≥ 0 with

∑∞
n=0 cn <∞. Then limn→∞ sn = 0.

Weak convergence results are proved with the aid of the following known lemma due to
Z. Opial.

Lemma 2 (Z. Opial, (see, e.g., [14, p. 5])). Let F be a nonempty subset of H. Assume
that the sequence (xn) satisfies the conditions (i) limn→∞ ‖xn − q‖ = ρ(q) exists for all
q ∈ F , and (ii) any weak cluster point of (xn) belongs to F . Then, there exists a point
p ∈ F such that (xn) converges weakly to p.

Often, we shall use the following identity, the proof of which is well known and can easily
be reproduced.

Lemma 3 (Resolvent Identity). For any β, γ > 0, and x ∈ H, the identity

JAβ x = JAγ

(
γ

β
x+

(
1− γ

β

)
JAβ x

)
holds true, where A : D(A) ⊂ H → 2H is a maximal monotone operator.

Lemma 4 [7]. For any sequence ( bn) of positive real numbers, the following conditions
are equivalent: (i)

∑∞
n=0 |bn+1 − bn| <∞ and 0 < lim infn→∞ bn (= limn→∞ bn),

(ii)
∑∞

n=0
|bn+1−bn|

bn
<∞, and (iii)

∑∞
n=0

|bn+1−bn|
bn+1

<∞.

We conclude this section by showing that whenever A (respectively, B) is strongly (and
maximal) monotone and (βn) (respectively, (γn)) is bounded from below away from zero,
with the error sequences (en) and (e′n) being bounded, then the sequence (xn) generated by
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(2) and (3) is bounded. In fact, we prove this result for coercive operators of which strongly
monotone operators are particular cases. Recall that an operator A : D(A) ⊂ H → 2H is
called coercive if it satisfies the following condition

lim
‖ξ‖→∞, (ξ,η)∈A

〈η, ξ − v0〉
‖ξ‖

=∞, (4)

for some v0 ∈ H.

Proposition 1 Let F := A−1(0) ∩ B−1(0) 6= ∅, where A and B are maximal monotone
operators. Assume that the error sequences (en) and (e′n) are bounded. If either (i) A is
coercive and (βn) is bounded from below away from zero, or (ii) B is coercive and (γn) is
bounded from below away from zero, then the sequence (xn) generated by (2) and (3) is
bounded.

Proof: (The proof of this result is essentially borrowed from the proof of Theorem 3.5 [14,
p. 152]). Fix p ∈ F , and let C∗ be a positive constant such that

‖en‖+ ‖e′n‖ ≤ C∗, for all n ≥ 0.

Then we have from (3), and the fact that the resolvent operator is nonexpansive

‖x2n − p‖ ≤ ‖x2n−1 − p+ e′n‖
≤ ‖x2n−1 − p‖+ ‖e′n‖ , for all n ≥ 1. (5)

Similarly, from (2) and the above estimate, we have

‖x2n+1 − p‖ ≤ ‖x2n − p‖+ ‖en‖
≤ ‖x2n−1 − p‖+ ‖en‖+ ‖e′n‖ , for all n ≥ 1,

which implies that

‖x2n+1‖ ≤ ‖x2n−1‖+ 2‖p‖+ C∗, for all n ≥ 1.

Now let v0 be the vector associated with the coercivity of A. Denote C1 := C∗ + 2(‖p‖+
‖v0‖). Then by (4) there exists a constant K∗ > 0 such that

(ξ, η) ∈ A, ‖ξ‖ > K∗ implies
〈η, ξ − v0〉
‖ξ − v0‖

≥ C1

ε
, (6)

where ε > 0 is the greatest lower bound of (βn). If ‖x2n+1‖ ≤ K∗ for all n ≥ 0, then there
is nothing to do. So we assume that there is an index k such that ‖x2k+1‖ > K∗. Then
multiplying

x2k − v0 + ek ∈ x2k+1 − v0 + βkAx2k+1

by the unit vector (x2k+1 − v0)/‖x2k+1 − v0‖, and making use of (6), we get,

‖x2k+1 − v0‖+ C1 ≤ ‖x2k − v0‖+ ‖ek‖ ≤ ‖x2k‖+ ‖v0‖+ ‖ek‖ ,
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which implies that

‖x2k+1‖ ≤ ‖x2k+1 − v0‖+ ‖v0‖ ≤ ‖x2k‖+ 2‖v0‖+ ‖ek‖ − C1 .

On the other hand, from (5) we derive

‖x2n‖ ≤ ‖x2n−1‖+ 2‖p‖+ ‖e′n‖ , for all n ≥ 1,

so that

‖x2k+1‖ ≤ ‖x2k−1‖+ 2‖v0‖+ 2‖p‖+ ‖e′k‖+ ‖ek‖ − C1

≤ ‖x2k−1‖+ 2(‖v0‖+ ‖p‖) + C∗ − C1

= ‖x2k−1‖ .

Therefore, we have for each n ≥ 1

‖x2n+1‖ ≤ max {K∗ + C∗ + 2‖p‖, ‖x2n−1‖} . (7)

Setting ρn = max {K∗ + C∗ + 2‖p‖, ‖x2n−1‖}, we deduce from (7) that the sequence (ρn)
is decreasing. Hence

‖x2n+1‖ ≤ ρn ≤ max {K∗ + C∗ + 2‖p‖, ‖x1‖} , for all n ≥ 1,

showing that the subsequence (x2n+1) of (xn) is bounded, and so is the subsequence (x2n)
of (xn) (cf. (5)). Hence the sequence (xn) itself is bounded. The proof of this result when
B is coercive and (γn) bounded from below away from zero is an analogue of the above
given proof. �

3 Main results

In this section, we analyze the convergence properties of sequences generated from the
method of alternating resolvents. To motivate our discussion, we begin with the following,
(perhaps expected), weak convergence result.

Theorem 1 Let A and B be maximal monotone operators with F := A−1(0)∩B−1(0) 6= ∅.
Let (xn) be the sequence generated by (2) and (3), where βn, γn ∈ (0,∞). Assume that∑∞

n=0 ‖en‖ <∞ and
∑∞

n=1 ‖e′n‖ <∞. If both (βn) and (γn) are bounded from below away
from zero, then (xn) converges weakly to some point of F for all x0 ∈ H.

Proof: It is worth pointing out that

x2n+1 + βnAx2n+1 3 x2n + en, for n = 0, 1, . . . , (8)

x2n + γnBx2n 3 x2n−1 + e′n, for n = 1, 2, . . . , (9)

are equivalent forms of equations (2) and (3) respectively. Let us first note that if the set
F is nonempty, then the sequence (‖xn − p‖) is convergent for any p ∈ F , hence (xn) is
bounded. Indeed, for any p ∈ F , we have from (3)

‖x2n − p‖ ≤ ‖x2n−1 − p‖+ ‖e′n‖. (10)
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Similarly, from (2) we derive

‖x2n+1 − p‖ ≤ ‖x2n − p‖+ ‖en‖,

which together with (10) implies that

‖x2n+1 − p‖ −
n∑
k=0

(‖e′k‖+ ‖ek‖) ≤ ‖x2n−1 − p‖ −
n−1∑
k=0

(‖e′k‖+ ‖ek‖).

This shows that the sequence (‖x2n+1−p‖) is convergent. Similarly, (‖x2n−p‖) is conver-
gent, with the same limit (see above). Consequently, the sequence (‖xn−p‖) is convergent,
as claimed.

Now subtracting x2n from both sides of (8) (resp. x2n−1 from both sides of (9)) and mul-
tiplying the resulting inclusion relation scalarly by x2n+1 − p (resp. by x2n − p) for some
p ∈ F , we get upon the use of the monotonicity of A (resp. of B)

〈x2n+1 − x2n, x2n+1 − p〉 ≤ 〈en, x2n+1 − p〉, and 〈x2n − x2n−1, x2n − p〉 ≤ 〈e′n, x2n − p〉,

respectively. Equivalently, we have, for some positive constant C,

‖x2n+1 − x2n‖2 + ‖x2n+1 − p‖2 − ‖x2n − p‖2 ≤ C‖en‖,

and

‖x2n − x2n−1‖2 + ‖x2n − p‖2 − ‖x2n−1 − p‖2 ≤ C‖e′n‖,

respectively. Adding these last two inequalities, and passing to the limit in the resulting
inequality, we arrive at

lim
n→∞

‖xn+1 − xn‖ = 0. (11)

Notice that from (8) and the fact that (βn) is bounded from below away from zero, we
have

Ax2n+1 3
x2n − x2n+1 + en

βn
→ 0 as n→∞,

which implies that ωw((x2n+1)) ⊂ A−1(0). Similarly, we derive from (9) the relation
ωw((x2n)) ⊂ B−1(0). Therefore by Opial’s lemma, there exists v ∈ A−1(0) and w ∈ B−1(0)
such that x2n+1 ⇀ v and x2n ⇀ w.

We finally show that v ≡ w. Indeed, for all z ∈ H, we have

〈v − w, z〉 = lim
n→∞
〈x2n+1 − w, z〉 = lim

n→∞
〈x2n+1 − x2n, z〉+ lim

n→∞
〈x2n − w, z〉 = 0.

Consequently, xn ⇀ v ∈ A−1(0) ∩B−1(0). �
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Remark 1 If, in addition, either A or B is strongly monotone, then we have strong
convergence to the unique element of F . Assume without loss of generality that B is
strongly monotone with monotonicity constant c. Then, since (xn) is bounded, we have
from (9)

〈x2n − x2n−1, x2n − p〉+ γn〈Bx2n, x2n − p〉 ≤M‖e′n‖,

for some M > 0, where p is the unique point of B−1(0), p ∈ A−1(0). Using the strong
monotonicity of B, we have

‖x2n − x2n−1‖2 + ‖x2n − p‖2 − ‖x2n−1 − p‖2 + 2cγn‖x2n − p‖2 ≤ 2M‖e′n‖. (12)

On the other hand, since

‖x2n+1 − x2n‖2 + ‖x2n+1 − p‖2 − ‖x2n − p‖2 ≤ C‖en‖, (13)

for some positive constant C, we have

‖x2n+1 − x2n‖2 + 2cγn‖x2n − p‖2 ≤ ‖x2n−1 − p‖2 − ‖x2n+1 − p‖2 + C‖en‖+ 2M‖e′n‖.

Summing this last inequality from n = 1 to n =∞ and using the fact that γn is bounded
from below away from zero, one derives the strong convergence of (xn) to p.

Remark 2 When γn →∞ (in the case when B is strongly monotone) or βn →∞ (in the
case when A is strongly monotone), norm convergence of the error sequences (en) to zero
and boundedness of (e′n) (respectively, norm convergence of (e′n) to zero and boundedness
of (en)) are enough to guarantee strong convergence of (xn) to the unique point p ∈ F .
Indeed, we have from (12),

‖x2n − p‖2 ≤ 1

1 + 2cγn
(‖x2n−1 − p‖2 + 2M‖e′n‖) ≤

K

1 + 2cγn
,

for some K > 0, where the last inequality follows from the fact that the sequences (xn)
and (e′n) are bounded. (For boundedness of (xn) consult Proposition 1 above). Therefore,
passing to the limit in the above estimate, we see that (x2n) is strongly convergent to
p. On the other hand, passing to the limit in (13), we also derive strong convergence
of (x2n+1) to p. Consequently, the whole sequence (xn) is strongly convergent to p, as
claimed. The other case is proved analogously.

Remark 3 In the case when (en) and (e′n) are zero for every n, then the sequence (xn)
converges to p at least at a linear rate, whenever both (βn) and (γn) are bounded from
below away from zero. In the event that B is strongly monotone and γn →∞ (resp. A is
strongly monotone and βn → ∞), the rate of convergence is improved to superlinearity.
These facts follow from the two inequalities

‖x2n − p‖
‖x2n−2 − p‖

≤ 1√
1 + 2cγn

, and
‖x2n+1 − p‖
‖x2n−1 − p‖

≤ 1√
1 + 2cγn

,

which are a result of combining inequalities (12) and (13) with en = 0 = e′n for all n ≥ 0.
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Remark 4 Strong convergence can also be obtained if in addition to the assumptions of
Theorem 1, either one of the resolvents JA := (I + A)−1 or JB := (I + B)−1 is compact.
Indeed, if for instance the former resolvent is compact, then we may write (with the help
of the resolvent identity) equation (2) as

x2n+1 = JAzn, where zn =
1

βn
(x2n + en) +

(
1− 1

βn

)
x2n+1.

Since (zn) is bounded and JA is compact, there is at least one strongly convergent subse-
quence, say (x2nk+1), of (x2n+1). Let q be the limit of (x2nk+1). Then from (11), we derive
x2nk

→ q. Therefore, a subsequence (xnk
) of (xn) converges strongly to q. We note that

q ∈ F , since ωw((xn)) ⊂ F . On the other hand, lim ‖xn − p‖ exists for all p ∈ F , so this
limit is zero for p = q, i.e., (xn) converges strongly to q.

Remark 5 We have shown in Theorem 1 that if the sequences (‖en‖) and (‖e′n‖) are
summable, and the parameters βn and γn are bounded away from zero, then the sequence
generated from (2) and (3) converges weakly to a point of F := A−1(0)∩B−1(0), provided
that this set is not empty. Note that weak convergence of (xn) (with βn = γn = λ for some
λ > 0) was also shown in the paper of Bauschke et. al [3] where the set F was replaced
by a generally larger set Fix JAλ J

B
λ . However, in the particular case when A and B are

specialized to subdifferentials of indicator functions of closed and convex sets K1 and K2

(that is, normal cones to K1 and K2, respectively), then p ∈ K1 ∩ K2 (equivalently, a
point p belongs to the set F ) if and only if p is a fixed point of the composition mapping
PK2PK1 . Indeed, for A = ∂IK1 , then p ∈ A−1(0) ⇔ p = JAβ p = PK1p for some β > 0.
Similarly, for B = ∂IK2 , we have p ∈ B−1(0)⇔ p = PK2p. Therefore, p ∈ A−1(0)∩B−1(0)
implies that p = PK2PK1p. Conversely, suppose that there exists a point p ∈ H such that
p = PK2PK1p. Then it is obvious that p ∈ K2. It only remains to show that p ∈ K1. For
this purpose, we derive from the inequality characterizing projections

〈p− PK1p, p− v〉 ≤ 0 for all v ∈ K2, and 〈p− PK1p, w − PK1p〉 ≤ 0 for all w ∈ K1.

Therefore, if K1 ∩K2 is not empty, then taking any point y ∈ K1 ∩K2 in place of v and
w in the above inequalities, we readily establish that p = PK1p. Hence p ∈ K1 as desired.

It is worth pointing out that the above remark shows that if K1 ∩K2 6= ∅, then the sets
K1 ∩K2 and Fix PK2PK1 coincide. In the case when K1 ∩K2 = ∅, then either one of the
following three cases may occur: (a) Fix PK2PK1 = K2, or (b) Fix PK2PK1 = ∅, or (c)
∅ 6= Fix PK2PK1 ( K2. Indeed, taking K1 and K2 to be two parallel (and distinct) lines
in R2, then one can easily check that for any point x ∈ K2, we have PK2PK1x = x, and
the intersection of K1 and K2 is the empty set. This verifies case (a). An easy way to
see the validity of case (b) is to consider the two closed and convex sets K1 = {x × y ∈
R2 | x > 0 with xy ≥ 1} and K2 = {x × y ∈ R2 | x < 0 with − xy ≥ 1}. We leave it to
the reader to verify the other case.

The above discussion shows that the set Fix PK2PK1 is in general larger than the set
K1 ∩ K2. One can easily prove that the set Fix PK2PK1 contains at least one element
if in addition to the convexity and closedness of K1 and K2, either one of K1 or K2 is
bounded. We state this fact more formally in the next proposition.
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Proposition 2 Let K1 and K2 be two nonempty, disjoint, closed, convex subsets of a real
Hilbert space H. Assume that either K1 or K2 is bounded. Then Fix PK2PK1 6= ∅.

Since the sequence generated by the method of alternating resolvents (equations (2) and
(3)) is in general only weakly convergent, even in the case of the method of alternating
projections (see [11]), we modify this method in order to enforce strong convergence. Thus
we define the sequence (xn) iteratively by

x2n+1 = JAβn(αnu+ (1− αn)x2n + en), for n = 0, 1, . . . , (14)

x2n = JBγn(x2n−1 + e′n), for n = 1, 2, . . . , (15)

where the points x0, u ∈ H are given and e′0 = 0 by convention. The idea is borrowed
from the regularization method for the case of a single maximal monotone operator (see
[13, 16]). Besides producing strongly convergent sequences, such a modification works
well in the case when the error sequences (en) and (e′n) are not summable, see remark 6
below. Note also that from (14) and (15) with A = ∂IK1 for K1 = H, we reobtain the old
modified proximal point algorithm (introduced by Xu [15] and Kamimura and Takahashi
[12]) for xn := x2n. Similarly, if B = ∂IK2 where K2 = H, we reobtain the regularization
method [16] which is in fact equivalent [6] to the old modified proximal point algorithm for
xn := x2n+1. Moreover, from (14) and (15) with A = ∂IK1 and B = ∂IK2 where K1 and
K2 are nonempty, convex and closed subsets of H, we recover the method of alternating
projections. With our modification, these algorithms become strongly convergent (under
suitable assumptions) as the following theorems show.

Theorem 2 Let A and B be maximal monotone operators with A−1(0)∩B−1(0) =: F 6= ∅.
For arbitrary but fixed vectors x0, u ∈ H, let (xn) be the sequence generated by (14) and
(15), where αn ∈ (0, 1) and βn, γn ∈ (0,∞). Assume that (i) limn→∞ αn = 0 with∑∞

n=0 αn = ∞, and either limn→∞ αn+1/αn = 1 or
∑∞

n=0 |αn+1 − αn| < ∞, and that (ii)
both (βn) and (γn) are bounded from below away from zero, with

∞∑
n=0

|βn+1 − βn| <∞, and
∞∑
n=1

|γn+1 − γn| <∞.

If the error sequences (en) and (e′n) satisfy either one of the following conditions,

(a)
∑∞

n=0 ‖en‖ <∞, and
∑∞

n=1 ‖e′n‖ <∞;

(b)
∑∞

n=0 ‖en‖ <∞, and ‖e′n‖/αn → 0, with
∑∞

n=1 ‖e′n+1 − e′n‖ <∞;

(c) ‖en‖/αn → 0, and ‖e′n‖/αn → 0, with
∑∞

n=1 ‖e′n+1 − e′n‖ <∞;

(d) ‖en‖/αn → 0, and
∑∞

n=1 ‖e′n‖ <∞,

then (xn) converges strongly to the point of F nearest to u.

Proof: We shall prove the theorem only when the error sequences (en) and (e′n) satisfy
either condition (c) or (d). The reader will find it easy to adapt the proof given below to
the other two cases.
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The first step is to show that (xn) is bounded. Take any p ∈ F . Then from (14) and (15),
we have

‖x2n+1 − p‖ ≤ ‖αn(u− p+ en/αn) + (1− αn)(x2n − p)‖

≤ αn

{
‖u− p‖+

‖en‖
αn

}
+ (1− αn)‖x2n − p‖

≤ αnC + (1− αn)‖x2n−1 − p‖+ ‖e′n‖, (16)

where the first inequality follows from the fact that the resolvent operator is nonexpansive,
and C is a positive constant such that

sup

{
‖u− p‖+

‖en‖
αn
| n ≥ 0

}
≤ C.

Such a constant exists because the sequence (‖en‖/αn) is bounded. Applying induction
to (16), yields

‖x2n+1 − p‖ ≤ C

[
1−

n∏
k=0

(1− αk)

]
+ ‖x0 − p‖

n∏
k=0

(1− αk) +
n∑
k=1

‖e′k‖.

Therefore, under condition (d), the subsequence (x2n+1) of (xn) is bounded, and so is the
subsequence (x2n). Consequently (xn) is bounded.

In the case when both (‖en‖/αn) and (‖e′n‖/αn) are bounded, we have from (14) and (15)

‖x2n+1 − p‖ ≤ αn

{
‖u− p‖+

‖en‖
αn

}
+ (1− αn)‖x2n − p‖

≤ αn

{
‖u− p‖+

‖en‖
αn

}
+ (1− αn)

(
‖x2n−1 − p‖+ αn

‖e′n‖
αn

)
≤ αnC

∗ + (1− αn)‖x2n−1 − p‖, (17)

where C∗ is a positive constant such that

sup

{
‖u− p‖+

‖en‖
αn

+
‖e′n‖
αn
| n ≥ 0

}
≤ C∗.

Applying induction to (17), we again derive that (xn) is bounded.

Next we show that the weak ω−limit set of (xn) is contained in F , that is, ωw((xn)) ⊂ F .
Using the resolvent identity, we have from (14)

‖x2n+3 − x2n+1‖ = ‖JAβn+1
(αn+1u+ (1− αn+1)x2n+2 + en+1)

− JAβn+1

(
βn+1

βn
(αnu+ (1− αn)x2n + en) + (1− βn+1

βn
)x2n+1

)
‖

≤ ‖βn+1

βn
(1− αn)(x2n+2 − x2n) +

(
1− βn+1

βn

)
(x2n+2 − x2n+1)

+
(
αn+1 − βn+1αn

βn

)
(u− x2n+2 + en+1

αn+1
) + βn+1αn

βn

(
en+1

αn+1
− en

αn

)
‖

≤ βn+1

βn
(1− αn)‖x2n+2 − x2n‖+

∣∣∣1− βn+1

βn

∣∣∣K
+

∣∣∣∣αn+1 −
βn+1αn
βn

∣∣∣∣K +
βn+1αn
βn

∥∥∥ en+1

αn+1
− en

αn

∥∥∥ , (18)
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where K is a positive constant such that

sup
{∥∥∥u− x2n+2 + en+1

αn+1

∥∥∥+ ‖x2n+2 − x2n+1‖ | n ≥ 0
}
≤ K.

We now estimate ‖x2n+2 − x2n‖ as follows:

‖x2n+2 − x2n‖ =
∥∥∥JBγn ( γn

γn+1
(x2n+1 + e′n+1) +

(
1− γn

γn+1

)
x2n+2

)
− JBγn(x2n−1 + e′n)

∥∥∥
≤

∥∥∥(x2n+1 − x2n−1) +
(

1− γn
γn+1

)
(x2n+2 − x2n+1 − e′n+1) + (e′n+1 − e′n)

∥∥∥
≤ ‖x2n+1 − x2n−1‖+

∣∣∣∣1− γn
γn+1

∣∣∣∣M + ‖e′n+1 − e′n‖,

for some positive constant M . Therefore

‖x2n+3 − x2n+1‖
βn+1

≤ (1− αn)
‖x2n+1 − x2n−1‖

βn
+

∣∣∣∣ 1

βn+1

− 1

βn

∣∣∣∣K +

∣∣∣∣1− γn
γn+1

∣∣∣∣M ′

+

∣∣∣∣αn+1

βn+1

− αn
βn

∣∣∣∣K +
αn
βn

∥∥∥ en+1

αn+1
− en

αn

∥∥∥+
‖e′n+1 − e′n‖

βn
,

for some positive constant M ′. Hence by Lemma 1 (and Lemma 4), we derive

‖x2n+1 − x2n−1‖
βn

→ 0 ⇔ ‖x2n+1 − x2n−1‖ → 0.

As a matter of fact, ‖x2n+2 − x2n‖ → 0 as well. Now, multiplying the inclusion relation

x2n+1 − x2n+2 + βnAx2n+1 3 αn(u− x2n + en/αn) + x2n − x2n+2,

scalarly by x2n+1 − p (where p ∈ F ) and using the monotonicity of A, we get

〈x2n+1 − x2n+2, x2n+1 − p〉 ≤ αnK
′ + L‖x2n − x2n+2‖, (19)

for some positive constants K ′ and L. Similarly, multiplying the inclusion relation

x2n+2 − x2n+1 + γn+1Bx2n+2 3 e′n+1

scalarly by x2n+2 − p and using the monotonicity of B, we arrive at

〈x2n+2 − x2n+1, x2n+2 − p〉 ≤ L′‖e′n+1‖, (20)

for some constant L′ > 0. Adding the inequalities (19) and (20) and passing to the limit
in the resulting inequality yields

lim
n→∞

‖xn+1 − xn‖ = 0. (21)

Therefore passing to the limit in

Ax2n+1 3
αn(u− x2n) + x2n − x2n+1 + en

βn
, (22)
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we see that ωw((x2n+1)) ⊂ A−1(0). Similarly, we derive ωw((x2n)) ⊂ B−1(0). It then
follows from these two inclusion relations and (21) that ωw((xn)) ⊂ F = A−1(0)∩B−1(0).
This suffices to deduce that

lim sup
n→∞

〈u− PFu, xn − PFu〉 ≤ 0. (23)

We remark that the set F is closed and convex − being the intersection of two closed and
convex sets, therefore there exists a unique point q ∈ F such that q = PFu. From (14)
and (15), we have for ‖en‖/αn → 0 and

∑∞
n=1 ‖e′n‖ <∞,

‖x2n+1 − q‖2 ≤ ‖(1− αn)(x2n − q) + αn(u− q + en/αn)‖2

= (1− αn)2‖x2n − q‖2 + α2
n ‖u− q + en/αn‖2

+ 2αn(1− αn) 〈u− q + en/αn, x2n − q〉
≤ (1− αn)‖x2n−1 − q‖2 + C ′‖e′n‖

+ αn

[
αnC

′ + 2(1− αn)

〈
u− q +

en
αn
, x2n − q

〉]
,

where C ′ is a positive constant such that

sup

{∥∥∥∥u− q +
en
αn

∥∥∥∥2

+ ‖e′n‖+ 2‖x2n−1 − q‖ | n ≥ 1

}
≤ C ′,

or

‖x2n+1 − q‖2 ≤ (1− αn)‖x2n−1 − q‖2 + αn

[
C ′
(
αn +

‖e′n‖
αn

)
+

+ 2(1− αn)

〈
u− q +

en
αn
, x2n − q

〉]
,

in the case when ‖en‖/αn → 0 and ‖e′n‖/αn → 0. Hence by Lemma 1, we have (in both
cases) ‖x2n+1 − q‖ → 0 as n → ∞. Moreover, since x2n+1 − x2n → 0, we also have
‖x2n − q‖ → 0. Consequently, xn → q as n→∞. �

Example 1 The sequences

αn =


2

3n
, if n is even

1

2n
, if n is odd,

βn =


2(n+ 1)

3n
, if n is even

n+ 1

2n
, if n is odd

satisfy the conditions

∞∑
n=0

∣∣∣∣αn+1

βn+1

− αn
βn

∣∣∣∣ <∞, and lim
n→∞

(
αn+1

αn
− βn+1

βn

)
= 0,

but αn defined above does not satisfy neither limn→∞ αn+1/αn = 1 nor
∑∞

n=0 |αn+1−αn| <
∞.
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The modification carried out in (14) and (15) is not the only possible one that can be
made. Alternatively, we could have opted to modify (3) instead of (2), we however do
not carry out such modification as it yields similar results to the ones obtained from (14)
and (15). The other possibility is to modify both (2) and (3), in which case the sequence
(xn) is generated via the algorithm

x2n+1 = JAβn(αnu+ (1− αn)x2n + en), for n = 0, 1, . . . , (24)

x2n = JBγn(αnu+ (1− αn)x2n−1 + e′n), for n = 1, 2, . . . , (25)

for given x0, u ∈ H. A consideration of (24) and (25) instead of (14) and (15) enables one
to dispense with the assumption

∑∞
n=1 ‖e′n+1 − e′n‖ < ∞ appearing in condition (c) and

(d) of Theorem 2.

Theorem 3 Let A and B be maximal monotone operators with A−1(0)∩B−1(0) =: F 6= ∅.
Fix x0, u ∈ H, and let (xn) be the sequence generated by (24) and (25), where αn ∈ (0, 1)
and βn, γn ∈ (0,∞). Assume that (i) limn→∞ αn = 0 with

∑∞
n=0 αn = ∞, and either

limn→∞ αn+1/αn = 1 or
∑∞

n=0 |αn+1 − αn| < ∞, and that (ii) both (βn) and (γn) are
bounded from below away from zero, with

∞∑
n=0

|βn+1 − βn| <∞, and
∞∑
n=1

|γn+1 − γn| <∞.

If the error sequences (en) and (e′n) satisfy either one of the following conditions,

(a)
∑∞

n=0 ‖en‖ <∞, and
∑∞

n=1 ‖e′n‖ <∞;

(b)
∑∞

n=0 ‖en‖ <∞, and ‖e′n‖/αn → 0;

(c) ‖en‖/αn → 0, and ‖e′n‖/αn → 0;

(d) ‖en‖/αn → 0, and
∑∞

n=1 ‖e′n‖ <∞,

then (xn) converges strongly to the point of F nearest to u.

Proof: We prove the result only for the case when condition (c) is satisfied.

As before, we begin by showing that (xn) is bounded. As we have already seen in the
proof of the previous theorem

‖x2n+1 − p‖ ≤ αn

{
‖u− p‖+

‖en‖
αn

}
+ (1− αn)‖x2n − p‖.

Similarly, we have

‖x2n − p‖ ≤ αn

{
‖u− p‖+

‖e′n‖
αn

}
+ (1− αn)‖x2n−1 − p‖.

Therefore

‖x2n+1 − p‖ ≤ αnC
∗ + (1− αn)‖x2n−1 − p‖,
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where C∗ is a positive constant such that

sup
n≥0

{
2‖u− p‖+

‖en‖
αn

+
‖e′n‖
αn

}
≤ C∗.

The boundedness of (xn) follows easily from the above inequality. Dividing (18) by
βn+1γn+1, and noting that (γn) is bounded from below away from zero, we have

‖x2n+3 − x2n+1‖
βn+1γn+1

≤ (1− αn)
‖x2n+2 − x2n‖

βnγn+1

+

∣∣∣∣ 1

βn+1

− 1

βn

∣∣∣∣K ′
+

∣∣∣∣αn+1

βn+1

− αn
βn

∣∣∣∣K ′ + αn
βnγn+1

∥∥∥ en+1

αn+1
− en

αn

∥∥∥ , (26)

for some K ′ > 0. On the other hand, a similar computation to (18) yields

‖x2n+2 − x2n‖ ≤ γn+1

γn
(1− αn)‖x2n+1 − x2n−1‖+

∣∣∣1− γn+1

γn

∣∣∣K∗
+

∣∣∣∣αn+1 −
γn+1αn
γn

∣∣∣∣K∗ +
γn+1αn
γn

∥∥∥∥ e′n+1

αn+1

− e′n
αn

∥∥∥∥ , (27)

for some positive constant K∗.

Now dividing (27) by βnγn+1, and noting that (βn) is bounded from below away from
zero, we have

‖x2n+2 − x2n‖
βnγn+1

≤ (1− αn)
‖x2n+1 − x2n−1‖

βnγn
+

∣∣∣∣ 1

γn+1

− 1

γn

∣∣∣∣L
+

∣∣∣∣αn+1

γn+1

− αn
γn

∣∣∣∣L+
αn
βnγn

∥∥∥ e′n+1

αn+1
− e′n

αn

∥∥∥ ,
for some positive constant L. This last inequality together with (26) gives

‖x2n+3 − x2n+1‖
βn+1γn+1

≤ (1− αn)
‖x2n+1 − x2n−1‖

βnγn
+

∣∣∣∣ 1

βn+1

− 1

βn

∣∣∣∣K ′ + ∣∣∣∣ 1

γn+1

− 1

γn

∣∣∣∣L
+

∣∣∣∣αn+1

βn+1

− αn
βn

∣∣∣∣K ′ + ∣∣∣∣αn+1

γn+1

− αn
γn

∣∣∣∣L+
αn

βnγn+1

∥∥∥ en+1

αn+1
− en

αn

∥∥∥
+

αn
βnγn

∥∥∥ e′n+1

αn+1
− e′n

αn

∥∥∥ ,
Hence by Lemma 1, we derive

‖x2n+1 − x2n−1‖
βnγn

→ 0 ⇔ ‖x2n+1 − x2n−1‖ → 0,

where the equivalence is due to the fact that both (βn) and (γn) are convergent.

Multiplying the inclusion relation

x2n+2 − x2n+1 + γn+1Bx2n+2 3 αn+1(u− x2n+1 + e′n+1/αn+1)
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scalarly by x2n+2 − p and using the monotonicity of B, we arrive at

〈x2n+2 − x2n+1, x2n+2 − p〉 ≤ αn+1L
∗,

for some constant L∗ > 0. We have already shown in (19) that

〈x2n+1 − x2n+2, x2n+1 − p〉 ≤ αnK
′ + L‖x2n − x2n+2‖,

so that adding these two inequalities and passing to the limit in the resulting inequality,
we arrive at

lim
n→∞

‖xn+1 − xn‖ = 0.

Therefore as in (22) we derive the inclusion relations ωw((x2n+1)) ⊂ A−1(0) and ωw((x2n)) ⊂
B−1(0). Since xn+1 − xn → 0, these inclusions imply that ωw((xn)) ⊂ F , and hence

lim sup
n→∞

〈u− PFu, xn − PFu〉 ≤ 0.

Finally, we show that xn → PFu. From (24) we have

‖x2n+1 − PFu‖2 ≤ ‖(1− αn)(x2n − PFu) + αn(u− PFu+ en/αn)‖2

= (1− αn)2‖x2n − PFu‖2 + α2
n ‖u− PFu+ en/αn‖2

+ 2αn(1− αn) 〈u− PFu+ en/αn, x2n − PFu〉 . (28)

Similarly, we have from (25)

‖x2n − PFu‖2 ≤ (1− αn)2‖x2n−1 − PFu‖2 + α2
n ‖u− PFu+ e′n/αn‖

2

+ 2αn(1− αn) 〈u− PFu+ e′n/αn, x2n−1 − PFu〉 ,

which together with (28) gives

‖x2n+1 − PFu‖2 ≤ (1− αn)‖x2n−1 − PFu‖2 + αnbn,

where

bn = αnC1 + 2(1− αn)

[〈
u− PFu+

en
αn
, x2n − PFu

〉
+

〈
u− PFu+

e′n
αn
, x2n−1 − PFu

〉]
,

for some positive constant C1. Therefore by Lemma 1, we derive x2n+1 → PFu. Since
xn+1 − xn → 0, we deduce strong convergence of (xn) to PFu. �

Perhaps we should conclude this section by briefly explaining how the algorithms presented
in this paper work under the error condition(s) ‖en‖/αn → 0 (and/or ‖e′n‖/αn → 0) of
Theorem 2 (Theorem 3). The condition

∑∞
n=0 ‖en‖ <∞ needs no further elaboration as

it has been widely used by several authors.
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Remark 6 The non summability condition on the sequence of computational errors
appearing in Theorem 2 was introduced by the authors in [6]. As explained in their paper
[6], (see also [7] and [8]), such a condition renders the algorithm in question applicable
in approximating zeroes of maximal monotone operators for every sequence of errors
converging to zero in norm. In the current setting − where two nonlinear operators are
involved − for sequences of summable errors the algorithm works as expected, that is one
chooses the sequence (αn) independent of the errors involved and execute the algorithm
as usual. However, as soon as the sequence of computational errors associated with either
one of the operators is norm convergent to zero and satisfy the condition

∑∞
n=0 ‖en‖ =∞,

then an appropriate construction of the sequence of parameters (αn) is carried out. Such
a construction always depends on the error sequence (en) as it must meet the condition
‖en‖/αn → 0 for Theorem 2 to be applicable. The process of finding common zeroes of two
maximal monotone operators by means of iterative processes thus entails dividing the error
sequences into two classes − the class of errors satisfying the condition

∑∞
n=0 ‖en‖ < ∞

and the ones that satisfy the condition
∑∞

n=0 ‖en‖ =∞ − and constructing an algorithm
in accordance with the rules introduced and discussed in this section.

4 The case when A and B are subdifferentials

Let f, h : H → (−∞,∞] be two proper, convex and lower semicontinuous functions. For
A = ∂f and B = ∂h, we note that if both βn and γn are bounded below away from zero,
and the sequences (‖en‖) and (‖e′n‖) are summable, then the sequence (xn) generated by
(2) and (3) converges weakly to the element of A−1(0)∩B−1(0), provided this intersection
is nonempty. In addition, limn→∞ f(x2n+1) = infx∈H f(x), thus the subsequence (x2n+1) of
(xn) approximates minimum values of the convex functional f : H → (−∞,∞]. Similarly,
the subsequence (x2n) is used to approximate minimum values of the convex functional
h : H → (−∞,∞]. Under the assumptions of Theorem 2 (respectively, Theorem 3), the
sequence generated by (14) and (15) (respectively, by (24) and (25)) converges strongly
to the common minimizer of f and g which is closest to u. This section further explores
the case when A and B are subdifferentials of proper, convex and lower semicontinuous
functions.

Theorem 4 Assume that f, h ∈ Γ(H) are lower semicontinuous, with A−1(0)∩B−1(0) =:
F 6= ∅, where A = ∂f and B = ∂h. For any fixed x0 ∈ H, let the sequence (xn) be defined
iteratively by (24) and (25), where αn ∈ (0, 1) and βn ∈ (0,∞). Assume also that the
error sequences (en) and (e′n) satisfy either one of the following conditions

(a)
∑∞

n=0 ‖en‖ <∞, and
∑∞

n=1 ‖e′n‖ <∞;

(b)
∑∞

n=0 ‖en‖ <∞, and (‖e′n‖/αn) is bounded;

(c) both (‖en‖/αn), and (‖e′n‖/αn) are bounded;

(d) (‖en‖/αn) is bounded, and
∑∞

n=1 ‖e′n‖ <∞.
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If (βn) and (γn) are both increasing, and limn→∞ αn = 0, with
∑∞

n=0 αnβ
−1
n < ∞,∑∞

n=0 αnγ
−1
n <∞, then

lim
n→∞

f(x2n+1) = inf
x∈H

f(x), and lim
n→∞

h(x2n) = inf
y∈H

h(y). (29)

The limits in (29) also hold true if both (βn) and (γn) are bounded from below away from
zero, (βn) (or (γn)) is also bounded from above, and

∑∞
n=0 αn < ∞. In this case, the

sequence (xn) is weakly convergent to some point in F .

Proof: We prove this result only for the case when condition (c) holds. The boundedness
of (xn) has already been shown in the proof of Theorem 3. Since

βn∂f(x2n+1) 3 αn(u− x2n + en/αn) + x2n − x2n+1, (30)

for all z ∈ D(f), we have from the subdifferential inequality

2βn(f(x2n+1)− f(z)) ≤ 2〈x2n − x2n+1, x2n+1 − z〉+ 2αn〈u− x2n + en/αn, x2n+1 − z〉
≤ ‖x2n − z‖2 − ‖x2n+1 − z‖2 − ‖x2n − x2n+1‖2 + αnMz,

where Mz is a positive constant such that

sup

{∥∥∥∥u− x2n +
en
αn

∥∥∥∥2

+ ‖x2n+1 − z‖2 | n ≥ 0

}
≤Mz.

In particular, for any v ∈ F ,

‖x2n − x2n+1‖2 ≤ ‖x2n − v‖2 − ‖x2n+1 − v‖2 + αnMv.

Similarly, starting with

γn∂h(x2n) 3 αn(u− x2n−1 + e′n/αn) + x2n−1 − x2n, (31)

we derive

‖x2n − x2n−1‖2 ≤ ‖x2n−1 − v‖2 − ‖x2n − v‖2 + αnKv,

for some positive constant Kv, which together with the previous estimate yields

‖x2n − x2n+1‖2 ≤ ‖x2n−1 − v‖2 − ‖x2n+1 − v‖2 + αnCv, (32)

for some positive constant Cv. Dividing by β2
n and using the fact that (βn) is increasing,

we have upon summing from n = 1 to n =∞
∞∑
n=1

(
‖x2n − x2n+1‖

βn

)2

<∞ ⇒ lim
n→∞

‖x2n − x2n+1‖
βn

= 0. (33)

Therefore, passing to the limit in

f(x2n+1)− f(z) ≤
〈
x2n − x2n+1

βn
, x2n+1 − z

〉
+
αnMz

2βn
,
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we get

lim sup
n→∞

(f(x2n+1)− f(z)) ≤ 0, for all z ∈ D(f).

This verifies the first part of (29). Similarly, passing to the limit in

h(x2n)− h(w) ≤
〈
x2n−1 − x2n

γn
, x2n − w

〉
+
αnKw

2γn
,

we get

lim sup
n→∞

(h(x2n)− h(w)) ≤ 0, for all w ∈ D(h),

verifying the second part of (29).

To prove the last part of the theorem, assume that (βn) is bounded, plus the other
conditions specified in the statement. Then

lim
n→∞

‖x2n − x2n+1‖
βn

= 0 ⇔ lim
n→∞

‖x2n − x2n+1‖ = 0. (34)

Moreover, we have from (32)

‖x2n+1 − v‖2 − Cv
n∑
k=0

αk ≤ ‖x2n−1 − v‖2 − Cv
n−1∑
k=0

αk,

showings that for all v ∈ F , the sequence (‖x2n+1 − v‖) is convergent. Hence (‖x2n − v‖)
is also convergent.

On the other hand, from (30) and (31) we derive ωw((x2n+1)) ⊂ A−1(0) and ωw((x2n)) ⊂
B−1(0), respectively. These two inclusions together with (34) imply that ωw((xn)) ⊂
A−1(0) ∩B−1(0). Since the limit of the sequence (‖xn − v‖) exists for all v ∈ F , we have
via Opial’s lemma xn ⇀ y for some y ∈ F . The proof is similar for the case when (γn) is
bounded. �

Remark 7 Recall [14, Prop. 2.7, pg. 110] that for a proper, convex and lower semi
continuous function ϕ : H → (−∞,+∞], the operator (I + ∂ϕ)−1 is compact if and only
if the set

KC,ϕ := {x ∈ H | ‖x‖ ≤ C, and ϕ(x) ≤ C}
is compact for every C > 0. Note that the set KC,ϕ is compact if and only if the set

MD,ϕ := {x ∈ H | ‖x‖2 + ϕ(x) ≤ D}

is compact for every D > 0. Therefore, using similar arguments to those contained in
Remark 4, one can show that for A = ∂f and B = ∂h, where f, h ∈ Γ(H) are lower
semicontinuous, the sequence (xn) generated by (24) and (25) converges strongly to a
common minimizer of f and h provided that both (βn) and (γn) are bounded from below
away from zero, either MD,f or MD,h is compact for all D > 0,

∑∞
n=0 αn <∞, and either

(βn) or (γn) is bounded from above.
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5 Applications to variational inequalities

Let K ⊂ H be a nonempty, convex, closed set and let A : D(A) ⊂ H → 2H be a maximal
monotone operator. Consider the problem

Find u ∈ K ∩D(A) such that there exists z ∈ Au : 〈z, v − u〉 ≥ 0 ∀v ∈ K. (35)

This is a variational inequality. It is easy to see that (35) is equivalent to the inclusion
relation

0 ∈ Au+ ∂IK(u), (36)

where IK is the indicator function of K. If the set F := K ∩ A−1(0) is assumed to
be nonempty, then the method of alternating resolvents described above can be used to
approximate points of F (which are solutions to (35)).

Example 2 Let Ω be an open and bounded subset of the Euclidean space RN with a
smooth boundary ∂Ω. Let β : D(β) ⊂ R→ 2R be a maximal monotone mapping, i.e., β is
the subdifferential of a proper, convex, lower semicontinuous function j : R→ (−∞,+∞].
Consider the boundary value problem

(BV P )


−∆u = f, in Ω,
−∂u
∂ν
∈ β(u), on ∂Ω,
u ≥ 0 in Ω,

where f ∈ L2(Ω) is a given function, and ∂u
∂ν

denotes the outward normal derivative of u.
Let H denote the space L2(Ω) equipped with its usual scalar product and norm. Define
A : D(A) ⊂ H → H,

Av = −∆v − f,
D(A) = {v ∈ H2(Ω) | − ∂v

∂ν
∈ β(v), a.a x ∈ ∂Ω},

where H2(Ω) is the usual Sobolev space. Operator A is maximal monotone, being the
subdifferential of the functional Φ : H → (−∞,+∞]

Φ(v) =


∫

Ω

(
1

2
|∇v|2 − fv

)
dx+

∫
∂Ω

j(v) dσ, if v ∈ H1(Ω), j(v) ∈ L1(∂Ω),

+∞, otherwise,

which is proper, convex and lower semicontinuous. For details see, e.g., [1, Proposition
2.9, p. 62]). Let us assume that (BVP) has at least a solution u ∈ H2(Ω). This means that
F := K ∩A−1(0) is nonempty, where K denotes the cone {v ∈ H : v(x) ≥ 0 for a.a. x ∈
Ω}. It is easy to imagine cases when this situation happens, and in general F is not a
singleton. We consider a sequence (vn) generated by algorithm (2), (3), where A is the
operator just defined above, and B = ∂IK . Clearly, for all γ > 0, JBγ v = PKv = v+ :=
max{v, 0}. For simplicity, we assume that βn = γn = 1 for all n. Therefore, algorithm
(2), (3) reads

v2n+1 = JA(v2n + en), for n = 0, 1, . . . , (37)

v2n = (v2n−1 + e′n)+, for n = 1, 2, . . . , (38)
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where v0 is a given starting function. It is easy to check that JA is a compact operator,
so (vn) is strongly convergent in H = L2(Ω) to a point of F := K ∩ A−1(0), whenever
(en), (e′n) are summable in norm (cf. Theorem 1 and Remark 4). In fact, the sequence
yn := v2n+1 generated by the difference equation

yn+1 = JA(y+
n + en), n = 0, 1, ...

with y0 a given starting function, converges strongly in H2(Ω) to a solution of (BVP),
under the summability condition on (en). Here we have incorporated the error e′n into en;
this is possible because PK is a nonexpansive operator. In other words, (yn) is a solution
of the difference equation{

yn+1 −∆yn+1 = f + y+
n + en, in Ω,

−∂yn+1

∂ν
∈ β(yn+1), on ∂Ω,

which allows us to derive strong convergence in H2(Ω) for (yn). Note that further con-
vergence results for this particular example may be obtained from our abstract results
above.
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