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Abstract

We present several strong convergence results for the modified proximal point
algorithm z,11 = apu+ (1 — o) Jg,xn + €, (n = 0,1,...; u, xg € H given, and
Jg, = (I + BnA)~L, for a maximal monotone operator A) in a real Hilbert space,
under new sets of conditions on «,, € (0,1) and 3, € (0,00). These conditions are
weaker than those known to us and our results extend and improve some recent
results such as those of Xu.
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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm ||-||. AmapT: H — H
is said to be nonexpansive if for every =,y € H the inequality |7z —Ty| < ||z —y|| holds.
In the case when [Tz — Ty|| < a|lx — y|| holds for some a € (0,1), then T is said to be a
contraction with Lipschitz constant a. We recall that a mapping A : D(A) C H — 2 is
said to be a monotone operator if

<:L“—x',y—y'> ZO? V(.flj,y),(.flj,,y/) EA'

In other words, the graph of A, G(A) = {(z,y) € Hx H : v € D(A),y € Az} is
a monotone subset of H x H. The operator A is said to be maximal monotone if its
graph is not properly contained in the graph of any other monotone operator. It is well
known that if A is maximal monotone and 3 > 0, then the resolvent of A, the operator
Jg : H — H defined by Js(z) = (I + SA)"!(x), is single-valued and nonexpansive (see,



e.g. [10]).

For a fixed w € H and t € (0, 1), let z denote the fixed point of the contraction T} given
by the rule z — tu + (1 — ¢)T'z, i.e.,

zp=tu+ (1 —1t)Tz. (1)

The strong convergence of z; to a fixed point of 7" was proved in 1967 by Browder [3].
This result of Browder has been widely used in the theory of fixed points and extended
in different directions by several authors. Motivated by Browder’s (implicit) convergence
result, Halpern [5] considered the (explicit) iteration

Tpi1 = apu+ (1 —a,)Tx,, for any u,zy € H with a,, € (0,1) and all n > 0, (2)

in a Hilbert space and proved that under certain assumptions on «,,, the sequence {x,}
given by the iterative process (2) is strongly convergent, and the limit is the point of
F(T) = {x € H | Tx = z} which is nearest to u. Later, Lions [9] proved the strong
convergence of (2) still in a Hilbert space under the control conditions

. = . |an+1 - an’
C1) lim o, =0, (C2 a, =00 and (C3) lim ———
(©1) lim DY (©3) Jim

=0.

Unfortunately, Lions’ result excludes the natural choice o, = n~!. This was overcome

in 1992 by Wittmann [13] who showed strong convergence of {z,} under the control
conditions (C1), (C2), and

o0

(C4) D " fons1 — an| < 0.

n=0

In 2002, Xu [14] studied algorithm 2 extensively. First, he showed that in a Banach
space setting, {z,} still maintains its strong convergence on removing the square in the
denominator of (C3), thereby improving Lions’ result twofold. The conditions used were

(C1), (C2), and
(C5) lim lansr — an| _ 0.

n—oo Olp41

He then showed that the conditions (C3) and (C4) are not comparable, and did the same
for (C4) and (C5). Xu then observed that Halpern actually showed that the conditions
(C1) and (C2) are necessary to have strong convergence to the metric projection of u on
F(T). This provided a partial answer to Reich’s question: Concerning {a,}, what are
the necessary and sufficient conditions for {x,} to converge strongly? To the best of our
knowledge, the other part of the question concerning sufficiency remains open. However,
in a recent paper of Suzuki [12], it is shown that if the nonexpansive mapping 7 in (2)
is of the form 7" := AS + (1 — A\)I (with A € (0,1), S a nonexpansive mapping and / the
identity operator), then the conditions (C1) and (C2) are not only necessary for {z,} to
converge strongly, but they are also sufficient. In fact, Suzuki showed strong convergence
of the iterative process

Tpt1 = apu+ (1 — a,)(ASzy, + (1 — N)azy,), for any u,z9 € H and all n > 0, (3)
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in Banach spaces. The same result was obtained by Chidume and Chidume [4] indepen-
dently. Very recently, He et. al. [6] showed also in Banach spaces that if the nonexpansive
map S above is replaced by the resolvent, Js, , of an m-accretive operator, then strong
convergence is still guaranteed under (C1), (C2), and the condition

with 3, bounded from below away from zero.

Notice that it is possible to prove strong convergence results if one replaces the nonex-
pansive map 7' in algorithm 2 by a sequence of nonexpansive mappings. For instance, one
may consider the iterative process, known as the (modified) proximal point algorithm,
defined by

Tni1 = apu + (1 — ay,)Jg,x,, for any u,xzo € H and all n > 0, (4)

where {3,} C (0,00). Under additional assumptions on [3,, the strong convergence of
{z,,} defined by (4) can be obtained. In 2000, Kamimura and Takahashi [7] showed that
{z,} is strongly convergent to the fixed point set F'(J.) = {x € H : J.o = 2} = A7*(0)
(for all ¢ > 0) nearest to u if one assumes (C1), (C2) and /3, — oo. In fact, they considered
the following algorithm which is the inexact form of algorithm 4:

()

Yn R Jg, T, forallm >0,
Tpt1l = QU + (1 - an)yna

for any u, xqg € H, where the criterion for the approximate computation of y, is given by

Hyn - ‘]ﬂnan < 571 with Z(Sn < 00.

n=0

It is worth mentioning that Xu [14] also obtained the same result independently, and in
[1] (see also [2]), we extended this result to include non-summable errors; e,. It is unclear
if the same conclusion can also be derived for bounded [, and the general condition that
the error sequence tend to zero in norm.

The so called prox-Tikhonov regularization method have also been under investigation
from several researchers. In 2006, Xu [15] extended the result of Lehdili and Moudafi [§]
by considering the iterative process

Tni1 = Jg, (au+ (1 — )z, +e,), for any u,xzy € H and all n > 0, (6)

were {e,} is a sequence of errors, and proved strong convergence of {z,} defined by (6)
to the metric projection of u into the fixed point set A='(0) under the control conditions
which appear as a combination of «,, and (,,. More precisely, his conditions were

cn ).

n=0

OénﬁnJrl
an-i-lﬁn

anﬁn+l
15

1
<oo or, (C8) lim —|1— = 0.

n—00 Uy,

1—




Note that for 3, — oo, the natural choices of a,, = n~! and 3, = n, fails under both
conditions. In fact, for any choice of «, and (3,, condition (C8) is impossible to achieve
as shall be shown in this paper, (see Remark 4). In another result of Xu, Theorem 3.3
[15], it is shown that for summable errors, strong convergence is still maintained under
the conditions (C1), (C2), (C4), and (3, bounded (from above and from below away from
zero) with (C9) being satisfied. Song and Yang [11] established strong convergence of
the prox-Tikhonov algorithm 6 when the errors are summable, (C1), (C2), (C4) being
satisfied, and the following condition on (3, imposed: [, is bounded from below away
from zero with either

’6n+1 - 6n|
ﬁnJrl =

Q.

(C9) D 1Bus1 — Bl <00, or (C9 >
n=0 n=0

They remarked that their result (Theorem 2) contains Theorem 3.3 [15] as a special case.
Although this seems to be the case at first glance, it turns out that the two theorems are
equivalent. In fact, the condition (C9)’ on f3, is equivalent to (C9) and 3, bounded from
below away from zero. Obviously, from this equivalence follows the equivalence of the two
theorems. This equivalence is not so obvious and it is discussed in Lemma 4 below.

The main purpose of this paper is to prove strong convergence of {z,} conforming to the
iterative process

Tni1 = apu+ (1 —ay,)Jg, xn +e,, forany u,zo € H and all n > 0, (7)

under new conditions on «, and 3,. Our new conditions will allow choices such as
a, =n~! and 3, = n. Theorem 4 and Theorem 5 deal with the conditions

. - (677 (679 .
either (C10 — < oo or, (C11) lim Qp—10ns1 — @ fn] =0,
102 15"~ 5.5 (O1) iy, Gz nm1 s = cal
and
=11 1 1|1 1
either (C'12 —— <oo or, (C13) lim — |— — =0,
( ) nz; ﬁn ﬁnfl ( ) n—0o0 Oy, Bn ﬁnfl

respectively. In particular, our results provide an answer to the question we asked in
[2]: Can one design a proximal point algorithm by choosing appropriate regularization
parameters «, such that strong convergence of {z,} is preserved, for ||e,|| — 0 and 3,
bounded? Of course, for constant 3,, (C10) reduces to (C4) and (C11) reduces to (C5).

2 Preliminaries

In the sequel, H is a real Hilbert space, F' denotes the set A™1(0) ={zr € H: Jox =1z} =
F(J.) for all ¢ > 0, and given any sequence {z,}, its weak w-limit set will be denoted by
wy({z,}), that is,

wy({zn}) :={r € H | x,, = = for some subsequence {z,, } of {z,}}.
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Here “—” denotes weak convergence.

It is worth pointing out that, for a,, — 0 and e, — 0, the algorithms 6 and 7 are
equivalent. Indeed, setting
Tp — Qp—1 — €Ep—1

Up = , (8)

1- Op—1

we have from (7) that v,,1 = Js,z, and using (8), we get
Uny1 = Jg, (v + (1 — ap_1)v, + €-1), for n>1. 9)

It is not hard to see that (9) can be put in the form (6). Moreover, {v,} converges if
and only if {x,} does, showing that the two algorithms are perfectly equivalent. We shall
therefore always use either form of the algorithm at our convenience. If we consider (9)
instead of (6), then conditions (C7) and (C8) take the form

o0

cn >

n=1

_ anflﬁnJrl

_ OznflﬂnJrl
O

1
< C8)" i — | =
oo or, (C8) lim o,

n—oo an—l

1 1

Theorem 3 and Remark 4 are concerned with these conditions.

Let us now recall some Lemmas which will be useful in proving our main results.
Lemma 1 (Subdifferential Inequality)
o +ylI* < [lyl|* +2(z, 2 +y) forall z,y€H.

Lemma 2 (Resolvent Identity) For any 3,7 > 0, and x € H, the identity

Y Y
Jgx = J —:1:+(1——)Jx)
B 0l (ﬁ ﬂ B
holds true.
Lemma 3 [14]. Let {s,} be a sequence of non-negative real numbers satisfying

Snr1 < (1 —ap)s, + anb, + ¢, n >0,

where {a,}, {b,}, {cn} satisfy the conditions: (i) {a,} C [0,1], with > 7 a, = oo, (ii)
limsup,,_, b, < 0, and (iii) ¢, > 0 for alln > 0 with Y~ ¢, < 00. Thenlim, . s, = 0.

We next show that any sequence of positive real numbers satisfying the condition of (C9)’
is bounded (with the lower bound being strictly positive).

Lemma 4 For any sequence {b,} of positive real numbers, the following conditions are
equivalent: (1) Y07 [bpt1 — by| < 00 and 0 < liminf, o b, (= lim,_.s by),

() oo Pei=tel < oo, and (iif) 3o07, Pl < oo,



Proof: First, it is easily seen that (i) = (ii), and (i) = (iii). Now let us prove that
(ii) = (i). For this, it suffices to show that there exist constants m, M > 0 such that
m<b, <Mforalln=0,1...

From (ii), there exists a sequence {a,} C R, such that ) |a,| < co, and

bn—i—l - bn = bn—i—l

b = ay, b, =1+a, n=01,...

Note that in particular, lim, . a, = 0. Therefore, we may assume without any loss of
generality that |a,| < 1 for all n. Then by simple induction, we have

Z_Z “ I+ ) (10)

Since 1 + 2 < exp(z) for all z > 0, it follows from (10) that

ZZ H(l +ay) < I:I(l + |ag|) < exp (2_: |ak|> < exp (Z |ak|> = My < 0. (11)

k=0 k=0

On the other hand,

D larl <00 & (1 —lax]) >0
k=0 k=0

and again from (10) we obtain

bn n—1 n—1 o0
b—:H(1+ak)2H1—|ak| H1—|ak| —:mg > 0. (12)
0 k=0 k=0

k=0

The conclusion then follows from (11) and (12). Replacing b, by b, ! in (ii), one readily
gets (iii), showing that (iii) = (i) as desired. n

Let the mapping h : H — H be defined by z — tu+ (1 —t)J.x+e(t) for ¢ > 0, u € H and

€ (0,1). For any fixed ¢ (and ¢, u), one can easily check that the map h is a contraction
with Lipschitz constant 1 — t. The Banach contraction principle asserts that h has a
unique fixed point, say, z;. That is,

z=tu+ (1—t)J.ze+e(t) for ¢>0 and ue€ H. (13)
In fact z; depends on u and ¢ as well.
Theorem 1 Take any ¢ > 0 and uw € H, and assume
te®)||—0 as t—0". (14)

If F #0, then {z} defined in (13) converges strongly ast — 07 to the point of F nearest
to u, denoted by Pru. Moreover, this limit is attained uniformly with respect to ¢ > 9 for
every o > 0.



Proof: For every p € F, we have from the subdifferential inequality (see Lemma 1 above)
Iz = plI* < (1= 1)z — pII* + 2w — p+ £ "e(t), 2 — p).

In other words,

2= t)llze —pI* < 2(u—p+t"e(t), 2 — p). (15)
This shows that {z;} is bounded as t — 0%. Now setting

ve=(1—1) "z —tu—e(t) = Joz,

we see that {v;} is also bounded as t — 07 and the weak w-limit sets of {z;} and {v;} (as
t — 0") coincide, that is, wy({z:}) = wy({v:}). Since

Avyd —(zp—v) = 0 ast— 0T,
c

we have w,({z:}) C F. By (14) and (15) with p = Pru we get

limsup ||z; — Prul|® <0,
t—0+

which shows that
lim ||z; — Ppul| = 0.
t—0t

Obviously, the above limit is attained uniformly with respect to ¢ > ¢ for every 6 > 0. m

Remark 1: Theorem 1 is an extension of Theorem 3.1 in [15], since v; converges strongly
to Ppu (as t — 07) if and only if z; does. We note that Theorem 3.1 in [15] contains a
mistake, since the strong limit of v; (as t — 07) is not attained uniformly for ¢ > 0 (but
for ¢ > 0 for every 6 > 0).

3 Main Results

We devote this section to demonstrate the strong convergence of algorithm 7 under dif-
ferent sets of assumptions on the parameters «,, and 3,. We begin by proving a strong
convergence result satisfying similar conditions to those of Lions. One of the conditions

n—00 Oé2
n

=0,

is weaker than Lions’ condition (C3) in the case when «, is decreasing.

Theorem 2 Assume that A : D(A) C H — 2% is a mazimal monotone operator and
F:= A"Y0) # 0. For any fized u, o € H, let {x,,} be the sequence generated by algorithm
(7) with the conditions: (i) a, € (0,1), (C1), (C2) and (C3), (ii) either >~ |len|| < oo
or |len]|/an — 0, and (iil) 5, € (0,00) with (C6) lim, . |3, — 8| = 0 for some 3 > 0,
being satisfied. Then {x,} converges strongly to Pru, the projection of u on F.
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Proof: Note that it was shown in [15] that {z,} is bounded if >~ |le,|| < co. Also it
was shown in [2] that {z,} is bounded if {e,/a,} is bounded. For the sake of the reader’s
convenience, we shall however repeat the proof.

If > o llen]| < oo, then as in [15], it can be shown by induction that

n—1

2, — pll < max{||zo — pll, [lu — pl} + > llex|| for any p € F and n > 0. (16)
k=0

Hence {x,} is bounded (see also [2]).

Now assume that {e,/a,} is bounded. Then, there exists a positive constant M such
that

\|u—p\|+e—n|| < M for some p € F and n > 0.
Qn
We assume M is big enough so that ||zg — p|| < C :=2M. Let us show that
|z, —p|| < C  for all n > 0. (17)

Using (7) and applying the subdifferential inequality, we get

€n
|zt =pI” = llan(u —p+ =) + (1= an)(Jg,2n =)

n

e?’b
< (=) Jgwn = plI* + 200{u —p+ ==, 2041 = p)

n

< (1= an)?llzn = plI* + 2Mon|zni1 — pl.
If ||z, — p|]| < C for some n > 0, then the last estimate gives

nss = pI? < (1= a)’C? + 2MaJnss — ).
Hence,

(Hxn—&-l _p” - Man)2 < M20‘721 + (1 - O‘n)ZCQv

which yields

|t — pl| < Mo, + \/MQQ% + (1 — «,)?C2.

On the other hand, it is easy to check that

May, + v/ M2a2 + (1 — a,)202 < C.

Thus {x,} is bounded. For each n, let z, be the unique fixed point of the contraction
x — ayu+ (1 — ap)Jgzr. According to Theorem 1, z, — Ppu as n — oo. Therefore
it is enough to show that ||z, — 2z,|]| — 0 as n — oo. For this purpose, we estimate
|Tnt1 — Znya]| as follows

1211 = Znsall < 2ns1 = 2nll + 120 = 201l (18)
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Noting that z, = a,u + (1 — ) Js2, and the fact that Jg is nonexpansive for all 5 > 0,
we get

[Tt — zall < (1= )| g, 20 — Jpzall + |lenl]
< (= an)| a0 — Jo,2all + 5,20 — T2l + [len]]
’ﬂ - ﬁn’
< (L= an)||n — 2l + THzn — Jpznll + [|enl|
|B _ﬁn|

B

where the third inequality follows from the application of the resolvent identity. On the
other hand, we compare 2, and 2,1 as follows

lzn = zosall = (0 = Qs (= Jpzars) + (1 = @) (Js2a — Jozass)|
< Jan = ansal 1 = Jozasa | + (1 = an)llzn = zonll

which gives

|an - an+1|K
Qap

: (20)

||Zn - Zn-&-lH <

where K is a positive constant such that |ju — Jzz,|| < K for all n. Combining (18), (19)
and (20) we get

Hwn+1 - Zn+1” S (1 - Oén)Hxn - Zn“ + anbn + Cn,

where
o0
b, = K ['5 ﬂﬂ“ | lam af‘"“'] =0 and ¢, =|le]| with Y [len]| < oo,
n n=0
or
Tp+l — 2+l > — Qp)||Tn — Zn an0,,
I <1 — o |+ anb,
where
T,
g % %8
for the case ||e,||/a, — 0. In either case Lemma 3 gives the required conclusion. n

Remark 2: For § > 0 and 3, = (—1)”n+r1 + (3, the condition (C6) is satisfied, whereas
(C9) is not, showing that our condition on (3, is weaker than the one used in the following
theorem due to Xu [15]. On the other hand, the sequences a, = n~1 and a,, = 1/Inn
satisfy condition (i) of Theorem 2. Since (C3) and (C3)" are not comparable to (C4) (see

Remark 3.1 [14]), Theorem 2 is new.

Theorem Xu [15]. Assume that A : D(A) C H — 2" is a mazimal monotone operator
and F = A7Y(0) # 0. For any fized u,zy € H, let {x,} be the sequence generated by

9



algorithm (7) with the conditions: (i) a, € (0,1), (C1), (C2) and (C4), (ii) B, € (0,00)
with Y~ |Bns1 — Bal < 00 and 0 < liminf, . B, (= lim, o B,), being satisfied. If
Yo ollenll < oo, then {x,} converges strongly to Pru, the projection of u on F.

Remark 3: Although it appears from Lemma 3 and inequality (20) that Y >° \a;++1l <
oo can be a possible assumption on «,, there is no sequence {a,} C (0, 1) satisfying (C1)
and this condition. Indeed, if this condition is satisfied, then Lemma 4 implies that «,, is
bounded below away from zero, contradicting (C1).

We next give a result similar to Theorem 3.2 of Xu [15]. In the next result, if we consider
algorithm 6 instead of algorithm 7, then we can prove the same result with (C8)" being
replaced by (C8). In that case, the result extends Theorem 3.2 [15] to a larger class of
errors which include those that are non-summable and still converge to zero in norm.
Moreover, we can show that Theorem 3.2 [15] fails to hold under the condition (C7).

Theorem 3 Assume that A : D(A) C H — 2 is a maximal monotone operator and
F = AY0) # 0. For any fized u,zy € H, let {x,} be the sequence generated by
algorithm (7), where (i) o, € (0,1), with (C1), and (C2), (i) either > 7 |lea] < oo
or |len||/an — 0, and (iii) B, € (0,00) with iminf, . 5, > 0, Buy1 > anfB, and (C8)'.
Then {x,} converges strongly to Pru, the projection of u on F.

Proof: For each fixed n, let y, be the unique fixed point of the contraction x — «,_1u+
(1 — ap—1)Js,x. Then according to Theorem 1, y,, — Ppu as n — 0o. Set

Ty — OUp1U — €1 Yn — Op_1U
Uy = —— “— and w, = S—T—. (21)
1— Qn—1 1— Qn—1

As a consequence of the boundedness of {x,} and {y,} (see Theorem 2), the sequences
{v,} and {w,} are bounded. Also by virtue of (21), w,, — Pru as n — oo. It follows
from (7) and the definition of y,, that

Upt1 = Jg, (1 — 1)y + pmqu+€5-1)  and  w, = Jg, (1 — ag—1)wy, + cpqu).
As before, using the nonexpansivity of the resolvent, we estimate ||v,, 11 —wy41] as follows

[ont1 = wnsall < Nlonga = wall + [[wner — wn|
< (1= an-1)llvn = wnll + lwnsr — wall + llen-l- (22)

Now using the resolvent identity and the nonexpansivity of the resolvent, we can estimate
|wns1 — wy|| as follows

I6}
st — wal] = ||Jﬁn( n
ﬁn—l—l

- Jﬁn((l - an—l)wn + O‘n—lu)H

((1 - an)wnJrl + O‘n“) + (1 - ﬁn ) wn+1)
ﬁn—&—l

QO QpOn
< (1— ﬁ)||wn+1—wn||+an1— Ol i
ﬁn—i-l n+1
which gives
O511—1ﬁn—i—1
e — wy|| < |1 — 2 e 23
s = ] < |1 = 215 )

10



for some positive constant K. Combining (22) and (23) we get

-1
o1 = wnall < (1= o) 0 — ] + \1 - e, (24)
Hence from Lemma 3, we see that ||v, — w,|| — 0, and the proof is complete. =

Remark 4: In view of Lemma 3 and (24), it is tempting to infer that the theorem is still
valid under the condition (C7)’. However we show that this condition is impossible to
attain for any sequences {f3,} and {«,} satisfying the conditions of the above theorem.

To this end, we assume that (C7)" holds true. Denote b, := 5=+ Then

o0

2.

n=1

. an—lﬁn—i—l
anﬁn

1

— |bni1 — by
<00 & E:M“’O
n=1 bn+1

Therefore, it follows from Lemma 4 that

(07|

lim inf = liminf b, > 0,

n—oo n n—oo

which implies that 3, — 0 (since a,, — 0). This is a contradiction as 3, is bounded below
away from zero.

However, if we allow (3, — 0, then Theorem 1 is no longer applicable. Indeed, from
wy, = Jg, ((1 — ap—1)w, + a,—1u), we have

Qp—1

(u—w,) € Aw,. (25)

On
From the above inclusion relation, we can not derive w,({w,}) C F := A71(0), even if
w, is strongly convergent (since by (23), D277, lwus1 — wall < 00) because 5=+ may

not necessarily converge to zero. Therefore, in this case {x,} is still strongly convergent
(according to (24)) but we can not derive that its limit is in F'. In fact, its limit need not
be in F. We give an example to that effect.

Example 1: Let §, = = and a,, = 5 for n > 1. Then we have

n— n 1 n
_ ¢ Wit _ =:a,, forall n>1, and Pnt1

anfBn (n+1)2 O

1

—1 asn— oo.

Clearly the condition 3,41 > .3, for all n > 1 is fulfilled. Let H = R, and let the

sequence {e,} C R satisfy either the condition )~ le,| < oo or |e,|/a, — 0, (for

example, |e,| = m or |e,| = —— for n > 2 with 7, |e,| = oo, respectively), and

let A: D(A)=[0,00) C R — R be defined by
ar, if x>0,

Ar =< (—00,0], if z=0,
0, if x<0,

11



for some a > 0. Then if u > 0, we have for sufficiently large n, a,,_1u +€,_1 > 0 and

0<w, = Jg, (1 —ap_1)w, +an_1u+e,_1)
1
= 17 ﬁna((l — Q1) Wy + AU+ €1),
which implies that w, — we = zu ¢ F = {0}. Hence z, — wy ¢ F. The same
conclusion is true if u < 0.

The argument given above shows that if (3, is bounded away from zero in Theorem 3.2
of [15], then the condition (C7) is impossible to achieve. Also the above example shows
that the result may not hold if 3, — 0.

We now give an example to show the applicability of Theorem 3.

Example 2: Choose §, = f > 0 for all n, oy, = = and [leq]| = 55 or llenll = 55

for all n > 0.

Theorem 4 Assume that A : D(A) C H — 2 is a maximal monotone operator and
F = AY0) # 0. For any fized u,zy € H, let {x,} be the sequence generated by
algorithm (7) where conditions (i) and (ii) of Theorem 3 are fulfilled. If 3, € (0,00) is
increasing and bounded with either (C10) or (C11), then {x,} converges strongly to Pru,
the projection of u on F.

Proof: We know that {z,} (and hence {v,}) is bounded, see Theorem 2.

Claim: limsup,,_, . (v — Pru, z,, — Ppu) < 0.
Let {z,,} be a subsequence of {z,} converging weakly to some z,, such that
lim sup(u — Ppu, x, — Ppu) = klim (u— Ppu, x,, — Pru) = (u — Ppu, ro — Ppu).

To prove the claim, we only need to show that z., € F', or more generally w,({z,}) C F.
If (3, is unbounded, then the conclusion follows from the inclusion relation

Un+1 — Un A1 1

DL 4 A > 22 (0 )+ o

Bn Bn Bn

Otherwise, from equation (9), the boundedness of {||e,, ||/, } and {v, }, the nonexpansivity

of Js, and taking advantage of the resolvent identity, we can compare v,o and v,1; as
follows

€n—1- (26)

|Unt2 = Vgl = || s, (6 = (1 — ap)vpr1 + apu+e,) + ( Bfil)%“)
J5, (1 = ap1)vn + a1t + €, 1)

< ” < Br +1> (U”"‘? UTL‘H) + (1 - %nfy> (Un—i-l - Un)
b (an = 52 o~ ) e (o))
< (1= 22 lvase = vanall + (1= 22 unss — vl
a ﬁn €En €n—1
+ o _ Olnﬁn + n e
" Brta ﬁn—l—l Oy, Qp—1
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which implies that

”anrQ - UnJrlH S (1 . Oénﬁn) HUnJrl - Un” + Q1 o (079 K + (079 e_n N €n—1 H
671-4—1 ﬁn-‘rl ﬁn ﬁn ﬁn—i-l ﬁn-ﬁ-l n Qn—1

< (1 3 ocnﬁo) loner = onll | Jams o | o On flen  en H
ﬁn+l ﬁn ﬁn ﬁn+1 6n+1 Oy, Q1

Similarly, for the case Y .~ |le,|| < oo, we have

> Un42 — Un—l—l) (]- - %:f?) (Un—l-l - Un)

V42 — V]| < H( gnﬂ

# (= g (o= + (s — o)
< (1= 52) Ionse = vl + (1= 52 lowsa — vl
T |Qn-1— %Zf? '+ Hﬁ 1 fn T Ol

which implies that

an+2 - Un+1” ( anﬁO) an+1 - Un” Ap1 O / 1

onse = onerll o ]2 @ g L el flennnl).
ﬂnJrl ﬁnJrl ﬂn 671 ﬁn+1 ﬁ[) | | | D

Denote a,, := 22% Since {a,,} satisfy a,, € (0,1), a, — 0 and 3.2 o, = 00, s0 do {a,}.

ﬁn+
Therefore, from Lemma 3, we have (in both cases)

||Un+1 _UnH

B

Moreover, (26) implies that w,({v,}) C F, and from (8), we derive w,({v,}) = wy({z,}),
hence the claim.

-0 & ||vagr —w] — 0.

Finally we show that {x,} converges strongly to Pru. We have from the subdifferential
inequality

|Zns1 — Prull* < (1 — ap)l|zn — Prul]* + 20, (u — Ppu + a_ , Tni1 — Pru). (27)

n

In the case when ||e,||/a, — 0, inequality (27) implies by Lemma 3 that z,, — Ppu. If
> o llen]l < oo, then we derive from inequality (27)

201 — Prull® < (1 — o) ||lzn — Prull® + 204, (u — Ppu, x40 — Ppu) + K|le, ||,
for some K > 0, and Lemma 3 again implies that x,, — Pru as desired. n

Remark 5: The condition (C10) is weaker than the conditions (C4) and (C9) if 8, > ¢
for all n and for some 0 > 0. Indeed,

‘ Qp—1 Qp 1 | | 4 1 1
- - |Op—1 — Oy Qp |5 —
Bn 571—}—1 - ﬁn ! ﬁn ﬁn—i—l
1 n - Mn
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Remark 6: Note that (C11) is satisfied for 3, = n and a,, = (n + 1)7!, whereas the
condition (C8)" of Theorem 3.3 [15] fails. Moreover, (C11) works if 3, is constant and a,
taken as before but (C8)’ fails.

Although the condition (C10) is weaker than (C4) and (C9) if liminf, .. 3, > 0, our
result is restricted to those (3,’s which are bounded and increasing. The next result is
designed to cater for those 3,’s who does not satisfy this restrictive condition. It is actually
an extension and improvement of Theorem Xu above. Our proof differs from those given
in [11] and [15], and it relies on the equivalence of the algorithms 6 and 7. Note that it
was observed in [11] that a gap exists in the proof of Theorem Xu. We remark here that
our method of transforming equation (9) into equation (7) is an alternative way of solving
this gap as can be seen from the proof of Theorem 5 below.

Theorem 5 Assume that A : D(A) C H — 2% is a mazimal monotone operator and
F:=AY0) # 0. For any fized u,v, € H, let the sequence {v,} be generated by algorithm
(9) with the following conditions being satisfied: (i) o, € (0,1), (C1), (C2), and either
(C4) or (C5), (ii) either Y 7 |len| < 00 or |len||/an — 0 and Y07, |len — en—1]| < o0,
and (iii) liminf, . B, > 0 and either (C12) or (C13). Then {v,} (and hence {z,})

converges strongly to Pru, the projection of u on F.

Proof: Denoting z, := a,—1u+ (1 — a,—1)v, + €,-1, we see that algorithm 9 reduces to
algorithm 7. The two algorithms are equivalent as already noted above. We also know
from Theorem 2 that {x,} is bounded. Since

'rn“l’l - xn = (O[n - Oéanl)(u - Jﬁnflxnfl) + <€n - enfl) + (1 - a”)(Jﬁnxn - Jﬁnflxnfl)’

we have (by the resolvent identity and the nonexpansivity of the resolvent),

lanes = zall < (1= an) [To,20 = I, (Fmas + (1= £2) o) |
+  Klan, — apa| + [len — eni|
< (1= an) || (@ = vt + (1= 225 (o = J,atu)
+ Kla, — an1| + |len — enql]
< (1= an) g llon = wacill+ |1 = £ | K + Klaw — anay
+ len — en-all,
so that
nsr = 2 = a1 1 :
— < l—-ap)———+ |——— | K+ K|y, — ap1
ﬂn ( ) ﬁn—l ﬁn ﬁn—l | |
1
+ S“en - en—1”7 (28)

for some constants K, K’ > 0 and § > 0 is the greatest lower bound of (3,,. From Lemma
3 and inequality (28), we have

||xn+1 - xn” 0 = ||UTL+1 - v”” =0.

Bn D
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Hence we can derive (see (26)), wy({zn}) = wy({vn}) C F. Consequently, we have

lim sup(u — Ppu, x, — Ppu) < 0.

n—oo
As in the proof of Theorem 4, we derive strong convergence of {z,} to Ppu. n

Remark 7: For liminf, .., 3, > 0, the condition (C12) is weaker than (C9) whereas the
condition (C10) is weaker than (C4) and (C12) whenever liminf,, . 3, > 0 holds. But
the condition that 3, is increasing and bounded is much stronger than the assumption
liminf, .. 3, > 0. So there are cases in which Theorem 5 is applicable and Theorem 4 is
not.

The following corollary is an extension of Theorem Xu.

Corollary 1 Assume that A : D(A) C H — H is a maximal monotone operator and
F:= A7Y0) # 0. For any fized u,vy € H, let the sequence {v,} be generated by algorithm
9, where a,, € (0,1) and (3, € (0,00), with the conditions (i) and (ii) taken as in Theorem
5. If (ili) iminf, . 8, > 0 and either (C9) or (C14) lim, . i ‘1 — ﬁf—L‘ = 0 holds,

then {v,} (hence {z,}) converges strongly to Pru.

We give an example to show that the conditions of (iii) are different.

Example 3: Let o, = (n+2)"Y* and 3, = 2(n +1)(n+2)~! for all n > 0. Then «,, and
B, satisfy both conditions of (4) while 3, = (n+ 1) and «,, as above satisfy only (C14).

Remark 8: Let us observe that if ||e,||/a, — 0 and >~ 7 ||e,|| = oo, then automatically
Yoo gy = 00. Also the trend that has been followed by many authors in order to obtain
strong convergence of the PPA was to use the criterion which restricts the error sequence
to be summable. We have deviated from this tradition by allowing any sequence of errors
converging strongly to zero and still derived strong convergence of the PPA. Indeed, if
Yoo o llen]l = co and |le,|| — 0, then we can construct (or choose) a sequence {a,} of
parameters depending on {e,} such that the condition ||e,||/a;, — 0 holds (for example
an, = +/|len]| if e, # 0 and all n big enough). Otherwise, i.e. if > 7 |le,| < oo, we
can choose freely (independent of e,) a,, € (0,1) such that the conditions «,, — 0 and
> o> ooy = 00 are satisfied.
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