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Abstract

In this paper a proximal point algorithm (PPA) for maximal monotone operators
with appropriate regularization parameters is considered. A strong convergence re-
sult for PPA is stated and proved under the general condition that the error sequence
tends to zero in norm. Note that R.T. Rockafellar (1976) assumed summability for
the error sequence to derive weak convergence of PPA in its initial form, and this
restrictive condition on errors has been extensively used so far for different versions
of PPA. Thus this Note provides a solution to a long standing open problem and in
particular offers new possibilities towards the approximation of the minimum points
of convex functionals.

Keywords: Proximal point algorithm, prox-Tikhonov algorithm, monotone operator,

regularization parameters, strong convergence.
2000 Mathematics Subject Classification: 47J25, 47H05, 4TH09.

1 Introduction

Let H be a real Hilbert space with scalar product (-, -) and the Hilbertian norm ||-||. Recall
that a mapping (possibly multivalued) A : D(A) C H — H is said to be a monotone

operator if

<:L“—x',y—y'> ZO? V(.I',y),(.flj,,y/) EA'

In other words, A is a monotone subset of H x H. If A is monotone, then its inverse, defined
by A~ = {(y,z) : (z,y) € A}, is clearly a monotone operator too. A monotone operator
A is said to be maximal monotone if, regarded as a subset of H x H, is not properly
contained in any other monotone subset of H x H. It is clear that A is maximal monotone
if and only if A™! is so. It is well known that if A is maximal monotone and 3 > 0, then
the resolvent of A, the operator Jg : H — H defined by Ji(z) = (I 4+ BA)~'(z), is
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single-valued and nonexpansive; i.e, for all z,y € H, [|.J§(z) — J3 (y)|| < |z —y].

Recently, Xu [7] investigated a modified version of the initial PPA studied by Rockafellar
[4], in the sense that the (n + 1)th iterate is given by

Tpt+1 = QpTo + (1 - O‘n)Ja(xn) tén, N > 07 (1)

where 1z is the starting point of PPA and {e, } is the error sequence. For {e, } summable,
it was proved that {z,} is strongly convergent if 3, — oo, and «,, € (0,1) with «,, —
0, Y2y, = oo. In [1], we generalized this algorithm by noting that one does not
necessarily have to take o as the initial /starting point of PPA (i.e., any point of H works)
and proved a strong convergence result associated with this slightly modified algorithm
when the error sequence is in /P for 1 < p < 2. Although our condition on the errors is
weaker than summability, it is still restrictive.

We seek conditions which will guarantee strong convergence of {x,} for more general
errors. Lehdili and Moudafi [2] introduced the so called prox-Tikhonov method which
generates the sequence {z,} defined by the algorithm

Tpi = Jél”(:vn), n >0, (2)

where 3, > 0, and A, is the (strongly monotone) operator defined by A, = p,I + A,
for 1, > 0. This operator is usually regarded as a Tikhonov regularization of A. Xu [6]
proposed the following regularization for the proximal point algorithm

Tpy1 = Jél((l — )Ty + apu+e,), forany u € H and n >0, (3)

which essentially includes algorithm 2 as a special case, as noticed by Xu himself. It is
also easy to see that algorithms (5) and (3) are in fact equivalent.

The main purpose of this paper is to improve our earlier result ([1], Theorem 5) to
cover general errors. In fact our main result shows that strong convergence of PPA is
preserved under the assumption that the error sequence converges to zero in norm, if we
choose appropriate regularization parameters (see Section 3). That is important from the
computational point of view.

2 Main Result

Consider again algorithm (3) with 3, > 0, a,, € (0,1) and ) # F := A~1(0). Denoting
Un = (1 — ap) T, + apu + ey,

one can rewrite (3) as

Ynt+1 = (1 - OénJrl)J[?n (yn) + appu+epy1, N >0, (4>

If we assume that «,, — 0 and ||e,|| — 0 then obviously {x,} is convergent if and only
if {y,} is so and their limits coincide, showing that (3) and (4) are equivalent. In fact,
re-denoting x,, := Yy, v, := a1 and e, = e, 1, algorithm (4) reads

Tpr1 = apu+ (1 — an)ng (xn) +€n, m >0, (5)
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which is exactly the algorithm proposed and studied in [1].
In order to formulate and prove our main result we recall the following lemma due to

Xu [7].
Lemma 1 [7]. Let {s,} be a sequence of non-negative real numbers satisfying
Sni1 < (1 —ap)sn + apnby, + ¢, 1 >0,
where {a,}, {b,}, {c.} satisfy the conditions:
(1) {an} C10,1], 32024 an = oo,
(ii) limsup,,_ . b, <0,
(iii) ¢, >0 for alln >0 with Y~ ¢, < 0.
Then lim,,_,e0 S, = 0.
We now state our main result.
Theorem 1 Assume that o, € (0,1) with oo, — 0, D7 o, = 00 and
() either 2 llenll < o0,
(i) or ||en||/cn — 0.

If A is mazximal monotone and F := A7Y(0) # 0, then the sequence {x,} generated by
algorithm (5) converges strongly to ¢ = Prpu provided (3, — oo, where Pr denotes the
projection of u on F.

Proof: We divide the proof into three steps.
Step 1: Boundedness of {z,}:
If > |len|l < oo, then as in [6], it can be shown by induction that

n—1

|z, — p|l < max{||zo — p||, [[u — p||} + Z lex|| for any p € F and n > 0. (6)
k=0

Hence {x,} is bounded (see also [1]).

Now assume that {e,/a,} is bounded. Then, there exists a positive constant M such
that

u — p| + Jeall
v

< M for some p € F and n > 0.

n

We assume M is big enough so that ||zg — p|| < C := 2M. Let us show that

|z, —p|| < C forall n > 0. (7)



Using (5) and applying the subdifferential inequality
|z +yl* < llyl* + 2(z,z +y) for all 2,y € H,

we get

€n
nss = 2P = flan(n = p+ =) 4 (1= ) (T3, () = p)]

< (= I (o) = Bl + 2l = p o+ s )
< (1= )|z = plI* + 2Mon|zni1 — pll.
If ||z, — p|]| < C for some n > 0, then the last estimate gives
11 = pII* < (1= 0)*C* + 2M o || 2011 — pl|-
Hence,

(|vner — p|| — Man)2 < M?a? 4 (1 — a,)?C?,

which yields

|t — pl| < Mo, + \/Mzoz% + (1 — ay,)?C2.

On the other hand, it is easy to check that

May, +/M2a2 + (1 — a,)2C2? < C.
Step 2: We want to show that
lim,, oo {u — ¢, 2, — q) < 0.
Take a subsequence {x,, } of {z,} so that
iy oo (= ¢, 70 — q) = lim (u — g, 2, — q).

Since {z,} is bounded, {z,, } converges weakly on a subsequence, again denoted by {zy, },
to some . Then it follows that

limy, oo (u — ¢, 2, — q) = (U — ¢, 200 — q).
Since ¢ = Ppu it is sufficient to show that z., € F'. Note that in both cases ||e, || — 0 and

1

Yn 1= T - (Tpi1 — Qu —€y,) = Jéi (xn)
implies that
1
A(ynk71> > —(*/Enkfl - ynkfl) - 0
ﬁnkfl



Since y,, -1 — T and A is demiclosed, we have z, € F.

Step 3: Now we show that {z,} converges strongly to ¢ = Pru. We have as before

En
21 = all” < (1= an)llzn = gl* + 200 (v = g + ==, 20s1 = q). (8)

n

If > |lenll < oo, then we derive from (8)
lena = all” < (1= an)l|lzn = gl + anbn + cn

where b, = 2(u — ¢, z,41 — ¢q) and ¢, = K||e,|| for some K > 0. In the case ||e,||/a, — 0,
we have

17n1 = qll* < (1 = an)l|l2n — ql* + anbn,

where b, = 2(u — q + e,/ay, Tpy1 — q). In either case Step 2 and Lemma 1 implies that
T, — q as desired. n

3 Concluding Remarks

If |len]| /o, — 0 and Y7 [le,|| = oo, then automatically Y 7 a,, = oo. This shows that
assumption (i) covers the case when the error sequence is not summable. More precisely,
we have

Corollary 1 Assume that A is a mazimal monotone operator with F := A71(0) # 0,
len]] — 0 and Y07 |len]| = co. Then one can choose an appropriate sequence {a,,} C
(0,1) such that the sequence {x,} generated by algorithm (5) converges strongly to ¢ = Pru
provided [3,, — oo, where Pp denotes the projection of u on F'.

Proof: One can take, e.g., a, = +/|len]| if e, # 0 and n is large enough, and
an = 1/(n + 2) otherwise. Obviously, o, € (0,1) for all n, oy, — 0, Y07 v, = 00,
and condition (i) of Theorem 1 is satisfied. This concludes the proof. n

To summarize, let us point out that practically every sequence {e, } converging strongly
to zero is good to obtain strong convergence of {x,}. Indeed, according to Theorem 1, if
Yo o llenll < oo, then we can choose freely a, € (0,1) with o, — 0 and > @, = oo.
Otherwise (i.e., if Y |len]| = 00), we can choose for example {«,} as in the proof of
the above corollary to obtain strong convergence of {z,}. (Of course this choice is not
unique.) This conclusion is extremely important from the computational point of view.
Note that in fact in the case (i) of Theorem 1, which is not covered by the existing related
results, we can build a good PPA by choosing appropriate regularization parameters a,
to keep the strong convergence of {x,} under the general condition ||e,| — 0. These a,,
depend on errors, but this is acceptable from the numerical point of view.

It is worth pointing out that in the particular case when A is the subdifferential of
a proper, convex, lower semicontinuous function ¢ : H — (—o00, +00], our result offers
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a reliable algorithm generating a sequence which approximates a minimum point of ¢,
provided that the error sequence converges to zero in norm. Indeed, in this case any point
of F'= A0, in particular Ppu, is a minimum point of ¢. See, e.g., [3], pp. 32-46.

Note however that this approach works under the assumption 3, — oo. The so-
called regularization method developed in [6] and [5] (which in fact leads to an algorithm
equivalent to ours, as pointed out before) works under different assumptions on f3,, but
at the expense of the restrictive summability condition for the error sequence.

Therefore, the following open question arises: can one design a PPA by choosing ap-
propriate regularization parameters «,, such that strong convergence of {z, } is preserved,
for ||le,|| — 0 and (3, bounded? The answer seems to be positive, but probably requires
more advanced analysis.
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