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Abstract

The article is devoted to linear quasigroups and some of their generalizations. In the first
part main definitions and notions of the theory of quasigroups are given. In the second part
some elementary properties of linear quasigroups and their generalizations are presented. Finally
in the third part endomorphisms and endotopies of linear quasigroups and their generalizations
are investigated.
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I. Main definitions and notions
Definition 1.1. A groupoid (Q,-) is called a quasigroup if the equations
a-xr=>b, y-a=>

are uniquely solvable for any a,b € Q [1].
A quasigroup can also be defined in another way - this is an algebra (Q,-,/,\) with three
binary operations (-), (/) and (\), satisfying the following identities:

(zy)/y =z, (x/y)y ==, y(y\z) =z, y\(yr) = z.

The quasigroup (Q,-) is called isotopic to the quasigroup (Q, o), if there exist three permu-
tations «, 3,7 of the set @) such that v(xoy) = ax - By for any z,y € Q.

Definition 1.2. The element f(z) (e(x)) of a quasigroup (Q,-) is called left (right) local
identity element of an element x € Q, if f(z) -z =2z (v-e(x) =2).

If flx)-y=y (y-e(x) =y) for all y € Q, then f(z) (e(x)) is called left (right) identity
element of a quasigroup (@, -).

If f(z) = e(z) for all x € @ i.e. when all left and right local identities of the quasigroup
coincide, then (@, -) has identity element which is denoted as e : e(x) = f(z) = e. A quasigroup
with identity is called a loop.
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Theorem 1.1 (A.A. Albert [1]). Every quasigroup is isotopic to some loop.

An isotopy of the form T' = («, 3,¢) where ¢ is the identity permutation is called principal
150t0DY.

Theorem 1.2 (A.A. Albert [1]). If a loop (Q,0) is isotopic to a group (Q,+), then (Q,0)
is a group and (Q,o) = (Q,+), that is the groups (Q,0) and (Q,+) are isomorphic.

Theorem 1.3 (V.D. Belousov [1]). If the loop (Q,0) is principally isotopic to the quasi-
group (Q,-), then the isotopy must have the form: T = (R;', L, ¢), where L,o = ar, R,v =
za, R;'x =a/x, L, 'z =b\z, for all a,b,z € Q.

An isotopy of the form T = (R; !, L; !, ¢) is also called LP-isotopy of the quasigroup (@, ).
So any LP-isotopy of a quasigroup is a loop.

In the class of quasigroups that are isotopic to groups the interesting object are the so
called linear quasigroups that were first introduced by V.D. Belousov in [2] in connection with
researching balanced identities in quasigroups.

Definition 1.3. A quasigroup (Q,-) is called linear over a group (Q,+), if it has the form:

ry = px + ¢+ Yy, (1)

where o, € Aut(Q,+), ¢ is a fized element from Q.

Later G.B. Belyavskaya and A.KH. Tabarov in [3], by analogy with linear quasigroups, defined
alinear quasigroups, as well as introduced the classes of left and right linear quasigroups, left
and right alinear quasigroups and mixed type of linearity.

Definition 1.4. A quasigroup (Q,-) is called alinear over a group (Q,+), if it has the form:

Ty = @x + ¢ + Yy, (2)

where @, are antiautomorphisms of (Q,+), ¢ is a fived element from Q.
Definition 1.5. A quasigroup (Q,-) is called left (right) linear over a group (Q,+), if it has
the form:

xy =pr+c+ Py (xy = ar+c+y),

where (B (accordingly « ) is a permutation of the set Q, ¢ € Aut(Q,+) (¥ € Aut(Q,+)).
Definition 1.6. A quasigroup (Q,-) is called left (right) alinear over a group (Q,+), if it
has the form:
vy =@¢r+c+ Py (zy=axr+c+y),

where [ (accordingly o ) is a permutation of the set Q, @ (accordingly @E) s an antiautomor-
phism of the group (Q,+).

Definition 1.7. A quasigroup (Q,-) is called of mized type of linearity of first kind (second
kind), if it has the form:

vy =yr+c+iy (vy=@z+c+y),

where o € Aut(Q,+) (Y € Aut(Q,+)), ¥ (accordingly ¢ ) is an antiautomorphism of the group
(@ +).

All these classes shall be named classes of different type of linearity.

An important subclass of the linear quasigroups are medial quasigroups. A quasigroup (Q,-)
is called medial, if the following identity holds: zy-uv = zu-yv. By the theorem of Bruck-Toyoda
[4-6] any medial quasigroup is linear over an abelian group with the condition ¢ = ¥, where
©, ¥ are automorphisms of the abelian group.



Medial quasigroups were researched by many algebraists, namely R.H. Bruck [4], K. Toyoda
[5], D.S. Murdoch [6], T. Kepka and P. Nemec [7,8] , K.K. Shchukin [9,10], V.A. Shcherbacov
[11] and others, and this class plays special role in the theory of quasigroups.

Another important subclass of linear quasigroups are T -quasigroups which were introduced
and researched in detail by T. Kepka and P. Nemec in [7,8]. According to their definition, 7'-
quasigroups are quasigroups of the form (1), where (@, +) is an abelian group and unlike medial
quasigroups ¢ and 1 not necessarily commute. Later G.B. Belyavskaya characterized the class
of T-quasigroups by a system of two identities [12].

I1. Some properties of linear and alinear quasigroups

In this part some elementary properties of linear and alinear quasigroups are established. Note
that some other properties of linear quasigroups are given as needed. Also we give some necessary
facts from the theory of quasigroups.

All left (L, : Loz = az) and right (R, : R, = za) permutations of a quasigroup (Q,-)
generate the group which is called the multiplication group of (@Q,-) and is denoted by G(-) or

The permutation o« € M(Q,-) is called inner with respect to a fixed element h € @, if
ah = h. All inner permutations with respect to the element h € () generate a group which is
called the group of inner permutations of the quasigroup (@, -) and is denoted by I or I(-).

The action of the group I,(-) on the quasigroup (Q,-) is well known [10]. For example, if
for a quasigroup (Q,-) the group I;(-) is normal subgroup in the group M(Q,-), then (Q,-)
is an abelian group [10]. According to Theorem 4.4 from [2] the group I,(-) is generated by
the following permutations: Ry, L., and T, where R,, = R.J R R, L., = L, L.L,,
T.=L;'R,,vey =L, (hx-y), xoy=R;'(z-yh), o= R, 'Ly, o€ I,(-). If the quasigroup
(Q,-) is a group, then Ip,() = Iy(:) = Int(Q,-), i.e. the group Iy(:) is the group of inner
automorphisms of the group (@, ).

Let (@,-) be a linear quasigroup:

xy = px + c+Yy. (3)

Here and henceforth the < ... > brackets will be replace the word ”generated”.
Theorem 2.1. Let I;(-) be the group of inner permutations of the linear quasigroup (Q,-).
Then
]h() =<< Reh,th,ng >,

U~Jh6re R., = R_ipthth, Ly, = Eh—whl/% T, = {Z;hf(w*1c+x)7w*1@hﬁz¢*1c+x¢_l907 z € Q}, and
Ryx=x+4+a, Lyx=a+uz, forall ze@.
Proof. According to Theorem 4.4 from [2],

Ih() =< R:c,ya Lz,y7T33 >,

where
Rz,y = R;olyRnya Lm,y = L;olyLILy7 T, = L;;Rx:

zey=L"(hr-y), woy=R; (z-yh), o=R;"L.
First we note that from (3) it follows that

Lp=Loeieth, L;' = 'L}
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Then
zoy=L, (he-y) =y L) Jp(ph+c+va)+ e+ vyl = L, [o°ht

+pc+ ey + e+ Py] = —c — ph+ P*h+ pe+ ey + c+ Py] = —¢pe—
— ¢ loh + T P+ e + T o + T e 4y
Whence

= o [Pt +pct+ ozt ety —(wey) —d = ot +c+ e+ et
+o oy — o [T e =T oh + T IO h + YT e + T pgr + T et
+yl—p le=gpt+ct+vr+oleto Wy — o Yy — 9 le—Yr —c— ph+ h+
+ole—ple=pt —ph+h=R_np(t),

ie. Ry, = I:L@tho is independent of z,y. But R, = R,, . Therefore

€h,€h
Ryy = Re, = R_yninp.

L, is calculated similarly.
Let us now calculate T} :

To(t) = Ly Ro(t) = 07 Ly o Rernp(t) = 471 (—c — p(ow) + ot + ¢+ ¢pa) =
= ¢ le =T p(ox) + T ot YT e o = =T e — T R Ly () +
+p oty et o= =0 le— o R Lon b + ot + e+ o =
=Y le—yp N oh+c+ vz —ph—c)+ ot +yp e+ a =
=Y le+yletrh—z -y le—T i oh+yY T ot H YT e+ =
—h—z—¢ =y oh+ 9T ot + T e+ 2 = Ly rera)—pton Ry rerat T (1),

1.e.

T.(t) = Eh—(w*10+z)—¢*1¢hR¢*1c+xw_l@(t)'
Theorem 2.2. Let (Q),-) be an alinear quasigroup:
vy = gx + c+ Py, (4)
I,(+) its group of inner permutations. Then
In(-) =< Ry py Lo, Ty >,
where

~ ~ ~ ~ 71
R:t,h = Lh—h.Iva Lh,:c = R—xh—l—hLa:) T, = L:c—&-zz—lchZ—l@h—i/j—lc—x—&-h@D



Proof. From (4) it follows:

LQJ = E@Q%FC?Z}) Lil = 'lzilj;jl

x

Let us calculate R, ,:

reoy=L " (ha-y) =y 'L}, [B(@h+c+ dx) +c+ dy] =
=7 Lok, [P0 + o+ 9?h+ e+ dy] =

= ¢ [~c— Ph + gvhx + Ge+ P*h + e+ py] =

=y+ ¢ e+ h+ 9T ge+ T gpa — T Iph — e

Rx,y(t) = R;.IyRsz(t) = 9071R;:,Z,(m.y)Rc+1ﬂy@éc+iz@(t) =
= 67 R gy Rery @@t + e+ 0m) = §7 R (B3 + G+ P+ e+ y) =
= ¢ (P + ge+ P+ ety —P(rey) —c) =
=@ lc—g (rey) + @ Wy + @ et Pt+ctya =
=9 le— ¢ Wy + YT e+ YTV h T pe + T g —
7 ph —he) + @ by + ¢ e+ Pt e+ P =
= —¢ lc— @ H(—c— @h+ @Yz + Pe+ PP h 4 e+ Py)+
+e Wy + g le+ @Gt e+ =—@ e — (F Wy + @ e+ gh+ ¢+ pr—
—h—g o)+ Wyt o tetrpttctvr=—@¢ e+t @ te+ h—Yr—c— @h—
—ple—@ Wy+ @ Wy + @ le+ gt + et =
=h—vYr—c—@h+@t+c+yvr=h— (ph+c+vz)+ @t +c+ vz =
= h— hx +tx = Ly_pn Ra(t).

Hence R, , = Ly neRes . Similarly is calculated L, .
Let us calculate T, = L R, , where o = R,:th, considering that

or =R, Lyx = @_1R;:1Zhl~/¢h+c@/_zx = @_1}?;:%(@}1 +c+pr) =

=@ (phtctyor—vh—c)=—¢lc— g Wh+ @ Wz + ¢ e+ h,
we have

To(t) = Ly Ro(t) = 07 L Reu®(t) = 47 (= — plow) + @t + ¢ + ) =
=z+y ety igr — zz_lgﬁax —¢le=

=r+PT e+ PTGt —YTIG(—@ e~ T Wh+ ¢TI + @ e+ h) — YT e =
=x+y et gt — (= le—h+az+ P le—PTigh) — e =

T+ 1;_10 + @_l@t + &_l@h — QZ_IC —x+h+ 15_10 — QZ_IC =

=r+Y e+ ipt+ Y oh— Y le—x+ h =
=LppcRyiongtesnt ' @(t).

ThuS, T{E = E$+1571CR1571¢h—121710—$+hZZ_1@'



Theorem 2.3. Let (Q),-) be a linear (alinear) quasigroup of the form:

ry = pr+1y (vy = @z + y),

0, € Aut(Q,+) (@,% are antiautomorphisms of (Q,+)). If (H,-) is a subquasigroup of the
quasigroup (Q,-), 0 € H, where 0 is the zero element of (Q,+), then (H,+) is a subgroup of
the group (Q,+), moreover

(Hv ) <](Qa ) A (H7 +) f](Q7 +)‘

Proof. Let (H,-) be a subquasigroup of the quasigroup (Q,-), xy = px + ¥y, then =z +y =
otz ly=Ry'w- Ly'y. If 2,y,0€ H, then 1 +y € H, —v € H,ie. (H,+) is a subgroup
of the group (Q,+).

According to [1], if (H,:)<(Q,-), then [,H = H for any h € @, i.e. H is invariant with

respect to any permutation f;orn I. Let h = 0, then R,,H = RyH = ¢yH = H, L;H =
LoH =9y H = H and according to Theorem 2.1
T, = E_sz¢—1¢.

If (H,-)il(Q,-), then T,H = H or —x + ¢ 'pH +2 = H. Then —z+ H +x = H, ie.
(H,+) Q. +).

The converse is easily verified.
Similarly the theorem can be proved for alinear quasigroups. ]

We shall denote for convenience a quasigroup as A or (@, A). It is known [1] that with each
quasigroup A the next five quasigroups are connected:

Ail, 7114, 71(1471), (7114)71, [71(1471)]71 — 71[<71A>71] — A*

These quasigroups are called inverse quasigroups or parastrophies.

It is known [7, 8] that T-quasigroups are invariant under parastrophies. Below we shall
establish the form of the parastrophies of linear and alinear quasigroups.

For this we shall re-write (3) in the form:

A(r,y) = v +c+¢y.

It turns out that linear quasigroups, unlike T-quasigroups, are not invariant under parastro-
phies, namely the following holds:
Proposition 2.1. Let (Q, A) be a linear quasigroup:

Az, y) = px + c+1y.
Then B
A Yz, y) = prz + o1 + Py,  TTA(T,Y) = o + co + oy,
A (@ y) = sy + s+ sm,  (TTA) TN @, y) = Gay + ca + Y,
A*(x,y) = oy + ¢ + Y,

where @3, ; € Aut(Q,+), @5, are antiautomorphisms of the group (Q,+), ¢ € Q,i =
1,2,3,4.



Proof. Let A(z,y) = z. Then A7 (x,2) =y,

z—gox+c+wy:>z—gox+c+wf1 Yz,
= YA (1,2) = —c—pr+ 2= A (x,2)
= ¢l =T rpr Tz =
= ¢ le—ypTlor+pTle—PTle Tz = g+ e + iz,
where ¢1x = JY~te+ JY~toxr +1 e is an antiautomorphism of the group (Q,+), ¢; = Jy ¢,
Py =t
Hence, A7 (x,y) = ¢12 + ¢1 + Y1y
Let us denoted A~ (z,y) = B(z,y). Let B(z,y) =t. Then "' B(t,y) = z and ¢, ("' B(t,y))+

)=

ca+iy =t = @(jB(t,yp =t—ty-a = TIB(ty) = —¢1'c— @y + @'t =
—prle— gy + @1 te — @ e+ @t = sy + ¢ + st
that is

_1B(t7 y) = _1(A_1)(t7 y) = P3Y +c3 + fost,
where @3y = —@;'c — @; "y + @1 te is an automorphism of the group (Q,+), 15 = @; " is an
antiautomorphism of the group (Q,+), ¢z = —951_10.
All other parastrophies are computed similarly. O

Note that alinear quasigroups are invariant under parastrophies, namely, we have the follow-
ing:
Proposition 2.2. Let (Q, A) be an alinear quasigroup:

A(z,y) = @x +c +y.
Then
AN, y) =y + e+ @ix, A, y) = ey + ¢+ o,
AT (2, y) = @sr s+ absy,  (TTA)TH(@,y) = Par + ca + Yay,
A(w,y) = Py + ¢ + ¢,
where @;, V; are antiautomorphisms of the group (Q,+), ¢; €Q, i=1,2,3,4.

Proof. We shall prove the condition of the Proposition for the parastrophy A~!(x,y). The re-
maining cases are proved similarly.
Let A(z,y) = 2= A Y(z,z) =y. Then

2= gr+c+PA Nz, ):N} (,)Z—c—gm—l—z:>A ( z) =
fe=9y

=tz =Yl — —Yle+ YT le—gTipr — e =
=z +c + @i,

where ¢y = ¥, g1z = e — ¢~ 'pr — ¥ e are antiautomorphisms of the group (Q,+),
C1 = _’l/}_lcu _
that is A7z, 2) = ¥12 +c1 + @
O

Now we consider the cases when a left and a right linear (alinear) quasigroup are connected
between each other. First let (Q,-) be linear over a loop (@, +) and consider the more common
case:

Lemma 2.1. Let the quasigroup (Q,-) be left linear over the loop (Q,x), ry = ¢z * By
and right linear over the loop (Q,0), vy = ax oYy, where o, 3 are permutations of the set @,
¢ € Aut(Q,*), ¥ € Aut(Q, o). Then (Q,-) is a linear quasigroup if and only if a = Ry, 3 =
L2 4, where 0 is the identity element of the loop (Q,0), e is the identity element of the loop
(Q,*),Rix =x*a, Lix =aoux.



Proof. First note that a quasigroup of the form xy = ax o (covy) or xy = (px 0 ¢1) o By, can
always be converted to the form zy = ajx o ¥y or respectively xy = px o By, where a; and
[, are some permutations of the set (). So for convenience we re-write a left or a right linear
quasigroup in the form xy = ax o ¥y or xy = px * By respectively. According to the condition
of Lemma 2.1, (@,-) is a left and a right linear quasigroup, that is zy = ax o Yy = px * fy.
Putting in the last equality first z = 0, then y = e, we get a = Rjp, 0 = L,.9. The reverse
condition is obvious.

]

Proposition 2.3. Let (Q,-) be a left and right linear (alinear) quasigroup. Then (Q,-) is a
linear (an alinear) quasigroup.

Proof. Let the quasigroup (Q,-) be a left and a right linear quasigroup. Then (@Q,-) has the
form: xy = ar + ¢+ Yy = pxr & c; B Py, where «, are permutations of the set Q,p €
Aut(Q, D),y € Aut(Q,+).

But then

Ty = oqx + Yy = er O Py, (5)

where oy = ax +¢, [y = 1 @ Py, that is the groups (Q,+) and (Q,®) are principally
isotopic, so by the Albert’s Theorem they are isomorphic. Moreover, from the proof of this
theorem it follows that there is such an element k € @, that Ry(x @ y) = Rxx + Ryy, where
Ryx = x + k. Considering this in (5), we find that

Ri(aiz 4+ ¢y) = Rppx @ RiPy, Ri(cwx + Yy) = Repr + Ry,

or
a1 R'w + 9y = RupRy 'x + Biy.

Put in the last equality y = 0: oy R; 'z = ¢y + d, where d = 3,0 is some element of the
set Q, o1 = RppR, " is automorphism of the group (Q,+).
Indeed, since Ri(z @ y) = Rrxr + Ryy, then

RipR, (x +y) = RupR, ' [Re(R e @ Ry ') =
= Rip(R 'z @ R 'y) = Ri[pR;, 'z ® oR'y] =
= B[R (Rup Ry v + RioRy'y)] = Rip Ryl + RepRy'y.

Hence RypR;' € Aut(Q,+). According to Lemma 2.5 from [2] oy R; ', and thus «; are
quasiautomorphisms of this group. Therefore ayz = pox + s, s € Q, and xy = Y + ¢ + Yy,
where ¢y, 1 € Aut(Q, +), that is (Q,-) is a linear quasigroup.

Similarly, Proposition 2.3 can be proved for alinear quasigroups. ]

Corollary 2.1. A left (right) linear quasigroup (Q,-) xy = px +c+ By (vy = ax + ¢+
vy) is a right (left) linear quasigroup if and only if the permutation B (accordingly o) is a
quasiautomorphism of the group (Q,+).

Corollary 2.2. A left (right) alinear quasigroup (Q,-) xy = ¢x + ¢+ By (xy = ax + ¢+
Yy) is a right (left) alinear quasigroup if and only if the permutation (3 (accordingly o) is an
antiquasiautomorphism of the group (Q,+).

Proposition 2.4. A quasigroup which is left (right) linear and left (right) alinear is a T-
quasigroup.



Proof. Let (Q,-) be a left linear and a left alinear quasigroup:
xy =pxr+c+ Py =prdsdyy,

where ¢ € Aut(Q,+), ¢ is an antiautomorphism of the group (Q,®), 3, v are permutations of
the set Q. Then

zy = px + Py = ¢x Ny, (6)

where By = ¢+ By, My = s ® yy. Then according to Albert’s Theorem (Q,+) = (Q,®),
besides that there is an element k& € () such that

Ri(z @ y) = Rex + Ry, (7)

where Ryz = x + k. Considering this in (6), we obtain

Ry(ox + p1y) = Ri@r + Ry

or

px + b1y = ox +k+ ny.
Put y=0: ¢x+10=¢xr+k+ 0. Then oz + 50 —10—-k =z, pr=pr+p= R,px,
where p = 3,0 — 1,0 — k is some element of the set Q).

Considering (7), note that RypR;' is an antiautomorphism of the group (Q,+). But
RiLpR.' = RyRypR; . Hence,

RiRypR (v +y) = RpRypR; 'y + RiLR,o R, ',
olx+y—k)+p+k=9y—k)+p+k+ol—k) +p+k,
plx+y—k)=9y—Fk) +p+k+pl—Fk),

or + oy —pk = py —pk +p+k+ or — @k,

wxr+ ey =y —pk+p+k+ ex.

Put z=y=0: 0= —pk+p+k. Then pz+ py = py+ px or x+y = y+ x, that is the group
(Q,+) is abelian. Hence, (@, -) is a left T'-quasigroup.
The right linear and right alinear case is proved similarly. ]

Finally observe that if (@, -) is a linear and an alinear quasigroup at the same time, then it
is a T-quasigroup and from Proposition 2.3 it follows that a left and right 7T-quasigroup is also
a T'-quasigroup.

I11. Endotopies and endomorphisms of linear quasigroups

Theorem 3.1. The semigroups of endomorphisms of parastrophic quasigroups coincide:

End (Qa ) = End (Q7 U(')) ) (8)

where (Q, ) is a quasigroup, (Q,7 (+)) 1is its parastrophy, End(Q,-) is the semigroup of endo-
morphisms of the quasigroup (Q,-) and End(Q,°(:)) is the semigroup of endomorphisms of its
parastrophy (@, (-)).

Proof. Let v € End(Q,-) : v(zy) = vx - vy. Denote zy = z. Then x = z/y. Hence vz =
V(z/y) -y or v(z/y) = vz/7y.

Consequently, v € End (Q,7 (+)), so End (Q,-) C End (Q,° (+)) .

The converse statement is obvious. Then End (Q,-) = End (Q,° (+)).

For other parastrophies the equality (8) is proved similarly. ]
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Corollary 3.1. The groups of automorphisms of parastrophic quasigroups coincide:

Aut(Q,-) = Aut(Q,(+)).

Denote by S(Q) the semigroup of all the transformations of the set Q. Let (Q,-) be a
quasigroup and ¢ € End(Q,-). Then

o(zy) = - Py,

QOLx = chxSOv (9)

The following theorem is a generalization of Theorem 1 from [13].

Theorem 3.2. Let (Q,-) be a quasigroup and ¢ € S(Q) is such that L, = L., for any
x € Q and some z, depending on x. Then z = pz (that is ¢ € End(Q,-)) if and only if
we = ey, where e is a map such that e :a — e(a) and a-e(a) = a.

The Theorem is proved by analogy with the proof of the Theorem 1 from [13].

Corollary 3.2. Let i be the right identity element of a quasigroup (Q,-) and ¢ be a map of
the set Q) into itself such that oL, = L,p, for any x and some z, depending on x € Q). Then
z=x (that is p € End(Q,-)) if and only if ¢ (i) =i.

Now let p € S(Q) and ¢ (zy) = py - vz, that is ¢ is an antiendomorphism of a quasigroup
(@, ). Then in this case instead of (9) and (10) we must consider the following relations:

©L, = Rz, (11)

Theorem 3.3. Let (Q,-) be a quasigroup and ¢ € S (Q) is such that oL, = R,p, for any x
and some z, depending on x € Q. Then z = @x (that is ¢ is an antiendomorphism of (Q,-))
if and only if e = fo, where e is a map such that e : a — e(a) and a-e(a) = a and [ is a
map such that f: a— f(a) and f(a)-a=a.
Proof. Since pL, = R.p, we have that oL,y = R,py, i.e. ¢ (zy) = @y - z. In particular, for
y=ec(x): p(x-e(x)) =pe(x)- 2z, whence ¢ (z) = pe(x) - z.

But ¢(z) = fe(x) - o(z). Then ge(x) - z = fo(z) - (z).

Assume now that e = fp. After reduction we get z = p(z), that is ¢ is an antiendomor-

phism of the quasigroup (Q,-).
Conversely, for an antiendomorphism ¢ the following holds:

fo(x) - p(z) = p(z) = p(z - e(x)) = pe(z) - p(z)
hence fp(z) = ge(z) for all x € Q. O

Corollary 3.3. Let (Q,-) be a loop with the identity element j and ¢ € S(Q) be such that
oL, = R.,p for any x and some z, depending on v € Q. Then z = p(x) (that is ¢ is an
antiendomorphism of (Q,-) ) if and only if p(j) = 7.

Proof. In aloop (Q,-) we have e(z) = j = f(x) for any = € Q. Let ¢ be an antiendomorphism
of the loop (@, ). Then

p(j) = wle(x)) = o(f(2)) = folr) = J.

Conversely, if pL, = R,¢ and ¢(j) = j, then since j = e(x) = f(z), we have ¢(e(z)) = e(z) =
j = f(z) = fe(z), whence pe = fo. Then according to Theorem 3.3 ¢ is an antiendomorphism
of the loop (Q,"). ]
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Recall that the triplet T = («, 3,7) of maps of a quasigroup (Q,-) into itself is called an
endotopy of the quasigroup (Q,-), if the identity:

V(zy) = ax - By,

is true for any z,y € Q.

In case when o = [ = =, the triplet T = (v,~,7) is called an endomorphism of the
quasigroup (@, ).

Obviously the set of all endotopies of the quasigroup (@, -) is a semigroup with identity. Let
us denote this semigroup by Ent(Q,-).

Theorem 3.4. If the quasigroups (Q,-) and (Q,0) are isotopic: y(x oy) = ax - By, (o) =
()T, T = («,3,7), then their semigroups of endotopies are conjugate:

Ent(Q,-) = T 'Ent(Q,o)T. (13)

Proof. Indeed, let (o) = ()T and S € Ent(Q,o), that is (0)S = (o). Then ((-)T)S = ()T,
therefore (\)T'S = ()T and ()T'ST~' = (-), so TEnt(Q,o)T~' C Ent(Q,-), whence
Ent(Q,0) C T 'Ent(Q,-)T.

On the other 81de ( )T-' = (). Let S € Ent(Q,-), that is (-)S" = (). Then (o)T~'S" =
(0)T7' and (o)T~'S" = (o), whence T 'Ent(Q,-)T C Ent(Q,o). Considering the reverse
inclusion we get (13) O

Corollary 3.4. [1]. If the quasigroups (Q,-) and (Q,o) are isotopic then their groups of
automorphisms are isomorphic, namely

Avt(Q,-) = T Avt(Q, o)T.

Note that the third component 7 of an endotopy T = («, /3, 7) is called a quasiendomorphism
of the quasigroup (@, -). The structure of the quasiautomorphisms of a group is well known (see
[1]). As in the case of quasiautomorphisms, the quasiendomorphisms of groups have a simple
structure, namely:

Proposition 3.1. Any quasiendomorphism ~ of a group (Q,+) has the form:

v = Rsﬁ)/m (14)

where v, € End(Q,+), s € Q, and reversely, the map v, defined by the equality (14), is a
quasiendomorphism of the group (Q,+).

Proof. Let ~ be a quasiendomorphism of a group (Q,+), that is there is an endotopy T =
(,8,7): ~(r+y)=axr+By. Put x =0 in the last equality, where 0 is the 1dent1ty element
of the group (@Q,+). Then vy = a0+ By = 1 + Py = Llﬁy v = Llﬁ g = Ll e [ = a0.
Similarly taking y = 0 we have: 7 —ar+ 00 =ar+k=Rea, v =Ry, o = R 'y, k= p0.
But in any group L V=1, R_ =R_;.

Hence,

(@ +y) =azx+ By = Ry + Ly = (vo + (—k)) + ((=1) +7y),

V(@ +y) =72+ (=70) + 7y, (15)
since (—k)+(—1) = —(I+k) = —(a0+50) = —70. Let yz+ (—70) = yoz. Adding (—~0) to the
both parts of (15), we have (2 +y) +(—70) = vo+(=70) +vy+ (—70), 70(z+y) = Y0z +70Y,
that is 79 € End(Q,+). From ~vx + (—v0) = vz follows (14).

Conversely, any endomorphism and any transformation of a group are quasiendomorphisms,
so the product Ry is also a quasiendomorphism of that group. O
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Corollary 3.5. Let v be a quasiendomorphism of a group (Q,+). Then
v € End(Q,+) & 70 =0,

where 0 is the identity element of the group (Q,+).

Indeed, let v be a quasiendomorphism and 40 = 0. Then 70 = R,700 = R0 =s and s = 0.
Hence, v = 7.

As noted by I.A. Golovko in [14], any endotopy of a group (@, +) has the form:

T = (Lo, Ry, LoRy)0, (16)

where 0 € End(Q,+), a,b € Q.

Using (13) and (16), it is easy to find a common form of any endotopy of a linear (alinear)
quasigroup (@, ).

Indeed, let (Q,-) be a linear quasigroup: zy = @z + ¢ + ¥y = Repx + ¢y. Then () =
+)(Rep,1h,€). If S € Ent(Q,+), then by (16) S = (La, Ry, LoRy)6, where 0 € Ent(Q,+),
a,b € . Then according to (13) for any P € Ent(Q,-) we have:

P =TST" = (Rep,,€) (Lo, Rif, LaRef) (07" R, 00 €) =
= (RopLobp ' R7V R0, LaRyf) = (RoL a0l R, Rypt00yL, L Ryf),

where ¢, € Aut(Q,+),0 € End(Q,+), a,b,c € Q.
So, have proved:
Theorem 3.5. Any endotopy of a linear quasigroup (Q,-): xy = px + c+ 1y has the form:

P= (éclﬁ/wa@e@iléfc, waw6w717 EaRb0)7 (17)

where p, 1) € Aut(Q,+), 0 € End(Q,+), a,b,c € Q.
Similarly can be showed that any endotopy an alinear quasigroup (Q,-): zy = ¢z + ¢+ T;y
has the form:
P = (mealﬁ_c, Lot60 ", EaRb(a) . (18)
Corollary 3.6. Any endotopy of a T-quasigroup (medial quasigroup) (Q,-): vy = pxr+c+y
has the form:
P = (Raplp™'R_, Ryytp0~", Layst), (19)
where d =c+ pa, d € Q,0 € End(Q, +).
Corollary 3.7. Any endotopy a quasigroup of mixed type of linearity of first kind: xy =
ox + ¢+ vy (accordingly linearity of second kind: xy = @x + ¢ + 1y ) has the form:

P= (Rcimoego—lé_c, DR, Eaébe),

(p - (Rciw@e@—lfz_c, RO, ia}?,ﬂ)) ,
where @, € Aut(Q,+), @,v are antiautomorphisms of the group (Q,+), a,b,c are fized
elements of @, 0 € End(Q,+), R,, Ly are transformations of the group (Q,+) : R.x =1z +a,
Eax =a-+x.

Corollary 3.8. Any endomorphism ~ of a linear quasigroup (Q,-) : xy = px + ¢+ Yy can
be presented in the form:

Y= Rczwagpgso_l}?—c = szﬂ/}@@fl = EaRbH;
where 0 € End(Q,+), a € Q.
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Proof. 1t is follows from the coincidence of all components of the endotopy of a linear quasigroup.

]

Remark. Similarly, any endomorphism (automorphism) of alinear quasigroups, quasigroups
of mixed type of linearity, T-quasigroups and medial quasigroups can be presented by automor-
phisms, endomorphisms and transformations of respective groups [15].
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