MULTI PARAMETER PROXIMAL POINT ALGORITHMS

O. A. BOIKANYO AND G. MOROSANU

ABSTRACT. The aim of this paper is to prove a strong convergence result associated with an
algorithm introduced by Y. Yao and M. A. Noor (2008) under a new control condition on one
of the parameters involved. Further, convergence properties of a generalized proximal point
algorithm which was introduced in [4] are analyzed. The results of this paper are proved under
the general condition that errors tend to zero in norm. These results extend and improve
some recently announced results concerning the regularization method and the proximal point
algorithm.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced Hilbertian norm || - .
Recall that a map T : H — H is said to be nonexpansive if for every x,y € H the inequality
|Tx—Tyl| < ||lx—y]| holds. In the case when | Tz—Ty|| < a|lz—y]| holds for some a € (0, 1), then
T is said to be a contraction with Lipschitz constant a. The map T is called firmly nonexpansive
if for any z,y € H,
1T = Ty|* < (Tw — Ty, z —y).

Obviously, firmly nonexpansive mappings are nonexpansive. An operator A : D(A) C H — 2
is said to be monotone if

(x—ay—y') >0, V(z,9),(,y)ecGA).

That is, its graph G(A) = {(z,y) € H x H : = € D(A),y € Az} is a monotone subset of
H x H. An operator A is called maximal monotone if in addition to being monotone, its graph
is not properly contained in the graph of any other monotone operator. In nonlinear analysis
and convex optimization, an important and perhaps interesting topic is to find zeros of maximal
monotone operators. From the view point of fixed point theory, the problem

(1) find an € D(A) such that 0 € A(x),

is equivalent to finding fixed points of the firmly nonexpansive mapping (I + AA)~! : H — H,
the so called resolvent of A for all A > 0. Indeed, many problems that involve convexity can
be formulated as finding zeroes of maximal monotone operators. Such problems include, but
are not limited to convex minimization, variational inequalities and concave-convex mini-max
problems.

One of the most popular and powerful solution techniques for solving nonlinear problems is
the so called proximal point algorithm which was initially suggested by Martinet [9] and later
extensively developed by Rockafellar [10]. The main idea of this method is to replace the original
problem (1) by a sequence of regularized problems

(2) find an z € D(A) such that 0 € A(z) + 8, *(z — 2,),

so that at each step, problem (2) has a unique solution = := x,4+1. Here (3,) is a sequence of
positive real numbers and xy € H is a given starting point. Accordingly, x,11 solves problem
(2) if and only if

Tny1 = Jg,Tn, where Jg = (I+ B,A)" .
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In general, equation (2) is solved only approximately, in which case, z,,41 is the inexact solution
of problem (2), i.e.,

(3) Tpt1=Jg,tn+e,, n=01...,

where (ey,) is considered to be the sequence of computational errors. Rockafellar [10] proved the
weak convergence of algorithm 3 to an element of the fixed point set F'(J;) = {z € H|J.x =z} =
A~1(0), for all ¢ > 0, provided that this set is not empty, with the conditions lim inf,, ., 3, > 0
and

(E1) Y llen]| < o0
n=0

being satisfied. He also proved strong convergence if in addition, the operator A~'is Lipschitz
continuous at zero (with modulus a > 0), that is, A71(0) = {y}, and for some 7 > 0, ||z — y|| <
a||Z'|| whenever (z,2") € G(A) and ||2/|| < 7. Giiler’s example [6] which revealed that the PPA
fails in general to converge strongly, gave rise to the natural question(s): how can the PPA
be modified so as to obtain strong convergence? Or is it possible to construct/design strongly
convergent proximal point algorithms? There are several attempts made so far in order to
address the above question(s). One such attempt was made in [11] by Solodov and Svaiter.
Another effort was made independently by Xu [14], and Kamimura and Takahashi [7]. They
proposed the following inexact PPA which is simpler than the one obtained by Solodov and
Svaiter

(4) Tpt1 = opu+ (1 — o) Jg,xn + €y, for any u,zg € H and all n > 0,

where (ay,) C (0,1) and (5,) C (0,00). In fact, their version of the PPA corresponds to the
case when u = x¢, the initial starting point of the trajectory generated by (4). They proved a
strong convergence result when (e,,) satisfies (E1). The case when (e,,) is not summable and u
not necessarily the starting point of the PPA was treated in [1]. A strong convergence result was
obtained in [2] by further weakening the error condition of [1]. It should however be mentioned
that unlike in [1], such a condition depend on the sequence of parameters («,). The precise
condition on the sequence of error terms (e,) was

(E2) tim Lol

n—00 Qi

0.

Another algorithm of interest which generates strongly convergent sequences is the regularization
method which was introduced by Lehdili and Moudafi [8], and extended by Xu [15]. Given
xo,u € H, this method according to Xu generates a sequence (x,) iteratively by

(5) Tnt1 = Jg, (apu + (1 —ap)z, +€,), foralln > 0.

The authors have observed in [2] (see also [3]) that there is a strong connection between the
proximal point algorithm (4) and the regularization method (5). More precisely, they noted that
taking
Tpn — Qp-1U — €n—1
Un = ’
1- Qp—1

equation (4) reduces to
(6) Unt1 = Jg, (an—1u+ (1 — ap—1)vp +€y—1), forall n>1,

and for a;, — 0 and e,, — 0, (x,) defined by (4) converges if and only if (v,) does. Thus (4)
and (6) are equivalent. The regularization method was further extended [4] to

(7) Vny1 = Jg(@n1u+ Ao1vn 1 Ton +en1), n>1,

where T': H — H is a nonexpansive map, a, € (0,1), Ay, v, € [0,1] with a,, + A\, + 70 = 1,
and f, € (0,00). Under appropriate conditions on the control parameters ay,, \n, v, and By,
it was shown [4] that (v,) generated by (7) converges strongly to Py-1(gyu, provided that () #

A=Y(0) c F(T), where F(T) = {x € H | Tz = x} is the fixed point set of 7.
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Recently, Yao and Noor [16] proposed an algorithm whose (n + 1)th iterate, x,41, is defined by
(8) Tptl = QU + A\Tp + Yndg, Tn +en, 1 2>0,

where again u,xg € H are given, ay, € (0,1), Ay, v € [0,1] with oy, + Ay, + 7, = 1, and S, €
(0,00). They showed that (z,) is strongly convergent to Py-1(gyu, provided that ) # A~1(0),
and the conditions 0 < liminf, . Ay, <limsup,,_,., A\p < 1, liminf, _,. 8, > 0 with

(C1) lim (Bpt1 — Bn) =0,

n—oo

and lim,, o a, = 0 with )~ | oy, = 0o are satisfied. We note that for unbounded (), condi-
tion (C1) fails to satisfy the natural choice 3, = n for all n € N. Yao and Noor’s result brings
us to the following question: Does Theorem 4 [16] remains true if (\,) is only bounded from

above away from 1 and/or (3,) satisfies weaker conditions which include choices such as 5, = n
for all n € N?

The purpose of this paper is in two folds - to address the above question and to discuss the
strong convergence of sequences generated by algorithm (7). Our main result is Theorem 12
which is concerned with the following conditions: liminf, . 8, > 0 and

(C2) lim Povt _ .

n—oo 3,

2. PRELIMINARIES

Let T : H — H be a nonexpansive map, and let A : D(A) ¢ H — 2" be a maximal monotone
operator. Fix n € N, and define a map f,, : H — H by the rule z — Jg, (apu+ Az +yTr+ep),
where 3, > 0, (ay,), (An) and (7,,) are real sequences in (0,1) such that a, + A\, + v, = 1, and
u, e, € H are given. Then one can easily check that f, is a contraction. Therefore it follows
from the Banach contraction principle that f,, has a unique fixed point z,, say. In other words,

(9) zn = Jg, (ant + Apzp + W T2n +en), n>0.
We prove the convergence result associated with the sequence (zy,).

Lemma 1. Let 3, € (0,00), and an, Ap,yn € (0,1) with limy, 00 vy = 0, and ap + Ay + 70 = 1
for all n € N. Assume that ) # A=1(0) = F C F(T), where T : H — H is a nonexpansive
map, and either Y7 o |len|| < 0o or |len||/an — 0. Then for any fived u,xo € H, the sequence
(zn) generated by (9) converges strongly to Pru, the projection of u on F.

Proof. To show that (z,) is bounded, we first note that if (||e,|/ay) is bounded, then there
exists a positive constant C' such that

e
sup (HU —pll+ lleal nH) <C.
neN Qp

For every p € F, we have from (9)
lzn =2l < lan(u —p+en/an) + An(zn —p) + 0 (T2 — D)

e
< ap (IIu —pll + L nl
(679}

< (I =an)llzn —pll + €,

) A 2 = pll + 0 [Tz —

where the first two inequalities follow from the fact that Jg, and T' are nonexpansive. The last
estimate clearly shows that (z,) is bounded.

Let wy((zy)) be the weak w—limit set of (z,). That is,

wu((2zn)) ={y € H | zp,, — y for some subsequence (2, ) of (z,)}.
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We claim that wy((2,)) C F'. Let (zp;) be a subsequence of (2,,) converging weakly to some 2x.
Since (Ap;) is bounded, it has a convergent subsequence, again denoted (\;). There are two
possibilities here: either A,, — 1, or A, = 6 € [0,1). In the first case, we derive from

;U (Any — 1) 20, + Yo T2n; + e,
Pn;

that zoc € F. In the second case, we note that from (9), we have

(1 =) {(zn — T2n, 20 — p) + Br(Azn, 20 — p) = an(u — Tz + €n/an, 2n, — D),

where p € F. Using the monotonicity of A, we have for some M > 0
anM > 2(1 = Xy){(zn — Tzn,2n, — p)

= (1= X) (120 = Tzal* + llz0 = p|* = I T20 — Tp|*)

> (1=A) Iz — TZnHQ'

(10) Azp; 3

— 0, as j — oo,

Passing to the limit in the above estimate, with n = n;, we get

jlggo HZ”] — Tz, H =0.

Again from (10), we derive zo, € F, showing that wy((z)) C F. Therefore, there exists a
subsequence (2, ) of (z,) converging weakly to z € F' such that

limsup (u — Ppu, z, — Pru) = lim

n—00 k—o0

On the other hand,

(u — Pru, zp, — Pru) = (u — Pru,z — Pru) < 0.

lenll

Qn

2
low— Prul’ < o2 (Hu—PFuH n ) T O l120 = Prall 0 [ T2 — Peul])?

e
+ 2aq, <u — Pru + a—n, Mn(zn — Ppu) + v (Tzn — Ppu)>
n

2
e
< (L—an)® |20 — Prul* + o <Hu — Ppul + ”a"”)
n

(&
+ 2ay, <u — Ppu + 07", (1 —an)(zn — Pru) +yn(Tzn — Zn)> ;
n

where the second inequality follows from the nonexpansivity of T. Hence for some positive
constant C*,

e
(2 —ap) |lzn — PFuH2 < a,C"+2 <u — Pru+ —, (20 — Pru) + (T2 — zn)> .
n

Passing to the limit in the above inequality, we deduce strong convergence of (z,) to Ppu as
claimed. We leave it to the reader to verify the result in the case when (|le,]||) € £'. n

We note that Lemma 1 above contains Theorem 1 [3] as a special case.

We next recall some lemmas which will be used in the sequel.

Lemma 2 (Suzuki [12]). Let (z,,) and (yn) be bounded sequences in a real Banach space and
let (py) be a sequence in (0,1), with 0 < liminf,, o pp, < limsup,,_,.o pn < 1. Suppose T, 41 =
Pnyn + (1 — pp)ay, for all integers n > 0 and limsup,, o (||[yn+1 — Ynll = |2n+1 — znl]) < 0. Then
limy, o0 [|yn — @nll = 0.

Lemma 3 (Gobel and Kirk [5]). A map T : H — H is firmly nonezpansive if and only if 2T — I
(where I is the identity map) is nonexpansive.
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Lemma 4 (H. K. Xu [14]). Let (sy) be a sequence of non-negative real numbers satisfying
Sn+1 < (1 - an)sn + anbn +cn, N> 07
where (ay), (by), (cn) satisfy the conditions: (i) (an) C [0,1], with Y 7 jan = 00, (ii) ¢ > 0

for all n >0 with Y7 ¢, < 00, and (iii) imsup,,_,. by, < 0. Then lim,, o S5, = 0.

Concerning the boundedness of the sequences (x,,) and (vy,) defined by (8) and (7), we have the
following two lemmas, respectively. The proof Lemma 6 is contained in the proof of Theorem 5

[4].

Lemma 5. [4] Let 3, € (0,00), ay, € (0,1), and \p, v € [0,1] with ap + Ny + v = 1 for all n.
Assume that F := A71(0) # 0, and either > 02, |len]| < o0 or (|len||/an) is bounded. Then for
any fized u,xg € H, the sequence (x,) defined by (8) is bounded.

Lemma 6. If in addition to the assumptions of Lemma 5, > °° | o, = 00 and ) # A~1(0) C
F(T), where T : H— H is a nonexpansive map, then for any fized u,v; € H, the sequence (vy,)
defined by (7) is bounded.

Often, we shall use the following identity, the proof of which is well known and can easily be
reproduced, see e.g, [3].

Lemma 7 (Resolvent Identity). For any 8,7y > 0, and x € H, the identity
i g
Jgr = J. x+<1—>Jx>
B Y <,B B B

We conclude this section with a lemma known in the literature as the subdifferential inequality.
Its proof is immediate.

holds true.

Lemma 8. For all x,y € H, we have

lz +yl1* < [lyll® + 2(z, @ +y).

3. MAIN RESULTS

Theorem 9. Assume that A : D(A) C H — 2% is a mazimal monotone operator and () #
A7Y0) = F c F(T), where T : H — H is a nonexpansive map. Fir u,v; € H, and let (vy)
be the sequence generated by algorithm (7) with the conditions: (i) an € (0,1), An,vn € [0, 1],
an + A+ 9 = 1 with limy oo 0, = 0, and Y 02 oy, = oo, (ii) either (E1) or (E2), (iii)
B € (0,00) with liminf, o B, > 0 and either

1 n— n . 1 n— n
(C3) lim 1-2 11 =0, and (C4) lim Vn — n=1Pn+1 =0,
n—=00 (p—10n Bn

n—00 (1 o B

Then (vy,) converges strongly to Ppu, the projection of u on F.

Proof. According to Lemma 6, the sequence (v,,) is bounded. Setting
(11) Wnp = Jﬁn (Olnflu + Ap—1wy + 'YnflTwn) s

we see from Lemma 1 that w, — Pru. Now it follows from (7) that

[on1 = wpiall - < Jlongr = wnll + [lwn = wnia]
< An-tllvn = wall + -1 [Tvn — Twn || + [len—1]| + [[wn — wn 1]
(12) < (1 =an-1) oo = wal +llea—ll + [wn — wasall,

where the second inequality comes form the nonexpansivity of the map 7. Using the resolvent
identity, we note that (11) can be written as

Wy = Je <;(an—1u + Ao1wy, + ’Yn—lTwn) + (1 - ;) wn) )
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where ¢ > 0 is the lower bound of (8,). This together with the fact that the resolvent operator
Je is nonexpansive gives

€ EA €
s = unll < (1= 55 s = wnll+ 52 Jonin = wal + 52 [T, — T
/Bn—i-l /Bn—i-l 671—&-1
Elip EQip—1 ETn EVn—1
+ — U — wy|| + — Tw, —w
5n+1 Bn ” n” ﬂn+1 ﬁn || n 77«“
EQip—1 gl €lip—1 €n €Yn—1
13 < (1- Wnt1 — Wyl + |=— — K+ — M,
( ) < IBTL > ” i nH 5n+1 Bn 5n+1 Bn
for some positive constants K and M. This last estimate reduces to
anﬁn O‘nﬁn Qp
Using this last inequality in (12) we arrive at
an—lﬂn—l—l
[vnt1 —wnprll < (L= an-1) [[n —wall + [len—al| + |1 = —F—— | K
anfBn
1 _
by = Tn lﬁn+1 M.
Qo Bn
Therefore by Lemma 4, we derive ||v,, — wy|| — 0, which in turn implies that v,, — Ppu. n

Ezample 10. Clearly, the sequences (o), (8,) and (v,) defined by oo, = 1/v/n+ 1, B, = 1+n~!
and v, = 1/(n+ 1) for n > 2 satisfy the conditions (C3) and (C4).

Remark 11. A result similar to the above theorem was proved in [3] for T' = I, the identity
operator, and under the additional assumption 8,11 > ay,f,. Therefore, Theorem 9 is a gen-
eralization and improvement of Theorem 4 [3]. Note that Theorem 3.2 [15] which is similar in
nature to Theorem 4 [3] can also be generalized in the same way.

We conclude this section by proving a strong convergence result associated with the newly
introduced condition (C2). The next result is a refinement of Theorem 4 [13]. It also extends
Theorem 4 [13] to general errors. Although (C2) is stronger than the condition

. 11
) e <5n+1 - 5n> =0

of Theorem 1 [4] (and Theorem 2 [4]), the main advance in Theorem 12 below is that strong
convergence of the sequence (x,,) is proved under weaker conditions on both (o) and (\,) than
those of Theorem 1 [4] (and Theorem 2 [4]). For the comparison of the conditions (C2) and
(15), see Remark 14 below.

Theorem 12. Assume that A : D(A) C H — 21 is a maximal monotone operator and F :=
A7H0) # 0. Fiz u,x9 € H, and let (z,) be the sequence generated by algorithm (8) with the
conditions: (i) oy € (0,1) with lim,_s00 a, = 0, and > ,° o, = 00, (ii) either (E1) or (E2),
(iii) Ap, v € [0,1], an + A + Yo = 1 with liminf,, oy, > 0, and (iv) B, € (0,00) with
liminf,, o0 Bn > 0 and (C2) being satisfied. Then (x,,) converges strongly to Pru, the projection
ofu on F.

Proof. From Lemma 5, we know that (z,,) is bounded. Denote

Yn = Tnl‘n'f'lﬁn(u_xn)'f‘o'nv
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where T, = 2Jg, — I, pin, = 20y, /vy, and oy, = 2e,,/y,. Obviously, the sequence (y,,) is bounded
(since (xy,) is so), and from the definition of 7;,, (5) can be written as

Tptl = QU+ ATy + P;lxn + %Tnxn +en
2 2
2 2 Tn In

Since T,, is nonexpansive, we have for some positive constant M

[ynt1 = ynll < D101 — Town|l + pnsr [ — Toga || + pn lu — 2ol + |ong — onl|
< HTn—i—lxn—&—l - Tn+1$n|| + HTn—l—lxn - Tnxn” + (/~Ln+1 + Nn)M + Ho'n—‘rl - Un”
< Hxn—&-l - xn” +2 HJ,Bn_HfUn - J,Bn-TnH + (,Un—&-l + Nn)M + HUTL-H - Un”
Br+1 Br+1
S ] N N e e
Bn Bn
+ (g1 + p) M + ||ons1 — onl|
Br+1
(16) < l#ngr — @l + 2|1 - o |Zn — Jﬁnan + (Hnt1 + pn) M + |lont1 — onll,
n

where the last inequality follows from the application of the resolvent identity. Rearranging
terms of (16) and passing to the limit as n — oo, we get

limsup {[[yn+1 = ynll = 211 —2zal} < 0.
n—oo

Therefore applying Lemma 2 we have

Jim [z, —yall =0,
which implies that
(17) lim ||zp41 — zn|| = 0.
n—oo

Note that since liminf, o v, > 0, there exists 6 € [0,1) such that A\, < ¢ for all n € N. Then
from (8), we have

[#n41 = g, @nll < amllu—Jg, @0+ en/omll + Anllzn — Jg, nl|
< anllu—Jg,zn +en/an| + 6([lzn — znsal + lzns1 — Jgznll),
which implies that

(18) lim ||zp41 — Jg, 20| = 0.

n—oo

On the other hand, we observe that if 5 > 0 is the greatest lower bound of (f,), then the
application of the resolvent identity yields

| Jg,xn — Jpan| < H <1 — B) (Jg,Tn — xn)
Bn

< g0 — Tl + [ Zns1 — zall-

Passing to the limit as n — oo in the above inequality, and noticing (17) and (18), we have

(19) |, 2n — Jpxnll = 0.

lim
n—oo
Moreover, from (17), (18) and (19), we get

(20) nlgglo |2n — Jﬁan < nlingo(“xn — Zng1ll + [T — Jgnan + |8, — Jpznll) = 0.
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Now let (zy,) be a subsequence of (x,) converging weakly to some z. Then for some K > 0,
Ay, = Jpz, 2= Jgz) = o, — Jp2|* + Iz = Jpz|* = l|zm, — 2|
2 2
< (lzne = ozl + llzn, = 2[)7 + [z = Jp=]|

— llan, = 2l

Kmec - JﬁxnkH + ”z - JﬁZHQ'

IN

Passing to the limit in the above inequality as k — oo, and noticing (20), we arrive at z € A~1(0).
Hence for some subsequence (z,,,) of () converging weakly to a point x, say, we have

lim sup(u — Pru, z,, — Ppu) = lim (u — Ppu, xn; — Ppu) = (u — Pru, 2o — Ppu) < 0.
n—00 Jj—o00

Finally, from Lemma 8 and (8), we have

e
|Tnt1 — Prull < (Mg llzn — Prul|l + v |8, 20 — PFUH>2 + 20, <u — Pru+ a—n, Tpt1 — Ppu>

n
e
< (1-=ap)llzn — PFu||2 + 2ay, <u — Pru + a—n,xnﬂ — Ppu> .
n
Therefore, from Lemma 4 we derive strong convergence of (z,,) to Ppu. In the case when the
error sequence (e,) satisfy condition (E1), then we get from Lemma 8 and (8)
|Znt1 — Prul < (1= an) [[2n — Ppull® + 200 (u — Ppu, 2n41 — Pru) + [|en]| C,
for some positive constant C. As before, strong convergence of (x,) to Ppu can be derived. m

Remark 13. Unlike in Theorem 4 [4] and Theorem 3.3 [16], we do not require 7, to be bounded
above away from 1. In addition, we have used the weaker condition (C2) instead of (C1).
Therefore, Theorem 12 improves significantly the results of [4] and [16].

Remark 14. Note that for the sequence (3,,) satisfying 3, > € for some € > 0 and all n € N,

1 _i: 1 1_@1"’1 <11_@
/Bn—f—l Bn Bn+1 /Bn € /Bn
implying that the condition (15) is weaker than the condition (C2) of the preceding theorem.
Indeed, one can very that the sequence
2n if n is odd,
Bn = {

3n if n is even

satisfy (15) but not (C2). These two conditions are however equivalent if (3,) is bounded (both
from below away from zero and from above).
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