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Abstract

We discuss three topic concerning the representations of solvable linear groups. First,
we give a positive answer to a question of I. M. Isaacs about the characters of finite algebra
groups. To answer Isaacs’ question we prove a new identity for the commutators in finite
algebra groups. To confirm this identity we use Lie theoretic methods. Then we generalise
[saacs’ question to the unit group of a DN-algebra by using ordinary character theory.

Next, we examine a natural generalisation of a conjecture of G. Higman about the
number of conjugacy classes in the group of upper unitriangular matrices U, (¢q). We prove
that the analogue of Higman’s conjecture does not hold to the so-called partition subgroups
of U,(q) by using linear algebra and a few algebraic geometry.

Finally, we give a partly constructive proof to the widely asked conjecture that if
G < GL(V) is a solvable linear group such that (|G|,|V]) = 1, then there exist z,y € V
such that only the identity element of G fixes both x and y. To find such a pair of vectors we
use tools from the theory of permutation groups, some linear algebra, some representation

theory of finite gorups and a nice description of maximal solvable primitive linear groups.
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Chapter 1

Introduction

One of the most effective tools for investigating a group is to study the linear representa-
tions of the group. If G is a group, and K is a field, then a K-representation of G is a
group homomorphism into the matrix group GL(n, K). In the following, we restrict our
attention to finite groups and to their ordinary representations, that is, we assume that
the characteristic of K does not divide the order of G. By Maschke’s theorem, we know
that every representation of the group is just the sum of irreducible ones, so it is enough
to investigate the irreducible representations of the given group.

If the representation G — GL(n, K) is faithful, that is, its kernel is trivial, then G
can be viewed as a subgroup of the general linear group. Such groups are called linear
groups. Of course, every abstract group can be represented as a linear group by taking its
regular action on the group algebra K'G. In this thesis we examine that for a given linear
group G < GL(n, K) ~ GL(V), what can be said about its action on V', about its other
representations, maybe over a different field, etc.

If X : G — GL(n,C) is a representation of the finite group G, then its character is
defined as x(g) = Tr(X(g)). It is known that the character of a representation defines the
representation itself, so usually it is enough to search for characters of a group, not for the

more complicated representations.



One effective way is to find characters (or representations) of a given group is the tool
of induction. Starting from a subgroup H < G and a character ¢ of H, one can construct
a character ¢ of G. A character y of G is said to be monomial if there exist a subgroup
H < G and a linear (i.e. one-dimensional) character A of H such that x = A\“. A group is
said to be an M-group if all of its irreducible characters are monomial. It is known that
every M-group is solvable and every supersolvable (specifically, every nilpotent) group is
an M-group.

In Chapter [2] we investigate the characters of finite algebra groups defined by I. M.
Isaacs [I5]. Let K be a finite field of order ¢ and of characteristic p. If A is a finite
dimensional associative algebra over K with Jacobson radical J(A), then 1+ .J(A) is called
a K-algebra group. Such a group is a p-group, so it is also an M-group. Therefore, if x
is an irreducible character of 1+ J(A), then there is a subgroup H and a linear character
A of H such that \*/(Y) = y. We prove that H can be chosen in a more specific way:
The main result of Chapter [2| is that every irreducible character of an algebra group is
induced from a linear character of some algebra subgroup, that is, a subgroup of the form
1+ U, where U is a subalgebra of J. To prove this, we found a new commutator identity
in algebra groups. In the proof of this identity we use mainly Lie theoretic methods.

In Chapter [3] we examine a similar question as we did in Chapter [2 but to another class
of groups, to the unit group of DN-algebras. By the definition of B. Szegedy [260], if A is a
finite dimensional algebra over the field K, then A is called a DN-algebra if the nilpotent
elements in A form an ideal of A (this ideal is just the Jacobson radical of A) and A/J(A)
is isomorphic to a direct sum of copies of K. Szegedy proved in his paper that the unit
group of a DN-algebra is always an M-group. Like we did for algebra groups, we show that
if A is a DN-algebra with unit group U(A) and x is an irreducible character of U(A), then
there is a subalgebra B < A and a linear character A of U(B) such that AV = .

A very good example for algebra groups is the group of upper unitriangular matrices

Un(q) < GL(n,q). If one would like to describe the irreducible characters of a group,



maybe the first question is, how many characters the group has. It is well-known that the
number of complex irreducible characters is equal to the number of conjugacy classes of
the group. Concerning the number of conjugacy classes of U,(q), there is the following
long-standing conjecture: Let n be fixed, and let k(U,(q)) denote the number of conjugacy
classes of U,(q). Then there exists a polynomial f(x) € Z[z] such that for all prime powers
g we have k(U,(q)) = f(q). In Chapter {4 we generalize this conjecture to the so-called
partition subgroups of U,(¢q). We confirm the analogous conjecture to normal partition
subgroups of nilpotency class two. On the other hand, more interestingly, we prove that
there are partition subgroups for which this generalized conjecture does not hold.

The last chapter is about the base problem for coprime solvable linear groups. Let V
be a finite vector space, and let G < GL(V') be a linear group acting naturally on V. If we
forget the structure on V', then we can think of G as merely a group of permutations acting
on the set V. A base for a permutation group G < Sym(V) is a subset of V such that
only the identity element of G fixes every element of this subset. For both theoretical and
computational reasons it is useful to find small bases for permutation groups. It was asked
by I. M. Isaacs that for coprime solvable linear groups G < GL(V') whether there exists a
base for G of size two, that is, two vectors x,y € V, such that if g € G fixes both x and y
then g = 1. In a joint work with K. Podoski [I2] we proved the existence of such vectors
in the case when the characteristic of the ground field is not equal to 2. As the other cases
were already proved by A. Moreto, T. R. Wolf [20], and S. Dolfi [4], this answers Isaacs’

question.



Chapter 2

Commutators and characters of finite

algebra groups

The material of this chapter is based on [9]. Let A be a finite F,-algebra with identity,
where [, is a finite field of characteristic p. Let J = J(A) be the Jacobson radical of A.
Then the group 1 + J is called an F,-algebra group. The subgroups of an algebra group
which are of the form 1+ U, where U < J is a subalgebra of J are called algebra subgroups.

If A is a finite dimensional algebra, then J(A) is a nilpotent algebra, so 1+ J(A) is a
nilpotent subgroup of the group of units of A. If J is a finite dimensional nilpotent algebra
then we can define an algebra A =F,-1+.J such that J = J(A). So the algebra groups are
exactly the groups 1 4 J associated to the finite nilpotent algebras J with multiplication
defined by (14 1) (14 j2) :== 1+ j1 + jo + j1j2. Concerning the characters of such groups,

the following theorem was proved by I. M. Isaacs.

Theorem 2.1. (Isaacs [I5, Theorem A]) Let G be an Fy-algebra group. Then all irreducible

complex characters of G have q-power degree.

If G is an F,-algebra group, then G is a finite p-group, hence it is an M-group, that is,

any irreducible character of GG is induced from a linear character of some subgroup of G.



[saacs’ theorem says that such a subgroup must have g-power index. The next theorem

states that one can choose this subgroup in a more specific way.

Theorem 2.2. Let G be an F,-algebra group and x € Irr(G). Then there exist an F,-

algebra subgroup H < G and a linear character \ of H such that xy = \°.

This result appears as a question in the paper of Isaacs and it was proved by Carlos A.
M. André in [1] for the case JP = 0, where p = char[F,. We note that Theorem A, Corollary
B and Theorem C in [I5] are immediate consequences of our Theorem [2.2] However, our
proof of Theorem uses Isaacs’ theorem. Recently, M. Boyarchenko [2] gave a new proof,
which does not use Isaacs’ theorem any longer. To prove the theorem, we use induction on

|G|. The key of the induction step is the following result, which is interesting in its own:

Theorem 2.3. Let G = 1+ J be an F,-algebra group and ¢ € Irr(1 + J?). If ¢ is a

G-invariant character, then o is linear.

Exchanging 1+ J? for G/ in the above theorem, we get that any irreducible G-invariant
character of GG’ is linear, a similar statement that holds for any finite nilpotent group. In

the proof of this similar statement the central series
G=m>G=yn>...pu=1

and the identity [V, 7] < [71, Yman—1] = Ymen play a significant role. To prove Theorem

2.3 we use the central series
G=1+J>1+J*>>...>1+J"=1.

We have found the following identity for the commutators of the elements of this central

series.

Theorem 2.4. Let J be an arbitrary nilpotent ring and let 1 + J be the group associated
to J. Then for all m,n € N:

[T+ J™ 14+ J"C A+ J, 1+ (2.1)



In the following, we prove this identity in section [2.1] Then, we use this identity in

section [2.2] to prove Theorems [2.3] and [2.2]

2.1 Commutators in algebra groups

The main purpose of this section is to prove Theorem [2.4] First we show an easy lemma:

Lemma 2.5. If [1 + A* 1+ Al C [1 + A, 1 + A1) for a nilpotent ring A, then
[1+ B 1+ B C[1+ B,1+ B*'"Y for every quotient ring B of A.

Proof. Let ¢ : A — B denote the natural ring homomorphism from A to B. Then
we can extend this homomorphism to a group homomorphism @ : 1 + A — 1 + B by the
rule (1 + a) := 1+ ¢(a). It is clear that p(1 + A¥) = 1 + B* for all k and B([H, K]) =
[@(H),p(K)] for all subgroups H, K of 1 + A. The assertion follows. 0

In the following let R = Q or Z and denote by Fg(X) the free algebra over R generated
by the set X and by Fr(n,X) the free nilpotent algebra over R with nilpotency class n
generated by the set X. Then Fg(n, X) ~ Fr(X)/Fr(X)™. This means that Fr(n, X) is
the algebra of polynomials with noncommuting indeterminates in the set X subject to the
relations that any product of n elements is zero. It is clear that every nilpotent ring is a
quotient of Fyz(n, X) for some n and X, so by Lemma , in order to prove Theorem
it is enough to show formula for the free nilpotent algebras over Z.

To the examination of commutators in 1+ J it is worth rephrasing the problem to Lie
commutators of the Lie algebra J, as in general it is much easier to handle Lie commutators
than group commutators. To achieve this, the exponential map will be useful.

If J is a nilpotent algebra over the field R such that either char R = 0 or char R = p and

2P = 0 for all z € J then one can define the map exp : J — 1+ J and the inverse of this



map In : 1 4+ J — J by the usual power series:

72 zk
=1 o4
exp(x) +z+ 5 +- 4 I +--
2 k
(10 = 2

The Campbell-Hausdorff formula says that for all a,b € J:

exp(a) exp(b) = exp (a + b+ 2(a, b)) (2.2)

where z(a,b) is a rational linear combination of iterated Lie commutators of a and b of
weight > 2. This formula can be found for example in [I7, pp. 170-174] and it holds if
either char R = 0 or char R = p and J? = 0. The following connection between group

commutators and Lie commutators can be found in [I8, Lemma 9.15]:
[exp a, exp b] = exp([a, b] + w(a, b)) for all a,b € J. (2.3)

In the above equation w(a,b) is a rational linear combination of iterated Lie commutators
of a,b of weight > 3.

Unfortunately, the exponential map cannot be used to algebras over Z. However,
Fo(n,X) = Q- Fz(n, X), hence results to Q-algebras will be useful in the examination of
Z-algebras. Therefore, we first assume that .J is a nilpotent Q-algebra.

In the following, it will be more useful to find connections between subgroups and Lie

subalgebras, than between elements. The next lemma shows such a connection.

Lemma 2.6. Let J be a nilpotent algebra over Q. Then the exponential map establishes
a bijection between J* and 1+ J* for all k. Furthermore, it is a bijection between the Lie

commutator [J*, J'| and the group commutator [1 + J* 1+ JY] for all k,I.

Proof. The first part of the Lemma is obvious. Using formula (2.2)) and the fact that
[J*,JY is a Lie subalgebra of J it follows that exp[J*, J!] is a subgroup in 1+ J. Let
x € J¥ and y € J'. Then [expx,expy] € exp [J¥, J!| by formula (2.3). It is clear that the
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set {[expx,expy]] |z € J*, y € J'} generates the subgroup [1 + J* 1 + J!]. The inclusion
(14 J* 1+ J Cexp[J*, J'] is clear from this.
To see that exp(u) € [1 + J*, 1+ J] for any u € [J*, J!] we assume k > [ and we use

reverse induction on k. The statement is obvious if J¥ = 0. Let u = " [u;, v;], where

u; € J¥ and v; € J'. Using equations (2.2)) and (2.3)) we get
n 1

exp(u) ( H[exp(ui), exp(vi)]> s exp(u) H exp(—[u;, v;] — w(u;,v;)) = exp(w),

i=1 i=n
where each w(u;,v;), so also w, is a rational linear combination of commutators in the
elements u;, v; of weight > 3. Thus w € [J*, J!] and exp(w) € [1 + J* 1 + J1] C
(14 J* 1+ J!] by reverse induction on k. Therefore, exp(u) € [1 + J* 1 + J!] and we are
done. U

In fact, if J is a nilpotent algebra over Q then equation (12.1)) follows easily from this
last lemma, since the inclusion [J*, J!] C [J, J*"~1] can easily be proved. However, to
prove equation ([2.1]) in general, we first prove an other equation to free nilpotent algebras

first over Q and then over Z.

Lemma 2.7. If J = Fy(n, X) is a free nilpotent algebra over Q then for all k > 2:

M+ J1+JNnA+J5 =1+ J1+ T, (2.4)

Proof. Applying the In map to (2.4 and using Lemma we get the equation
[J,J) 0 JF = [J,J* (2.5)

is equivalent to equation (2.4). For all i < n let X' = {ujug---u; |u; € X, 1 < j < i}
Then B = U;:ll X' is a basis of J. Using that the Lie bracket is a bilinear function and X
is a free generator set, it follows that [J, J] N J* can be generated (as a vector space) by
the set

Y ={[a,b | ac X',be X™ Il+m>k}

8



Let a = z129---2; € X' and b= 4192 - - - Y € X™ such that [ +m > k. Then

[a’b]:l‘l...xlyl...ym_yl...ymgjl...a’;l
:xl.(L-Q...xlyl...ym_x2...xly1...ym.x1

+x2.m3...ajly1...ymx1_xg...xlyl...ymxl.mZ_i_...E[J’kal]_

Therefore Y C [J, J¥71] and [J, J] N J*¥ C [J, JE=1. Tt is clear that [J, J] N J* D [J, JF1,

so the proof is complete. O

Remark. If J is any nilpotent algebra then equation (2.5)) is not true in general. P. P. Palfy
showed me the following example: Let J < My(Q) be the algebra of strictly upper trian-

gular matrices with equal elements next to the main diagonal. Then

0 a *x * 00 b = 0 0 0 ¢
J— 0 0 a =* ’ g2 _ 00 0 b 7 J3:[J,J]: 00 0O
0 0 0 «a 0000 00 0O
00 0 0 0000 0000

In this case [J, J| N J? = J? # 0 but [J, J?] = 0.

Up till now we have worked with rational nilpotent algebras. Now we consider free nilpotent
rings over Z. Our next purpose is to prove ([2.4) for such rings. First we prove an easy

lemma.

Lemma 2.8. Let V' be a vector space over Q and let B C V be a basis of V. For any
subset Y we denote by (Y), the set of all linear combinations of elements from Y with

integer coefficients. If Y C{a—"b|a,b€ B}, then (Y)yN (B), = (Y),.

Proof. Let 2 =3"", a;y; € (Y)q N (B)y be such that {y1,va,...,ym} C Y is linearly
independent, and each a; € Q is nonzero. Then there is a minimal subset B’ C B such

that {y1,92,...,ym} C (B’);. Since m = dim (y1,¥a,...,Ym) < |B’|, there is an element



b € B’ for which there exists exactly one y; such that b appears with non-zero coefficient
in y,. Then «y is integer, thus
Z— QY = Zaiyi S <Y>Q N <B>Z .
ik

The result follows by induction on m. O

Lemma 2.9. If J(Z) = Fz(n, X) is a free nilpotent ring then for all k > 2

1+ J(Z), 14+ J(Z)] N1+ J(Z)) = [1+ J(Z), 1+ J(Z)*].

Proof. It is evident that
L+ J(Z), 1+ J(Z)] N (L+ J(Z)*) D [L + J(Z),1 + J(Z)*1].

Let J(Q) = Fy(n, X) be the free nilpotent algebra over Q having the same generator set
and nilpotency class as J(Z) has. Since 1+ J(Z)F <1+ J(Q)*, it follows that

1+ J(Z), 1+ JZ)) N1+ J(2Z)) <1+ J(Q), 1+ J(@Q)]N(1+ JQF)

=[1+J(Q).1+J(@"],

using Lemma 2.7 As J(Q) is a free nilpotent algebra, we can write all elements of J(Q)
uniquely as polynomials in elements of X such that all terms of these polynomials have
degree < n. Furthermore, J(Z) < J(Q) is exactly the set of polynomials with integer
coefficients. So it is enough to prove that the elements of [1 + J(Q), 1 + J(Q)*!] with
integer coefficients belong to [1 + J(Z),1 + J(Z)*71].

We define the degree of an element z € J(Z) as the smallest degree of its terms. In
other words, the degree of z is the largest | such that z € J(Z)!. Choose an element
1+2z € [1+JQ),1+ JQFN(1+J(Z). If 2 has degree [ > k then 1 + 2z €
[1+J(Q), 1+ J(Q)"!] by equation ([2.4). In case of | > k we can use reverse induction

10



on [ to prove that 1+ 2z € [1 + J(Z),1 + J(Z)'"!] noting that the result is certainly true
for [ large enough. Hence we can assume that [ = k.
Let [ X, X* 1 = {[u,v] | u € X,v € X* 1} We write 1 + 2 = [][[1 + z;, 1 +y;]*', where
z; € J(Q) and y; € J(Q)F. It is clear that [z;,y] € ([X, Xk_1]>Q + J(Q)** so
Ltz=[[+ant+ul e (1 + 5+ [y + J(Q)k“) N1+ J(2Z)
C 1+ (X X" 1)y N I(2)) + (@,

Using that ([X, X*7']); N J(Z) = ([X, X*7']), by Lemma , it follows that 1+ z €
1+ ([X, X*1]), + J(Q)*'. From this we get z € Y7, ajla;, bl + J(Q)*!, where
a; €Z, a; € X and b; € X*~1 for all j. Then

L+2 = (1+2) - (J]I1 + ajay, 1+ 0,) 7

is an element of [1+.J(Q), 1+ J(Q)*'|N(1+J(Z)) and 2’ has degree greater than k. Thus
142 € [1+ J(Z),1+ J(Z) '] by reverse induction and so 1+ z € [1 4+ J(Z), 1+ JZ)*1],

too. This completes the proof. O

Proof of Theorem [2.4] It was shown at the beginning of this section that it is enough

to prove equation (2.1]) in the case when J = J(Z) is a free nilpotent ring. It is clear that
14+ J(Z)", 1+ J(Z)")| C 1+ J(Z),1+ J(Z)]n (1 + J(Z)™") .

The right-hand side of this inclusion is exactly [1 + J(Z),1 + J(Z)™™ '] by Lemma

so we are done. O

Remark. In fact, Theorem [2.4] holds if we only assume that .J is a locally nilpotent ring.

2.2 Characters in algebra groups

Let G = 1+ J be a finite algebra group over F, where ¢ = p/ for some prime p. In
this section we prove Theorem and Theorem [2.3] The induction step depends on the

11



following lemma. In case of ¢ # p, our proof uses also Isaacs’ theorem.

Lemma 2.10. Let G = 1+ J be a finite algebra group over F, and x € Irr(G). Then the

following properties are equivalent:
1. There exist a proper algebra subgroup H < G and ¢ € Irr(H) such that x = ©°.

2. X142 1S not irreducible.

Proof. Suppose H = 1+ U # G is an algebra subgroup and ¢ € Irr(H) is such that
x=¢% Let K=H(1+J?) =1+4+U+ J% Then 1+ J? < K # G by [15, Lemma 3.1].
Thus x = ()¢ and yx is not irreducible. Then x4 2 is not irreducible, too.

Assume now that x4 ;2 is not irreducible and let ¢ € Irr(1 + J?) be a constituent of
X1+s2. Let H=1+U > 1+J? be a maximal F,-algebra subgroup such that v is extendible
to H. Then H # G. We choose a ¢ € Irr(H) such that ¢ is an extension of ¢ and ¢ is
a constituent of xy. Then for an arbitrary x € J \ U the subgroup N, =1+ F,z + U is
an F,-algebra subgroup and |N, : H| = ¢. Let ¥ € Irr(N,) be a character over ¢, that is,
¢ is a constituent of ¥y. By Theorem [2.1 ¥(1) and ¢(1) are both g-powers hence either
Yy = por ¥ = o=, The first case cannot occur by the maximal choice of H, thus 9 = ¢"=.
Therefore, Iy, (¢) = H for all z € J\ U by [14, Problem 6.1], thus Is(¢) = H. Using

[T4, Problem 6.1] again, we get ¢ is irreducible, so x = ¢°. O

Proof of Theorem . Let G = 1+ J be an algebra group and ¢ € Irr(1 + J?) be
a G-invariant character. We prove by reverse induction that [1 + J2 1 4+ J*] < ker ¢ for
all k > 2. This is clear if J¥ = 0. Assuming that [1 + J%, 1 + J*] < ker ¢ it follows that
1+ J* < Z(p), where Z(¢) denotes the center of . Hence @i, = X - (1), where
is a G-invariant linear character of 1 + J*. Tt follows that [1 + J, 1 + J*] < ker . Using
Theorem [2.4] we have [1 + J2, 1+ J571 < [1+ J, 1+ J¥, thus [1 + J% 1+ J*7!] < ker .
We get (14 J2) =[1+ J%, 1+ J?] < kerg, so ¢ is a linear character. O

12



Proof of Theorem [2.2 If x € Irr(G) is not linear, then x;i,2 is not irreducible by
Theorem [2.3] By Lemma there exist an algebra subgroup H # G and ¢ € Irr(H)
such that y = ¢“. Using induction on |G|, we obtain that there exist an algebra subgroup
L < H and X € Irr(L) such that A is a linear character of L and ¢ = A¥. The theorem

follows from the transitivity of induction. U

13



Chapter 3

On the characters of the unit group

of DN-algebras

The results of this chapter has appeard in [10]. In the following we continue to examine
the structure and the characters of the unit group of some special algebras. The main
result of this chapter is Theorem 3.3 which is the analogoue of Theorem for the unit
group of DN-algebras. The name “DN-algebra” is due to B. Szegedy [26]. Here we recall

its definition:

Definition 3.1. (Szegedy [26]) Let A be a finite dimensional algebra with unit element
over the finite field K. We say that A is a DN-algebra if the set of the nilpotent elements
is an ideal of A (this ideal is equal to the Jacobson radical of A, denoted by J(A)), and

A/J(A) is isomorphic to a direct sum of copies of K.

A significant example of DN-algebras is the algebra of all n x n upper triangular ma-
trices over K. Its unit group, called the Borel subgroup of GL(n, K), is the group of all
invertible upper triangular matrices in GL(n, K). The following theorem shows that the

Borel subgroup is an M-group.

14



Theorem 3.2. (Szegedy [20]) If A is a DN-algebra over the q-element field then the unit

group of A is an M-group.

If the characteristic of the ground field is p, then the unique Sylow p-subgroup of U(A)
has the form 1 + J(A), i.e., it is an algebra group examined in the previous chapter. By
Theorem the irreducible characters of 1 + J(A) are induced from linear characters of
algebra subgroups. Comparing this result with the result of B. Szegedy it is natural to ask
whether a similar statement holds for the unit group of a DN-algebra. It is true indeed,

and our goal is to prove the following theorem:

Theorem 3.3. Let A be a DN-algebra and let U(A) denote the unit group of A. Then for
every w € Irr(U(A)) there exist a subalgebra C' < A and a linear character X of U(C) such

that w = \UA),
Remarks.

e The subalgebras of a DN-algebra containing 1 are DN-algebras themselves by a lemma

of B. Szegedy [20, Lemma 2.2].

o It is easy to check that the number of units in a DN-algebra over the field I, has
the form ¢"(q — 1)® where r and s are nonnegative integers. Hence our Theorem

implies that the degrees of irreducible characters of U(A) have the same form.

e If A is a DN-algebra over the field K ~ Ty, then U(A) = 1 + J(A), so in this
case Theorem [3.3] says the same as Theorem [2.2] Hence we assume K % Fy in the

following.

e In the case when A/J(A) ~ K, i.e., if A is a local algebra, U(A) can be written
in the form U(A) = (K*-1) x (1 + J(A)). So, if w € Irr(U(A)), then w = p X x
where p € Irr(K* - 1) and x € Irr(1 + J(A)). If C < J(A) is a multiplicatively
closed subspace and A € Irr(1 + C) such that A"/ = y then K -1+ C is a
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subalgebra of A and u x A € Irr(U(K -1+ () is a linear character. Furthermore,
(n x \)YA) = 5 x y = w, which proves Theorem for local algebras.

3.1 The structure of DN-algebras

In this section we prove some lemmas about the structure of DN-algebras which will be

used in the next section.

Lemma 3.4. Let A be a DN-algebra over the finite field K and let J = J(A) denote the

Jacobson radical of A.

(a) There is a set of non-zero orthogonal idempotents ey, es, ..., e, € A, where e; + es +

...+ e =1 and k is the dimension of A/ J over K.

(b) Let B = Key & Kea & --- @ Kex,. Then A = B+ J and BNJ = 0. Hence
U(A)=(1+J)xU(B) is a semidirect product.

(c) If M is a B-bimodule, then it is the direct sum of the homogeneous sub-bimodules

eiMej.

(d) If My < M are B-bimodules, then there exists a sub-bimodule My < M, such that
M = M; & Ms.

(e) Every B-bimodule is a direct sum of one-dimensional sub-bimodules.

(f) If u € M generates a one-dimensional sub-bimodule, then there exist uniquely deter-

mined idempotents e;(u), e, (u) € {e1, e, ..., ex} such that e;(u)u = ue,(u) = u.

(9) If u,v € J both generate one-dimensional B-bimodules and e;(u) # e.(v), then

vu = 0.
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Proof. Part (a) follows by “lifting idempotents” (see [3, Corollary 1.7.4]).

To prove (b) it is clear that B is a semisimple algebra and J is a nilpotent ideal of A
such that dimB = dimA/J, so BNJ =0and A = B+ J. Let ¢p : A — A/J be the
natural algebra homomorphism. The restriction of ¢ to U(A) will be a surjective group
homomorphism U(A) — U(A/J) ~ U(B) with kernel 1 + J, so U(A) = (1 + J) x U(B)
follows.

Let Y amem, Y. Omen € B and e;ve; € e;Me;. Then

D amem(eve;) Y Buem = (aif))eive;,

which proves the e; Me;’s are homogenous sub-bimodules for all 1 <<, 5 < k. If v € M, then
there is a unique decomposition of v = ) v;; such that v;; € e;Me;, namely v;; = e;ve;.
Hence M is the direct sum of the e;Me;’s and (c) is proved.

If My < M are B-bimodules, then for any 1 <74, j <k we have ¢;Me; < e;Me,;. Using
that e; Me; is homogenous it follows that all of its subspaces are sub-bimodules, so clearly
there exists a sub-bimodule M,;; < e;Me; such that e;Me; = e;Mye; © My ;;. Now, let
My = ®M, ;. It is clear that M = M, @ Mo.

(e) follows easily from (c), because any subspace of a homogenous sub-bimodule is
also a sub-bimodule, so any direct decomposition of a homogenous sub-bimodule to one
dimensional subspaces is a direct decomposition to sub-bimodules.

If Ku is a B-bimodule, then clearly it is directly indecomposable, so using (c) there
exist uniquely determined idempotents e;(u), e,(u) such that e;(u)Kue,(u) = Ku. Then
e;u = 0 for all e; # e;(u) and ue; = 0 for all e; # e,(u). Hence e;(u)u = (3 e))u =u =
u(d_ ej) = ue,(u), and (f) is proved.

Finally, (g) follows from the identity vu = ve,(v)e;(u)u = 0. O

In the following we fix a set of orthogonal idempotents {ej,es,...,ex} C A and the

subalgebra B = Ke; @ Kea & -+ @ Keg. So U(A) = (1+J) x U(B).
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Lemma 3.5. Let V' be a B-bimodule with a direct decomposition V = Kx1® Kxo ®--- D
Kz, to one-dimensional sub-bimodules, and let 0 # W <V be a subspace satisfying the

following conditions:
1. U(B) normalizes W .
2. V'OW =0 for all proper sub-bimodules V' < V.
Then
(a) W £ @z Kx; for 1 <i < m. Furthermore, W is a one-dimensional subspace.

(b) For 1 <1i# j <m we have e)(x;) # e;(z;) and e, (x;) # e, (x;).

Proof. Let V; = @ Kx;. Then V; < V is a one-codimensional sub-bimodule, so
Vi N W = 0 by condition 2 and both part of (a) follows.

If e;(x;) = e(z;) for i # j then Kx; and Kz; are isomorphic as left submodules. So
each subspace of Kz; ® Kz; is a left submodule. Then V' = @ 3 Ko, @ W is both a
left submodule and invariant under the action of U(B) by conjugation. Hence if v € V'
and b € U(B) then vb = b(b~'vb) € V'. As the subspace generated by U(B) is B, we get
V' is a proper sub-bimodule containing W, contrary to the second assumption. The proof

of the statement e, (z;) # e,(z;) for i # j is similar. d

We say that 1 + 1 < 14 J is an ideal subgroup of U(A), if I < J is an ideal of A. We
note that in this case 1 + I is a normal subgroup of U(A). The next lemma gives us a

specific generator set of an ideal subgroup.

Lemma 3.6. Let 1 +1 < 1+ J be an ideal subgroup. Then 1+ I is generated as a group
by the set Y = {1+ x|z € I, Kz is a B-sub-bimodule }.
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Proof. We prove by reverse induction that Y, = YN (1+J*) generates 1+1, = 1+(INJ*¥)
for all k. This is clear if J¥ = 0. Assuming that Y, generates 1 + I for some k we can
choose z1, 29, ..., 2; € I;_1 by Lemma [3.4] such that I;_; = I; ® K21 & --- & Kx; and each
Kux; is a B-sub-bimodule. Then {1 + Kxz; + Iy, i = 1,2,...,1} generates 1 + (I[;_1/I;) ~
(1+Ip1)/(1+ Ii), because (1 +ax+ 1) (1 +y+ 1) =1+a+y+ I for z,y € I_1. So
{14+ Kzx;|i=1,2,...,1} UY, C Y generates 1 + Ij_;. O

3.2 Characters of the unit group of a DN-algebra

We prove Theorem in this section. We use all the notations of the previous section. The
essential point of our proof is to prove that if x is a non-linear, U(B)-invariant irreducible
character of 1 + J then it can be obtained by induction from a proper ideal subgroup
L > 1+ J% To see this we examine the action of U(B) by conjugation on J as well as on
Irr(1 + J). First, we introduce some notation.

In the following let Irry(p) (L) denote the set of all U(B)-invariant irreducible characters
of an ideal subgroup L. For a subspace V' C J and for an irreducible character ¢ € Irr(L)

let Iv(p) ={veV|l+velii o)}

Lemma 3.7. Let L <1+ J be an ideal subgroup of U(A). If ¢ € Irr(L), then the inertia

subgroup Iyyp) () is the unit group of a subalgebra of B.

Proof. If L =1+ 1, then [ is an ideal of A, so B+ I is a subalgebra of A with unit group
U(B+1I)=LxU(B). Hence we can assume without loss of generality that L = 1+ J.
The subgroup U(B) acts on 1+ J by conjugation. This action determines an action of
U(B) on Irr(1+J) and an action on Cl(1+ J), on the set of conjugacy classes of the group
1+ J. As (JU(B)|,|1+ J|) = 1 and U(B) is solvable (even abelian), the two actions are

permutation isomorphic by [14, Theorem 13.24]. It follows that Iy (¢) = St(C) for some
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C € CI(1 + J), where St(C) denotes the stabilizer of C in U(B). If z € C is an arbitrary
element, then St(C) = U(B) N (Cyay(x)(1 + J)). Since Cyay(xz) = U(Ca(x)) is the unit
group of the subalgebra Cs(x), we get Iy)(¢) = U(B N (Ca(x) + J)). Furthermore,
BN (Ca(x)+ J) is a subalgebra of B and the proof is complete. O

The following consequences of Glaubermann’s Lemma will be used to find U(B)-

invariant characters of ideal subgroups.

Lemma 3.8. Let S act on G such that (|S|,|G|) =1 and let N < L < G be S-invariant

normal subgroups of G.

1. Let x € Irr(G) be S-invariant. Then xn has an S-invariant irreducible constituent.

Furthermore, any two such constituents are conjugate via an element of Cg(S).

2. Let x € Irr(G) and ¢ € Irr(N) be S-invariant such that ¢ is a constituent of xn-.
Then there is an S-invariant 1 € Irr(L) between x and ¢, that is, 1 is a constituent

of xr and ¢ is a constituent of Py.

Proof. The first part of 1. is a special case of [14, Theorem 13.27]. This Theorem also
says that the hypotheses of Glaubermann’s Lemma are satisfied, so the second part of 1.
follows from [I4], Corollary 13.9]

To see 2. we can apply 1. twice. So we get S-invariant characters ¢’ € Irr(L) and
¢ € Irr(N) such that v’ is a constituent of x; and ¢ is a constituent of ¢y, so it is also
a constituent of yy. By the second part of 1. there is a ¢ € Cg(S) such that ¢ = (¢')°.

Then ¢ = (¢")¢ € Irr(L) is an S-invariant character between x and ¢. O

Lemma 3.9. Suppose that 1 + J is a K-algebra group, where K is a finite field with g
elements and of characteristic p. Let I < J be an ideal of J and let A € Irr(1 + 1) be a
linear character of 1 + I such that J* < I;(\). Then I;(\) is an ideal of J over K.
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Proof. It is clear that I;(\) is an ideal of J over F,. So it is enough to show that if
x € I;(N), then Kz C I;(\).

By the definition of Isaacs [15] a subgroup S < 1+ J is called strong, if [S N H| is a
power of ¢ for all algebra subgroups H < 14 .J. We know that [;, ;()) is a strong subgroup
by [15, Theorem 8.3]. Let x € J be an arbitrary element. Then 1+ Kz + J? is an algebra
subgroup, so either 1+ Kx+ J? < I1,5(A\) or (1+ Kx+ J*)N1145(\) =1+ J?. The result
follows. O

The following lemma will be used in two particular cases: If L > 1+ J2 orif L = 1+ J*

for some k.

Lemma 3.10. Let L = 1+ 1 < 1+ J be an ideal subgroup of U(A). Assume that
A € Irrypy(L) is a linear character such that J* < I;(X). Then I1;(\) is an ideal of A.

Proof. Let I’ > J? be the unique maximal ideal of A in I;(\). If I’ = J, then there is
nothing to prove. Otherwise, let us choose a sub-bimodule V' < J such that J =1"@& V
by Lemma (d). Let W = Iy(\), so I;(A) = I’ + W. What we need to show is that
W = 0. Assume by contradiction that 0 # W < V.

If J' is a proper ideal of A such that J > J' > I’ then J? < J?NJ < I;(\), so
I;/(N) is an ideal of A’ = J' + B by using induction on |A’|. It follows that I (\) > J? is
an ideal of A, so I;/(\) = I’ for such an ideal. If V' < V' is a proper sub-bimodule then
I' + V' < Jis a proper ideal of A, hence V' NW = Iy/(\) = 0. Furthermore, W is a
K-subspace by Lemma 3.9 and U(B) normalizes 1. Hence all the assumptions of Lemma
hold for V- and W. Let V = Kx1 & Kxy @ ... D Kux; be a direct decomposition of
V' to one-dimensional sub-bimodules and let Kz < I be a one-dimensional sub-bimodule.
Choosing an = € {1, xs,...,2;} we will prove that [1 4+ 2,1+ 2] C ker A, or equivalently
AMT(1+ 2) = A(1 + 2). We distinguish two cases.

If ¢(z) = e (x) and e,(z) = ¢(x), then it follows directly from Lemma (b) and
from Lemma (g) that zjz = zz; = 0 for all z; # x. Hence [1 + Kz;,1+ 2] = 0 for

21



all z; # x. On the other hand [1 4 I’ + W, 1 + z] C ker A by the definition of /" and W.
Clearly {1+t €1+ J| A (1+ 2) = A(1 + 2)} is a subgroup of 1 + J, so it is enough to
prove that

14+ Kzj|lz; #x)14+T"+W)=1+J.

It is clear that 1+ .J/1+ 1’ is isomorphic to the additive group of V. On the other hand V' is
generated (as an additive group) by the set U,, -, Kz; UW by Lemma (3.5 (a). Therefore,
(14 Kzjlxj#x)(1+ 1"+ W)/(1+1') ~ V, which proves the above identity. Hence
A1 4 2) = A(1 + 2), as we have claimed.

Now assume that, for example, ¢;(z) # e.(z). Then zz = 0. Easy calculation shows

that
MT+a,1+z=14+0+2) A +2) oz —20)=(1— 20+ 220 — 2z +..).

It follows that [1+ 2,1+ 2] —1 € zAz,so (1 +a,1+ 2] — 1) =0.
Let a € K* be a non-zero field element. Then there exists b € U(B) such that b~'z = az

and zb = x. Conjugating the commutator [1 + x,1 + 2] by b we get

M+z,1+2=0Q-2z+2%2-224+.. )0 =0 —blzab+ b 220b—..)=

l+a(—zz+22x—2%2+..)=1+a([l+2,1+2]—1).

Let C = K ([1 +x,1+ z] — 1). We have already seen that ([1 + x,1+ 2] — 1) = 0, hence
C is a one dimensional algebra and 1 4+ C' is an algebra subgroup. The above formula
shows that all elements of (1 + C') \ {1} are conjugate under the action of U(B). Using
the fact that A is a U(B)-invariant character it follows that \,¢ is a linear character such
that Aj;¢ is constant on (1 + C) \ {1}. Using that |K| > 2 we get A\j1c = li4¢, i€,
[1+z,14 2] € ker \.

Let Y = {1+ z|Kz < [is a B-sub-bimodule}. Then M*(y) = A(y) for all z €
{z1,29,...,2;} and for all y € Y. But the subgroup generated by Y is equal to 1 +

I by Lemma [3.6] and the values of a linear character on a set of generators determine
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the character. Hence {xi,z9,...,2;} C Iy(A\). But Iy()) is a K-subspace with basis
{z1,29,...,2}, s0 Iy (A\) =V, which is a contradiction to our assumption Iy,(A\) = W < V.

O

The key step of the proof is the following theorem:

Theorem 3.11. Suppose that A is a DN-algebra over the g-element field and let U(A) =
(1+J)xU(B). Let x € Irrypy(1+J) be a non-linear, U(B)-invariant character of 14 J.

Then there exist a proper ideal subgroup L < 1+ J and a character ¢ € Irrypy(L) such
that Y+ = y.

Proof. Let ¢ € Irryp) (14 J?) be a constituent of xq4 2.

Assuming first that 9 is a linear character, choose a maximal ideal subgroup L such that
¥ is extendible to L. Then L < 1+ J, because y is not a linear character. Furthermore,
there exists a ¢ € Irry(p) (L) between x and ¥ by Lemma and this character is an
extension of ¥ to L, because L/(1 + J?) is abelian. Then I, ;(¢) is an ideal subgroup by
Lemma[3.10] We prove that I14;(¢)) = L. Otherwise, we could choose an ideal subgroup L’
such that |L' : L| = qand L' < I1,;(¢) < I144(9). The degree of each irreducible character
of an ideal subgroup is a power of ¢ by Theorem , so either ¥ is irreducible, or 1) is
extendible to L'. However, I1,(¢)) = L' > L so ¥*' cannot be irreducible by [14, Problem
6.1], and ¢ cannot be extendible to L’ by the maximal choice of L. So I;;,(¢) = L and
P = .

If ¥ is not a linear character, then I1;;(9) < 1+ J by Theorem 2.3l We prove the
existence of a proper ideal subgroup L > I, (). To see this let £ > 2 be the smallest
integer such that 1+ J* < Z(9). Then ¢, 5 = 9(1) - A, where X € Irryp) (1 + J*) is a
linear character such that I, ;(\) > I, ;(9) > 1+ J?. Applying Lemma we get that
I ;()) is an ideal subgroup of 1+ J, so it remains to show that I;,;(A) <1+ J. On the
one hand, [1+ J%, 1+ J*!] £ (14 J*) Nkerd = ker A by the minimal choice of k. On the
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other hand, [1+J2, 1+ J*1] < [1+J,1+ J%] by Theorem 2.4 Hence [1+.J, 1+ J%] £ ker A,
which is equivalent to the inequality I, ;(\) # 1+ J. So L = I14;(\) is a proper ideal
subgroup containing I 7(9).

By the Clifford correspondence [14, Theorem 6.11] there exists an irreducible character
@ of I, y(¥) such that '™/ = x. So x = (¢*)'™ and x is induced from a character of the
proper ideal subgroup L. It follows directly from Clifford’s theorem [14, Theorem 6.2] that
x = 't for each component v of yz. Finally, we can choose 1 such that ¢ € Irry gy (L)

by Lemma [3.8] The proof is complete. O

Proof of Theorem (3.3 By the transitive property of induction and by the fact that
all subalgebras of a DN-algebra are again DN-algebras it is enough to prove that if w €
Irr(U(A)) is not a linear character then there exists a proper subalgebra A" < A such that
w is induced from a character w' of U(A').

Let U(A) = (1+J) x U(B) and let x be a component of wy ;. Then Iypy(x) = U(B’)
for a subalgebra B’ of B by Lemma Hence Iya)(x) = U(A’) is the unit group of the
subalgebra A" = B’ + J. By [14, Theorem 6.11], w is induced from a character w’ of U(A’).
If B" < B then A’ = B’ + J is a proper subalgebra of A.

Assume that x € Irry(p) (1 + J). Then x is extendible to U(A) by [14, Corollary 6.28].
(Note that (|[U(A) : 14+ J|,|1+J|) = 1.) Using [14], Corollary 6.17] we get w is an extension
of x. So x is not a linear character.

By Theorem there exist a proper ideal subgroup L = 1+1 < 1+ J and a character
¢ € Irrypy (1 + I) such that '™ = x. Then A’ = B + I is a proper subalgebra of A. Let
¢ be an extension of ¢ to U(A’) by [14, Corollary 6.28]. Then (V) ; = ¢/ = x by
[14, Problem 5.2], so ¢V4) = wp for some p € Irr(U(A)/(1+J)). Let ' = 90:“(}%,4/)- Hence

(W)U = u using [14, Problem 5.3]. The proof is complete. O
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Chapter 4

On the class number of partition

subgroups of Uy(q)

For a fixed natural number n let U, (q) denote the upper unitriangular n x n matrices over
the finite field F,. A long-standing conjecture of G. Higman [I3] says that for every n € N
there exists a polynomial f,(x) € Z[z]| such that f,(q) equals the number of conjugacy
classes in U,(q), that is, k(U,(q)) is a polynomial expression of q. This conjecture was
examined principally by A. Vera-Lopez and J. M. Arregi [28], [29], [30]. They managed
to find such polynomials for n < 13. The problem was also studied by J. Thompson [27].
Our purpose is to examine a similar question about the so-called partition subgroups of
Un(q) defined by A. J. Weir [32]. In the following let B, = {E;; | 1 <i < j < n} denote
the standard basis of the vector space of n X n strictly upper triangular matrices over F,.

Then we have
Un(q) = I, + {Z a;; Ei; | Eij € By, a;; € Fq} .
In the following we consider subsets X C B, having the property that if E;;, Ej; € X,

then E;, € X, as well. In other words, X U{0} is a subsemigroup of B,, U{0}. Throughout

this chapter, such subsets will be denoted by X < B,. The partition subgroup over the
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field F, corresponding to X < B, is defined as
Hx(q) = I, + {Z ai;iBij | Eij € X, ai; € Fq} .

For example, the normal partition subgroups of U,(q) are easy to describe: Hy(q) is a
normal partition subgroup of U, (q) if and only if {E}, | u <14, v > j} C X for all E;; € X.
In particular, the property that Hx(q) < U,(q) depends only on X.

In a joint work with Péter P&l Pélfy [I1] we examined a generalisation of Higman’s
conjecture to partition subgroups of nilpotency class two, that is, to subgroups of the form
Hx(q) such that X® = 0. The material of this chapter contains our results in this subject.

On the one hand, we prove that if Hx(g) is a normal subgroup of U, (q), then k(Hx(q))
is really a polynomial expression of ¢ (Theorem .

On the other hand, which we find more interesting, there are partition subgroups of
nilpotency class two for which this statement does not hold. In fact, we discuss a more
general question. In the following, if S C N and g : S — N is a function then we say that
g can be described by finitely many polynomials if there exists a finite set of polynomials
f1, f2y .-« fx € Z[z] such that for any s € S there is an 1 < i < k depending on s such that
g(s) = fi(s). It was asked by B. Szegedy that even if ¢ — k(Hx(q)) cannot be expressed
by a single polynomial, maybe it can be described by a finite set of polynomials. Of course,
this question is also sensible if we do not require the existence of such a set of polynomials
to all prime powers but to any infinite subset of the set of prime powers. We show that
this generalised question is strongly connected to a similar question about the number of
matrices over finite fields with fixed submatrix rank function (Theorem [4.8)), and confirm
the existence of an X < B, (for some big n) such that k(Hx(q)) cannot be described by

a finite set of polynomials (Theorem {4.9)).
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4.1 Number of matrices over finite fields having sub-
matrices with specified rank
Let Myxm(q) denote the set of all k x m matrices over the finite field F,. Let
Qo = {(S,T) | S C{1,2,....k} and T C {1,2,...,m}}.

For a matrix M € Myym(q) and (S,T) € Q. m we denote by Mgp the submatrix of M
corresponding to the rows from S and to the columns from 7'. Finally, if D, C €, and

r: D, — N is a function, let
M.(q) = {M € Myxm(q) | p(Ms) = r(S,T) for all (S,T) € D,},

where p(Mgr) denotes the rank of Mgr. In the following, we say that r is a submatrix
rank function, or just a rank function, and M, (q) is the set of matrices over the field F,
with specified rank function . We note that in our terminology S or 7' maybe the empty
set. In this case the rank of Mg (which is in fact an empty matrix) is defined as zero.
In this section we examine the question that for a fixed rank function r whether | M..(q)]
can be described by finitely many polynomials. The following theorem says that if we
assume some additional condition on the domain of r then |M,(¢q)| can be described by a

single polynomial.
Theorem 4.1. Let Qy, ., and r be as defined above. Let Q;Cm C Qg denote the set
{(9,T;) | Si=1{1,2,...,i}, T; ={j,7+1,....,m}, 1 <i<k, 1<j<m}

Assuming that D, C Q) . there exists a polynomial p,(x) € Z[z] such that |M..(q)| = p-(q)

for all prime powers q.
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Proof. In case of D, # € let F, be the set of all extensions r’ : €~ — Nof r to

Q- Clearly [M,(q)] = 3=,

elements of F,. Therefore, in the following we can assume that D, = Q}Cm

M, (q)|. So it is enough to prove the statement for the

In case of r(S1,71) = 0 the first row of every element of M,(q) contains only 0-s, so
IM,(q)] = M (q)| for an ' : @,  — Nand we can use induction on k. Otherwise, let /
be the largest number such that r(S1,7;) # 0. The key observation is that because of our

assumption to D, the set M,.(q) is closed under the following operations:
1. Multiplication of the [-th column by a non-zero element of F,.
2. Adding a multiple of the first row to the i-th row for 1 <i < k.
3. Adding a multiple of the [-th column to the j-th column for 1 < j < [.

These operations define an equivalence relation on the set M, (¢). On the one hand, it

k+1=2 matrices. On

is easy to see that each equivalence class consists of exactly (¢ — 1)g
the other hand, each equivalence class contains exactly one element M = (M;;) such that
My, =1and My; = M =0if j # [ and 7 # 1. Omitting the first row and the [-th column
we get a bijection from this set of representatives to the set M, (q) for a suitable rank

function 7’ : Q_,,_; — N. Hence |M,(q)| = (¢ — 1)¢"*""?|M,.(¢)| and the result follows

by induction on k. O

The following example shows that in general |M.,.(¢)| cannot be described by finitely

many polynomials .

Example 4.2. There is a D, C Qg6 and a rank function v : D, — N such that |M,(q)| =
(¢ — DY - (#E(q) — 1), where #E(q) denotes the number of points of the elliptic curve
y? = 23 — 1 over the g-element field (including the extra point out at infinity, which we

do not take into account). Consequently, |M.,(q)| cannot be described by finitely many

polynomials.
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Proof. Fixing the rank of every 1 x 1 submatrix in the first row and in the first column
to be 1, we can achieve that the first row and the first column of any element of M, (q)
do not contain any zeros. Multiplication of a row or a column by a non-zero element of
[F, does not change the rank of any submatrix of a matrix, so these operations define an
equivalence relation on the set M, (q). Clearly, each equivalence class contains (g — 1)
elements, and each equivalence class contains exactly one matrix having only 1-s in the
first row and in the first column. Let M be such a matrix and let © = M3, y = M.
Next, specifying the rank of a number of submatrices of M, we can achieve that M must

be of the form

11 1 1 1 1
1 1 o x 2% 2°
o |l T o 2?2 2?2 a?
1 y 1 1 0 1
1 v vy 0 1 1
12y 1 42 a8

Finally, if we specify the rank of the 3 x 3 submatrix in the right lower corner as 2, then
we get 2% —y? — 1 = 0. It follows that |[M,.(¢)| = (¢ — 1) - (#E(q) — 1).

It remains to prove that |M,(q)| (or, equivalently, #F(q)) cannot be described by
finitely many polynomials. Fixing a prime p, there is the following formula for the number

of points over the p"-element field (|24, top of p. 136]).
#EQP") =1—a" =" +p",

where a, 8 € C are complex conjugates of absolut value ,/p such that o and 8 do not
depend on n. If the trigonometric form of a is o = /p(cos(t) + isin(t)), then #E(p") =
1 — /p"2cos(nt) 4+ p”. Choosing a small € > 0, there are infinitely many n such that
cos(nt) > €. Hence we get infinitely many prime powers such that 2e,/p" < |#E(p") —
1—p"| <2/p". It follows that #E(p") cannot be described by finitely many polynomials

even for this set of prime powers. O
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Remark. The previous example can be generalized as follows. Taking any finite set of
polynomials in n variables over Z, there are some (big) k,1 € N, a D, C Q; and a rank
function 7 : D, — N such that |M,(q)| equals to the number of common roots of these

polynomials over F, multiplied by (g — 1)*=1,

4.2 Number of conjugacy classes in partition subgro-
ups of nilpotency class two

If Hx(q) is a partition subgroup of nilpotency class two, then Hx(q) = 1+ Lx(q), where
Lx(q) is a Lie algebra of nilpotency class two. Clearly, the number of commuting pairs
in Hx(q) is the same as it is in Lx(q), and the number of conjugacy classes of Hx(q) is
closely related to this number. Therefore, we first prove a general formula to the number
of commuting pairs in a Lie algebra of nilpotency class two.

Let L be a finite Lie algebra of nilpotency class two over the field F,. Let [L, L] <
W < Z(L) and V = L/W of dimensions dimg, V' = n, and dimp, W = k. The Lie bracket
gives a symplectic bilinear map from V into W. By fixing bases ej,es,...,e, € V and
f1, f25 -+, fx € W this bilinear map is defined by matrices Ay, As, ..., Ax € M,(q) as

k

[ei? ej] = Z As<l7j)fs

s=1
In the following let ny(L) = ny(L, W) = ny(A;, As, ..., Ax) denote the number of linear
combinations of the matrices A;, As, ..., Ax having rank t. It is easy to see that these
numbers depend only on L and on the choice of W but they do not depend how the bases
e1,€es,...,¢e, and fi, fo,..., fr were chosen. The next theorem says that the number of

commutating pairs in L can be calculated by knowing the numbers n;(L).
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Theorem 4.3. Using the notation as above, for the number of commutating pairs in L we

have

{(z,y) [,y € L, [2,y] = 0}] = IMEZWt

Proof. For an z =Y xie; = (21,29, ...,7,)T € V let M, denote the matrix

$TA1

$TA2

l‘TAk

Clearly [z,y] = 0 if and only if M,y = 0, so we get

{(z,y) | =,y € L, [z,y] =0} = ¢*|{(z,y) | z,y €V, [x,y] = 0}]

_ q2k Z qn—p(Mx) _ qk—i-n Z qk—P(M;c)

eV eV

= |L]| Z {(on, qz, ... 00) €FE | ana” Ay + apz” Ay + - -+ + g™ Ay, = 0}

zeV

= |L| Z {z eV |a" (A + axds + -+ + o Ay) = 0}

_ ‘L‘ § qnfp(a1A1+a2A2+---+akAk)

(a1,02,...,0,) EFE

— LIS n(Ar Ay A g = LS (L
t=0

t=0

g

In the following let X < B, and let us assume that X3 = 0, that is, Hx(q) has
nilpotency class two. The following lemma says that Hx(g) can be converted to a more

special form.
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Lemma 4.4. If X < B, such that X® = 0, then there is a permutation matriz P such

that PHx(q)P~' = Hx/(q), where Hx:(q) has the form

I Lx,(q) Lx,(q)
Hx:(q) = L Lx,(q) |- (4.1)
I,

for some k,l,m € N and X' = X;UX,UX3 C B,,. (Here Lx,(q) simpy means the subspace

generated by the set X;.)

Proof. We define a directed graph corresponding to X. Let {1,2,...,n} be the set of
vertices of V' and let (¢,7) be a directed edge in this graph if and only if E;; € X. Now,
X3 = 0 means that the length of every directed path in this graph is at most 2. It follows
that there is a partition V; UV,UV3 = {1,2,...,n} such that there is no edge in this graph

from V; to Vi if s > §'. Let o be a permutation of {1,2,...,n} such that

o(@)eVy for 1<i< |V,
o(i)€Vy for |Vi| <i<|Vi+ Vo,
o(i)eVy for |Vi+ V| <i<n,

and let P be the permutation matrix corresponding to o. Choosing X' = P71 X P we get
that Hy/(q) has the form (4.1]). O

Using this lemma, in the following we always assume that Hx(q) is already of the form
(4.1)). For further investigations, it will be useful to introduce a notation to some special
partition groups. For some k,l,m € N with k + [+ m = n, let the partition subgroup
Ukim(q) < Uy,(q) be defined as
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and let By, be the corresponding standard basis, so Urim(q) = Hp,,,,(¢). In other
words, these subgroups are the maximal partition subgroups of the form (4.1]), and our
goal is to examine the number of conjugacy classes in partition subgroups of these groups.

If k,1,m have already been fixed and X < By ,,, then

Hx(q) = I, + Lx(q) = I, + Lx,(q) + Lx,(q) + Lx,(q),

Uk,l,m(Q) = In + LBk,l,m (CZ) = [n + LY1 (Q) + LY2 (C]) + LYS (q>7

where Lx(q), Lx,(q), Ls,,,.(q) and Ly,(¢) denote the subspaces generated by the sets
X, Xi, Bjm and Y;, respectively. Furthermore,

XiCYi={fiy=FEiju|1<i<k 1<j<I},

Xo CYo={gij = Eirnjrun | 1 <i <11 <5 <m}, (4.2)

Xs CYs={hj=FEijuun|1<i<k 1<j<m}
Here Lx(q) is a nilpotent Lie algebra of nilpotency class two with the usual Lie bracket
[z,y] = 2y —yx. Clearly (1+2)(14+y) = (14 y)(1+ 2) if and only if [z,y] = 0. It is also
clear that X; - Xo C X3 and any other product is zero in X, so [Lx(q), Lx(q)] < Lx,(q) <
Z(Lx(q)). Therefore, using Theorem [4.3/to W = Lx,(q) and V = Lx(q)/Lx,(q), for the

number of conjugacy classes of Hx(q) we get:

_ H(g.h) | g.h € Hx(q), gh = hg}|

k’(HX(CI)) |Hx(q)|
B | X1UX2|
- sl !eLi)((q()ql), e =0 D MRty (Lx(q)). (4.3)

We will use the notation defined in Section The following theorem says that the
calculation of ny(Lx(q)) leads us to the determination of some |M.,(q)|’s. Before the
theorem we set up some terminology.

If s1,89,...,8 are not necessarily different elements of the set H, then we say that
S = (s1,82,...,5) is an (ordered) list of elements from H. Such a list will be denoted by

SC H. Foran § C; Qypy, let fsz:t denote the set of rank functions

fszzt ={r:S§—>N|xs,sr(s) =t}
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Theorem 4.5. Let X = X3 U Xy U X3 < By, for some k,l,m € N. Then there exists a

list S ={(S;,T;) | 1 <i <1} C Qpm such that for every 0 <t < |X1L2J—X2| we have
1
naet1(Lx(q)) =0, nat(Lx(q)) = sl > M)l (4.4)
TGFSE:t

Conversely, for any list S = {(S;,T;) | 1 < i <1} C; Qym one can define an X =

X1 UXoU X3 < By such that Equation holds.

Proof. Let By, = Y1 U Y5 UY; as it was defined by equations (4.2)), so Uxyiim(q) =
I, + Ly, (q) + Ly,(q) + Ly, (q). It is clear that Ly,(¢) = [Ly(q), Ly(q)] = Z(Ly(q)). We
define the following subsets of Y; and Y5.

lejﬁz{fljaf?jw"ufkj}’ forlgjgl’ and

Yzi’r =191, 92, -+, Gim}, for1<i <L

(In this notation “c” and “r” refer to the words “column” and “row”.)

Now, Ly,uv,(q) ~ Ly (q)/Ly,(q) has basis
B=Y"UY>U.. .U UY, " UY U, uYy

Corresponding to this basis the Lie bracket is determined by the set of square matrices

{Ai; € Miyrim(q) |1 <i <k, 1<j<m}. Furthermore, each A;; is of the form

0 I ® E;;
AZ] - )
—(L ® BT 0

where E;; is an element of the standard basis of Mjy,,(¢) and I; ® E;; denotes the usual

Kronecker product of the matrices I; and E;;. Let Z = (2;;) € Myxm(q). We get

0 L ®Z

1<i<k 1<j<m —(Lh®2)" 0
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The set of basis vectors X; U Xy C B determines an antisymmetric submatrix of M(Z).

This submatrix has the form

Zy
0 A(Z) L
Mx(Z) = ,  where A(Z)=
—-AZ2)T 0
Z
In the above matrix 7y, Zs, ..., Z; are not necessarily different submatrices of Z.

For each A;;, let A;; x be the submatrix of A;; determined by X; UX,. The Lie bracket
is defined by the set of matrices {Ayx | hij € Xz}. If Z = (z;;) and Z' = (z;) are two
elements of Myxm(q), then Y 2;A;; x and ) 2{; A x define the same linear combination

of the elements of {A;; x | hjj € X3} if and only if z;; = zi; for all hy; € X3. Using the

definition of n,(Lx(q)) we get

m(Lx(0) = iy HZ € Mna) | p(Mx(2) = 1}

It is clear that

p(Mx(Z)) = p(A(Z)) + p(—A(Z)") = 2p(A(Z)) = 2(p(Z1) + p(Z2) + ... + p( L)),

which is always even, so n,(Lx(q)) = 0 if ¢ is odd. Let (S;,T;) € Qx.m be the element of
Q. m corresponding to Z;. Choosing S = {(5;,7;) | 1 <i <1} we get

1
na(Lx(q)) = mHZ € Mysm(q) | p(Z1) + p(Z2) + ... + p(Z1) =t}
1
= m Z {Z € Myxm(q) | p(Z1) =11, p(Z2) =712, ..., p(Z1) = 1i}]
ri1+ro4...+r=t
1 .
p—ra Y. HZ € M) | p(Zs,r) = (S, To), 1 < i < 1Y

S=t
rEFS

1
= %l Z |M.(q)]-

TEFSZ:t

So the first part of the theorem is proved.

35



For any list S = {(S;,T3) | 1 < i <1} C; Q. we define the sets X; C Yy, Xo CY; as

follows

X2:{Ei+k,j+k+l|1§i§171§j§m7j€ﬂ}-

Furthermore, let X3 < Y3 be an arbitrary set containing X; - X5. Let X = X; U X5, U X3.
Applying the first part of the proof to Hx(q) < Ug;m(q) we get exactly S, which proves

the second part of the theorem. O

Lemma 4.6. Let s(z),t(x) € Zlx| be two polynomials such that the leading coefficient
of t(x) is £1 and let r(x) = i((;)) € Z(x). If r(q) € Z for infinitely many q € N, then
r(z) € Zlx].

so(z)

) where

Proof. One can use the Euclidean algorithm to get the form r(z) = ro(z) +

ro(x), so(z) € Zlx], deg so(z) < degt(zx). It follows that ‘10(—(;)) € Z for infinitely many ¢ € N.
On the other hand lim,_ ., s'to(—(q‘g) = 0, which shows that so(x) = 0. O

Now we are ready to state and to prove our theorems mentioned at the beginning of

this chapter.

Theorem 4.7. Let X < B, such that Hx(q) < U,(q) is a normal partition subgroup

of Un(q) of nilpotency class two. Then there exists a polynomial fx(z) € Z[z] such that

k(Hx(q)) = fx(q) for all prime powers q.

Proof. As we mentioned above, the assumption that Hx(q) is a normal subgroup of

Un(q) is equivalent to the assumption that X has the following property:

If £;; € X, then £, € X, forall u <14, v>j.
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On the other hand, X® = 0 because Hx(q) has nilpotency class two. Using these two
properties of X it is easy to see that Hx(q) already is of the form (4.1). So, we do not
need to conjugate by any permutation matrix P to reach this figure. It follows that X,

and X5 have the following properties:

If fij € Xl, then fuj € X1 for all 1 <u< i,

If g;; € X5, then g;, € X5 for all j <v < m.

It follows directly that the set S constructed in Theorem is a subset of € defined
in Theorem [4.1] Using this latter theorem we get that for any rank function r : § — N
there exists a polynomial p,(z) € Z[z] such that |M,(q)| = p,(q). Using Theorem 4.5/ and
Lemmal[4.6] we get n¢(Lx(g)) is a sum of such polynomials for each 0 <t < |X;UX>], so it

is also a polynomial expression of ¢ with integer coefficients. Therefore, the result follows

from Equation (4.3)). O

In the following theorem we require a single polynomial but we allow ourselves to take

some restriction to q.

Theorem 4.8. Let k,m be natural numbers and let ™ be any infinite subset of prime

powers. Then the following two statements are equivalent.

1. For every l € N and and for every X < By ., there exists a polynomial fx(z) € Z|x]
such that k(Hx(q)) = fx(q) for all q € 7.

2. For every D, C Qy ,, and for every rank functionr : D, — N there exists a polynomial

fr(x) € Z|z] such that |IM,(q)| = f.(q) for all q € 7.

Proof. To prove direction 2—1 let X < By,,. Applying the equations (4.3]) and (4.4)
we get k(Hx(q)) = Y. ¢*"|M,(q)| for a set of rank functions r : D, — N, where D, is
defined by X and the value of s(r) depends only on r and on X. (Of course, M,(q) =0
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for all but a finite number of rank functions.) If 2 holds, then for every rank function
r: D, — N we have a polynomial f,(x) € Z[z] such that |M,.(¢q)| = f,(q) for all ¢ € 7. Let
fx(z) be defined as fx(z) = 3. 2°") f.(x) € Z[x]. Then k(Hx(q)) = fx(q) for all ¢ € 7,
which proves this direction.

Now, we prove 1—2. Starting from the assumption that 2 does not hold, we prove
the existence of an X < By, for some [ such that I does not hold to Hx(q). Let
ro : Dy, — N be a rank function such that |M,, (¢)| is not a polynomial expression for
gem. Let Dy, ={(S;,T;) | 1 <i<ly} C Q. be its domain.

First, we construct 't € N and X’ < By, such that the expression nyy(Lx/(q))
appearing in formulas and is not a polynomial expression of ¢ € m. Choose
z = min(k,m) + 1. Starting from D, we define a list &' C; Q4 ,,, in such a way that S’
and D,, have the same elements, but for every 1 <i <[y the element (5;,7T;) occurs in &’
exactly 2i71 times. Hence |8’ = 1+ 2+ 22+ ... + 2071 =: ['. Using the second part of
Theorem [4.5| we can define a subset X’ = X| U XU X} < By, corresponding to the list
S'. We claim that ¢*~ X5l - nyy (Lxi(q)) = My ()] for ' = 32 ro(S;, T3) 2" 1.

To prove this, let r € .7-%275, \ {70} such that M,(q) is not empty for at least one ¢ € 7.
Then, by the choice of z, we get r(S;,T;) < z for all 1 < i < [y. For the same reason,

r(S;, T;) < z for all 1 < i <. It follows that

lo lO
t = Zr(Si, 7))zt = ZTO(SZ', )zt
i=1 i=1
Clearly every natural number can be uniquely represented by powers of z with natural

coefficients less than z. Hence r(S;, T;) = ro(S;, T;) for all 1 <i <y, that is, r = . Using

Theorem [£.5 we get

¢ g (L) = Y IM()] = (M (a)].

=t/
refg

So now(Lx:(q)) is not a polynomial expression of ¢ € 7.
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In the following we denote by ¢S’ C; €y ,,, the list which has the same elements as S’,
but the multiplicity of any element in iS’ is ¢ times as much as it is in &'. Let iX' C By s 1,
be the corresponding subset of iS’. Furthermore, let d = |X] U X}|. We claim that there
exists an i < d + 1 such that k(H;x/(q)) is not a polynomial expression of ¢ € 7.

It is easy to see that [iX] U iXi| = i-d and ny(Lix/(q)) = n(Lx/(q)) for each
i,t € N. Furthermore, n,(L;x/(q)) = 0 if i does not divide t. Using Equation for
X' 2X ... (d+ 1) X we get

d
E(Hix(q)) = > ¢ ny(Lx/(q)) foralll<i<d+1.
t=0

This system of linear equations has the form

k(Hx(q)) q° ¢t - 1| |no(Lx(q))
k(Hax(q)) ¢t @Y 1 (Lxe(q))
k(Hsxi(q)) | = | & @Y - 1] [na(Lx(q))

: 1
k(Hapyx(q)) gltDd =1 1 Ing(Lx(q))

The matrix appearing in the right-hand side of this system of equations is a Vandermonde-
matrix, so its determinant is a polynomial of ¢ with leading coefficient +1 and this polyno-
mial is non-zero for all prime power ¢. Using the Cramer rule it follows that if k(H;x/(q))
is a polynomial of ¢ € 7 for each i < d + 1, then each ni(Lx/(q)) is a rational function
of ¢ € m. However, n;(Lx/(q)) is an integer for every ¢ € m, so using Lemma we get
ny(Lx:(q)) is a polynomial of ¢ € 7 for all ¢ < d. But we have already seen that this is not

true for 2t' < d, a contradiction. O

Combining this last theorem with our Example [4.2| we get the last result of this chapter,

which says that in general k(Hx(q)) cannot be described by finitely many polynomials.
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Theorem 4.9. For some n € N there is an X < B,, such that X* = 0 and k(Hx(q))

cannot be described by a finite set of polynomials.

Proof. Starting from Example we have a D, C Q46 and a rank function r : D, — N
such that | M.,.(¢)| cannot be described by finitely many polynomials. Following the proof of
Theoremwe can define subsets X' < By ym, 2X' < Byoym, - -, (d4+1) X" < By (a41)0,m-
Let us assume that k(H;x/(q)) can be described by a finite number of polynomials for each
1 <i<d+1. Then for each 1 <7 < d+ 1 the corresponding set of polynomials defines
an equivalence relation on the set of all prime powers, namely two prime powers ¢; and g
are equivalent, if k(H;x/(q1)) and k(H;x/(g2)) can be described by the same polynomial.
Taking the intersection of these d 4+ 1 equivalence relations we get another equivalence
relation on the set of prime powers, which still has only finitely many classes. Let 7 be
such an equivalence class. If |r| = oo, then |M,(¢)| is a polynomial expression of ¢ for
q € 7 by the proof of Theorem On the other hand, if 7 has only finitely many elements,
then |M.,.(¢)| can clearly be described by at most |w| many polynomials for ¢ € 7. (For
example, taking constant polynomials.) Hence | M,.(q)| can be described by a finite number

of polynomials, a contradiction. ]
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Chapter 5

Small bases of solvable linear groups

One basic concept for computing with permutation groups is the notion of a base: For a
permutation group G < Sym (£2) a set {w1,ws,...,w,} € Q (or rather an ordered list) is
called a base for G if only the identity permutation fixes all elements of this set. There are
a number of algorithms for permutation groups related to the concept of base, and these
algorithms run faster if the size of the base is small. Hence it is useful to find small bases
for permutation groups. Of course, we cannot expect to have one in general, since taking
the natural action of 5,,, the minimal size of a base is n — 1. On the other hand, there are
a number of results if G is solvable, the action of G is primitive, or (|G|, |$?|) = 1.

It is easy to see that the size of a base of a permutation group G' < Sym (2) is at least
log |G|/ log|€?|. It is a conjecture of L. Pyber [22] that for a primitive permutation group
G there is a base of size less than C'log |G|/ log Q2| for some universal constant C. For
solvable groups, there is a precise result: It was proved by A. Seress [23] that all primitive
solvable permutation group have a base of size at most four. According to the classification
in the O’Nan—Scott Theorem, any such group is of affine type. However, in general there
is no universal upper bound on the minimal base size of an affine group.

The situation changes if we consider coprime affine groups. For a finite vector space V

and G < GL(V) the affine group V x G is said coprime if (|G|, |V]) = 1. It turns out that

41



for coprime affine groups there is an upper bound for the minimal base size: It was proved
by D. Gluck and K. Magaard [8] that any such group has a base of size at most 95. As the
result of Seress is sharp, the value of 95 can probably be improved.

Maybe the most examined case is when V is a finite vector space, G < GL(V) is a
solvable linear group and (|G|, |V]) = 1. It was asked by I. M. Isaacs [16] whether there
always exists a G-orbit in V' of size at least |G|*/? for such groups. This follows immediately
if we find z,y € V such that Ce(z) N Cq(y) = 1, that is, a base of size two for the action
of G on V. The existence of such vectors was confirmed by T. R. Wolf [33] in case of
supersolvable G. Later, in a joint work with A. Moreto [20] they solved this problem in
case when |G| and |V| are both odd. Finally, S. Dolfi [4] proved that it is enough to assume
that |G| is odd.

In a joint work with K. Podoski [12] we proved the following theorem, which settles the

remaining cases.

Theorem 5.1. Let V be a finite vector space over a finite field of characteristic p # 2, and
let G < GL(V) be a solvable linear group with (|G|,|V|) = 1. Then there exist x,y € V
such that C(x) N Ce(y) = 1.

Remark. The material of this chapter appeared at arXiv in July 2007. Some weeks later
we were informed that in the meantime the same result has been proved using different

methods by S. Dolfi [5] and also by E. P. Vdovin [31].

If G < GL(V) is an imprimitive as a linear group, then there is a proper decomposition
V=V V,&...8V, such that G permutes the subspaces V;, V5, ..., V;. A main result
of the next section is Theorem which says that if G is a solvable permutation group
acting on ) and the prime p does not divide the order of |G|, then there is a partition
into at most p parts such that only the identity element of G fixes every element of this
partition. Using this theorem we can reduce Theorem [5.1]to primitive solvable linear groups

in Section [5.3] To prove the theorem in the primitive linear case, we use a nice description
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of maximal solvable primitive linear groups. This help us to confirm the existence on a
normal subgroup F' < (G, which has a very clear action on V. Using this subgroup, in
Section we construct a 2-element base for the action of G on V. We remark that our
construction deeply depends on the order of the base field and on the dimension of the

vector space, so we distinguish a number of cases throughout the proof.

5.1 Finding regular partitions for solvable permuta-
tion groups

In this section let 2 be a finite set and let G < Sym(§2) be a solvable permutation group.
For a subset X C Q let G(X) denote the set-wise stabilizer of X in G, that is, G(X) = {g €
G | gz € X for all x € X}. We say that the partition {2y, Qs, ..., Qx} of Q is G-regular if
only the identity element of G fixes all elements of this partition, i.e., if ﬂle G() = 1.
With the additional assumption that G is a p’-group, one goal of this section is to find
a G-regular partition of €2 into at most p parts. Such a partition will be used in Section
to reduce the problem to primitive linear groups. Moreover, our constructions for primitive
permutation groups will be used in the investigation of the primitive linear case. Since a
primitive solvable permutation group is of affine type, first we construct such partitions

for affine groups.

Theorem 5.2. Let W be an n-dimensional vector space over the q-element field for some
prime number q, and let AGL(W) denote the full affine group acting on W. Furthermore,
let G =W x Gy < AGL(W) for some linear group Gy < GL(W). If{ey,ey,...,€,} is a

basis of W, then, depending on n and q, the following partitions are G-regular.

Case 1: |W| <3 or |W| =4 and the order of G is divisible by 3

Take the trivial partition, that is, each element of the partition consists of a single

vector.
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Case 2: n=1, ¢>5

Ql = {Q}, QQ = {Ql}, Qg = W \ (Ql U QQ)

Case 3: n>2 qg>5

Ql :{Q}v
Qy ={e1,2e1,€9,€3,- 1€, + €9, F 3,58, 1+ €0},
QgIW\(QlLJQQ)
Case 4:n>2, q=3
Ql = {Q}> QQ - {Ql}a Q3 = {§27§37 oo 7§n7§1 +Q27§2 +§37' .. 7§n—1 _'_@n}a
Q= W\ (2 UQsUQy).

Case 5:n=3, ¢=2

D ={0}, Q={e}, WB={e} Q=/{e}

Qs =W\ (Q UQyUQ3U Q).

Case 6: n >4, q=2

Ql — {Q}7 QQ - {§1}7 93 - {22}7
U ={es...,epe3+es,60+€5 ..., 1+€,,63+¢€,6,+6€},

Q5:W\(91UQQU93UQ4)

Case 7: n =2, q =2, and the order of G is not divisible by 3

Let Qy = {0}. The action of G(21) on W\Qy = {e;, €5, €, + €2} cannot be transitive,

so it has a fized point in W\ Qq, say, e;. Then let
O ={0}, Qo={e}, =W\ (QUD).
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Case 8: n =3, q =2, and the order of G is not divisible by 3

In this case Gq is a 3'-subgroup of GL(W) ~ PSL(3,2). As PSL(3,2) does not

contain a subgroup of order 14, it follows that either |Go| =7 or |Gy| divides 8.

In case of |Go| =7 let
h =10}, L={a}, Q=W\(QU)

Otherwise, we can assume that Gy is contained in the group of upper unitriangular

matrices. In this case let

O ={ej,e3,6; +e3}, Qo={ey,e0+e5}, Qy=W\ (2 UQy).

Case 9: n >4, q =2, and the order of G is not divisible by 3

Let O = {e;, ey, e, + 5 }. The action of G(21) on Qp cannot be transitive, so it has

a fized point in 4y, say, e;. Then let

0 = {Q1a§2a§1 +§2}7
Qo ={es, €4, 16,63 F€E4, .., 6,1+ €, 65+60,6, 67},

Q3 =W\ (4 UQy).

Proof. In any of the above cases we prove that if g € G fixes every element of the given

partition, then it fixes 0 and it also fixes every element of the basis {e;,e,,...,¢e,}. These

conditions are specified explicitly in cases 1, 2, 5, and 7, so the theorem holds in these

cases evidently.

In case 4 we remark that the given partition is G-regular for each prime ¢ > 3. However,

for primes ¢ > 5 we need a G-regular partition consisiting of at most 3 parts. To prove

that the given partition is G-regular, first note that if ¢ € G fixes every element of the

given partition, then g € G(£21) = Gy < GL(W) is a linear transformation of W fixing e;.
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Now, we prove that g(e,) = ¢, for all 2 < k < n by using induction on k. Assuming that
gle;) = ¢ for all 1 <i < k <n, it follows that g(e,) and g(e,_, + ¢;) are elements of the

set
Qs\ (e er1) = {€ Chpts -2 CnrChot F Choe e €y + €0}

Since g(e,_1 + €.) — g(e,) = e, we have either g(e,) or g(e,_; + e;) contains e, ; with
non-zero coefficient. However, the only such element in 23\ <§1, e ,Qk_1> is e,_; +e¢5. So
either g(e,_; +€,) = €,_1 + €, or gley) = €,y + €. In the latter case g(e,_, +¢,) =
2e;, 4 + e, & Qs, since g # 2, a contradiction. It follows that g(e,_; +e.) = €1 + €, SO
9ler) = 9(err + &) — 9(ep1) = e

In case 3 let g € G(Q21)NG(€22). Then g € G(21) < GL(W) is a linear transformation of
W fixing 5. As g > 5, there is only one element x € )5 such that 2z € )y, namely z = e;.
It follows that ¢ fixes 0 and e, so it also fixes the set {ey, €3,...,€,,€;+ €9, ..., 6,1 +€,}
We get ¢ fixes every element of the partition given in case 4, hence g = 1.

In case 6 let g € G(21) N G() N G(Q23) N G(Qy). To prove that g(e;,) = ¢, for all
3 < k < n we use a similar induction argument as we did in case /. Assuming that

gle;) =¢; forall 1 <i <k <n weget g(e,) and g(e,_; + ¢;,) are elements of the set
Do\ (€1, v €h1) =€ Chptr 2 s €h1 F Epr - oo Eqy T €0y F €1}

Since g(ey,)+9(ep_1+ex) = €x_q, we have either g(e,_;+¢;) = €,_1+¢; or gley,) = €1 +¢y.
In the former case we get g(e;,) = e, while in the latter case we take e, + ¢, € s, since
k < n. Now e;_; occurs with 0 coefficient both in g(e;, + €;,,) and g(e; ), since the only
element of €2y \ <§1, e ,Qk71> containing e, , with nonzero coefficient is g(e,). However,
gle, + €p1) + g(ep) = gle,) = e, + €, a contradiction. It remains to prove that

g(e,) = e,. It is clear that

g(e,) € D\ (€1, €91 €n1) = {€p €nr + €nren + €1}

If gle,) = e,.1 + e, then gle, +¢e,) =¢, 1 +e, +e & D Ifgle,) = e, +e, then
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gle,_1+e,) =¢€,1+e,+e & Q. Thus g(e,) = e, also holds. It follows that g = 1, so
the given partition is G-regular.

In case 8 if |Go| = 7, then Gy acts regularly on the 7-element set W \ {0}, so the given
partition is clearly G-regular. Otherwise, 2; U{0} is the only 2-dimensional affine subspace
containing €;. It follows that G(;) < Gg is a subgroup of the upper unitriangular
matrices. So every element of G(2;) fixes e, and it moves e, into (e, e,). Hence G(£21) N
G(§2y) fixes e, and e, + e5. Therefore, G(2;) N G(Qy) = 1.

Finally, in case 9 our first observation is that G(€2;) fixes 0, since ©; U {0} is the
only 2-dimensional affine subspace containing ;. Hence G(£2) < GL(W). Let g €
G(21)NG(22). Now, g(e,) = e, or g(ey) = €4 + €5 by our assumption on e;. In the second
case g(es) € Qy and g(ey + e3) = €, + €5 + g(eg) € Q. It is easy to check that there is no
z € Qy such that e; + e, + z € Q. (Here we need n > 4). So g(e,) = e,. It follows that g

fixes every element of the partition given in case 6, so g = 1. The proof is complete. O

The above constructions have the following property.

Corollary 5.3. If W < G < AGL(W) is an affine group, p > 3 a prime, and p does not
divide the order of G, then there exists a G-reqular partition of W into at most p parts.
Moreover, in Case 1 the partition is trivial and it consists of at most p — 1 parts. In any

other case there is a part of “unique size”, that is, a part Q; such that |Q;| # |Q;] if i # j.

Proof. If W is a vector space over the g-element field, then (¢,p) = 1, since G > W. If
p = 3, then ¢ # 3, so one of the cases 1, 2, 3, 7, 8, or 9 holds, and the given partition has
at most 3 parts. If p # 3, then p > 5. Even in the remaining cases the given partition has

at most 5 parts. The remaining part of the statement can be easily checked. U

Using this Corollary we can prove the existence of the wanted G-regular partition for

any solvable p’-group.
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Theorem 5.4. Let G < Sym(f) be a solvable permutation group, Assuming that the order
of G is not divisible by the prime p, there exists a G-regular partition of Q into at most p

parts.

Before the proof we give an alternative form of this statement, which will be easier to
handle. Besides that, from this form it is clearer what the connection is between finding
a G-regular partition for a permutation group and finding a two-element base for a linear
group. If Q = {1,2,... n}, then we have a natural inclusion Sym(Q2) — GL(n,p), that
is, Sym(§2) acts on F) by permuting the coordinates. If we have a partition of € into at
most p parts, then we can color the elements of the partition by the elements of F,, that
is, there is an f : @ — I, such that z,y € {2 are in the same part of the partition if and

only if f(x) = f(y). Thus, Theorem is equivalent to the following theorem.

Theorem 5.5. If G is a solvable permutation group of degree n, and p does not divide the
order of G, then there is a vector (ai,as, ..., a,) € [, such that only the identity element

of G fizes this vector.

Proof. Although we do not deal with the case p = 2, we note that this follows from a
Theorem of D. Gluck [7]. A direct short proof is given by H. Matsuyama [19]. Thus, in
the following let p > 3.

If G is a primitive permutation group, then it is an affine group, so Corollary guar-
antees the existence of such a vector (or partition). In the following let G be a transitive,
but not primitive permutation group. Then there is a partition Q@ = A UAy U ... U A,
such that 1 < |A;] < || and G permutes the elements of this partition transitively. We
can assume that |A;| is as small as possible. Let H; = G(A;) for all 1 < i < k and
let N = Nk H;. Then G/N acts transitively on the set @ = {Ay, A, ..., A}, Using
induction on |$N?| we get a vector (aj,asg,...,a;) € IF’; such that only the identity element

of G/N fixes this vector.
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On the other hand, let Cy,(A;) = {9 € H; | g(w) = w, Yw € A;} be the point-
wise stabilizer of A; in H; for all 1 < ¢ < k. Taking the restriction of H; to A; we
get a homomorphism H; — Sym(A;) with kernel Cy, (A1), which gives us an inclusion
Hy/Cy (A1) € Sym(A;). By the minimality of Ay, the action of H;/Cpy, (A1) on Aq is
primitive, so we can find a H;/Cy, (A;)-regular partition of A; by Corollary , say Ay =
X711 U...UX;,;. Taking elements ¢g; € G (i = 2,...,k) such that ¢g;(A;) = A;, we define
the sets X; ; = ¢;(Xy,;) forall 1 <i <k andforall 1 <j <[ Then A, =X,;U...UX;,
is a H;/Cpy,(A;)-regular partition of A;.

If the first case of Corollary holds, then |A;| < p — 1. In this case let us choose a
subset B C F, such that |B| = |A;|, and let f; : A; = B+a; ={b+a; | b € B} be a
bijection for every 1 <17 < k.

If the second case of Corollary holds, then let X;; € {X11, X129, ..., X1} be a
part of the partition of Ay of unique size. Now, let the function f; : A; — [F,, be defined as
a coloring of the partition of A; satisfying f;(X;;) = a;.

Let the function f : Q — I, be defined as

Let g € G such that it fixes the vector (f(1), f(2),..., f(n)) € F} and assume that g(A;) =
A; for some i # j. If z € A;, then f;(z) = f(x) = f(9(z)) = f;(g(z)). In the first case
we get the range of f; is equal to the range of f;, so B 4+ a; = B + a;. As the additive
group of I, is a cyclic group of prime order, and B # F,, it follows that a;, = a,. In the
second case we have |[{z € A, | f(z) = a;}| = {y € Ai | f(y) = ai| = |Xiu| = |Xju]. As
X, is a part of the partition A; = X, U X, U ... U X,,; such that it is of unique size,
it follows from the construction of f; that a; = a;. So we proved that if g € G fixes the
vector (f(1), f(2),..., f(n)) € F}, then gN fixes the vector (a1, as,...,a;) € F}, s0 g€ N
and g(4A;) = A, for each 1 < i < k. Therefore, from the construction of the f;’s we get

g € N Cr (&) = 1.
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Finally, if the action of G' on €2 is not transitive, then let 2 = Q; Uy U. ..U be the
decomposition of 2 to the orbits of G. This decomposition defines a direct decomposition

FF=VieVasd...®&V to G-invariant subspaces. Using induction on |V;| we get vectors

x; € Vi such that Cg(x;) = Cq(V;). Then Co(xy + 20+ ... +a) =N, Ce(Vy)) =1. O

Remark. It was proven by A. Seress [23, Theorem 1.2.] that for any solvable permutation

group G < Sym(€) there always exists a G-regular partition of € into at most five parts.

Our next result concerning permutation groups is constructing regular partitions for

products of linear groups.

Theorem 5.6. For each 1 < @ < k let W; be a finite vector space over the p;-element
field, where p1 < py < ... < pi are primes and k > 2, and let W =W, @ Wy @ --- B W,
Furthermore, let G < Aut(W) ~ GL(W1) x GL(W3) X - x GL(W}). Then there exists a

G-regular partition W = {0} U Qs U Q3 such that || < }L|W|

Proof. Foreach 1 <i < klete; ;,€,,...,¢,, bea basis of Wi, where n; = dim W,
and let [ = ny + ...+ ng. Then |[W| > 2013, since k > 2. As @ is a subgroup of the
automorphism group of ®&W;, it fixes each W;. Let G; ~ G/Cs(W;) be the restriction of G
to W;. To construct a suitable €25 we use the cases 1-6 of Theorem [5.2] We saw that there

are subsets Qf CW; (i =1,...,k) such that

Gi() =1 for p; > 5, or [W;| < 3;
Gi(Q27) NGile;y) =1 for p; = 3 or |W;| = 4;
Gi(S5) N Gi(e; ) NGile;n) =1 for p; =2,n; > 3.

Now, let €25 be defined as

{Zz Qm} U {ng |n; = 2}, if each n; < 2;
{erg teap ern 260,610 e fUQTUQU.. UG, ifpr =2, >3;

{ei) +e fUQTUQs UL Uy, otherwise.
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In the first case if g € G(€2y), then g fixes each e;, and ), ¢; . It follows that g also fixes
each ¢;;, s0 g = 1 and the given partition is G-regular. Furthermore, || =1 -k +1 <
[ —1< 32713 < 1|W| holds.

Otherwise, if g € G(€)y), then g fixes each W; N Qy = QF

¥, and it permutes the one or

three exceptional elements. Using that g(e; ), g(e;5) € Wi, glea1) € Wa, we get g fixes
also these elements. Hence g acts trivially on every W;, so ¢ = 1, and we found a G-regular
partition.

It is easy to check that [Qf| < 2n; and [Q}] < 2n; — 3 if p; = 2, ny > 3. It follows
that [Q] <1420 < i21*13 < i|W| holds unless [ < 4. Now, assume that [ < 4. As some
n; > 3 we have |IW| = p3q for some primes p # ¢q. In case of p = 2 we have |Qf| = |Q}| =1,
so [Q] =3+ 1+1< 12°3 < 1|W/|. Finally, if [IW| = p*q for some primes p # 2, ¢, then
Qo] <1+6+1< 1332 < L), O

The last corollary of this section says that with a few exceptions the second largest part

of the G-regular partitions given above is relatively small.

Corollary 5.7. Let W be a product of finite vector spaces and G < Aut(W). Then,

depending of W, the G-reqular partition of W given above has the following property:

a) In case of |W| is neither a 2-power, nor a 3-power:

W = {0} UQy UQy such that || < 3|W].

b) In case of |W| is a 3-power:
W = {0} UQy UQ3UQy such that |Qs| =1 and |Qs| +2 < 2{W], of [W| > 9.

c) In case of |W| is a 2-power:
W ={0} U{e} U{e,} UQyUQs such that |Qu| < 3|W], if [W| > 16 or [W|=38.
Proof. First, if [I¥/] is not a prime power, then Theorem gives us a G-regular partition
W = {0} UQ,UQ; such that Q| < $|W|. If W is a one-dimensional vector space over the
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g-element field for some prime g > 5, then by choosing Qs = {e,} (see case 2 of Theorem
we have [Qs] =1 < 2 < 1|W/|. Finally, if |[IV| = ¢ for some n > 2 and for some prime
q > 5, then we use case 3 of Theorem . Now, we have |Qs| = 2n < 15" < 1|W/|. Hence
a) is proved.

In case of |W| = 3", case 4 of Theorem gives us a G-regular permutation. Then
| =1 and Q3] + 2 = 2n < 13" = 3|/W| holds if n > 3.

In case of |W| = 2" for some n > 3, we use cases 5 and 6 of Theorem If |W| =8,
then [Qy] =1 < & = $|W|. If [IW| > 16, that is, n > 5, then |Qy] = 2n — 3 < 12" = 1|W|.

The Corollary is proved. O

5.2 Primitive linear groups

In the following let V' ~ [ be a finite vector space and let G < GL(V) ~ GL(n,p) be a
solvable linear group such that (|G|, p) = 1. In this section we assume that G is primitive

as a linear group, that is, there does not exists a proper decomposition
V=VieV,e...eoV

such that G permutes the terms of this decomposition. In order to find vectors x,y € V'
such that Cg(z) N Cg(y) = 1, we can clearly assume that G is maximal (with respect to
inclusion) among the solvable p’-subgroups of GL(V'). The main idea of our construction
is the following. We find a normal subgroup F' <1 G which has a very special structure
and we show the existence of a basis of V' such that every element of F'is an “almost”
monomial matrix in this basis. Next, we choose x € V in such a way that any element
Cq(x) is also an “almost” monomial matrix in this basis. Then the permutation part of F
defines a product of linear spaces on this special basis, and the permutation part of C(z)
acts on this structure. Therefore, we can use the partitions given in the previous section

to find a suitable vector y.
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5.2.1 The structure of the Fitting subgroup

If G < GL(V) is a maximal solvable primitive p’-group, then it is a Hall p’-subgroup of
some maximal solvable primitive group H < GL(V). Using the description of such groups,

we have the following theorem for G.

Theorem 5.8. Let G < GL(V) be a mazimal solvable primitive p’-group. Then there is a

chain of normal subgroups A < F < C' < G with the following properties.
1. Ais cyclic and |A| = p* — 1 for some a.
2. The linear span of A is isomorphic to the field IFpa.

3. The action of G/C on A gives us an inclusion G/C — Gal(F.|F,).

4. F = AP\P,... P, where P, is an extraspecial p;-group of order p?eiﬂ for each 1.
Furthermore, Z(P;) = AN P;, and Fya contains all the p;-th roots of unity. If p; > 2,

then the exponent of P; is p;.
5. Lete =[] p;". Then n = ea.
6. C is included in GL(e,p®).

7. F < GL(e,p"%) gives an irreducible representation of F.

Proof. Let H < GL(V) be a maximal solvable primitive linear group containing G.
Some relevant properties of such a group can be found in [21, Proposition 2.1], [23, Lemma
2.2] and in [25] §§19-20]. First, H contains a unique maximal abelian normal subgroup,
denoted by A. Let F' = Fit(Cy(A)), the Fitting subgroup of Cyx(A). Then we have a
chain of normal subgroups A < F < Cy(A) < H. Using Cy(A) instead of C in the
enumerated statements of the theorem, it is known that any of these statements holds.

Specifically, A and F' both are normal p’-subgroups of H, so they are contained in any
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Hall p’-subgroup of H. As G is a Hall p’-subgroup of H, we get A < F' < G. Finally, let
C=Cq(A) =GNCy(A). It is clear that statements 3 and 6 hold for C, so we are done.
0

The next lemma says that it is enough to find =,y € V such that Ce(x) N Co(y) = 1.

Lemma 5.9. Let z,y € V be non-zero vectors such that Co(x) N Ce(y) = 1. Then for
some v € AU{0} = Fpe we have Ce(x) N Cal(y + yx) = 1.

Proof. For any g € G let 0, € Gal(F,q|F,) denote the action of gC on F,« by part & of
Theorem 5.8} For all a € Fpe let Hy = Ci(2) NCg(y + ax) < G. Our goal is to prove that
H, =1 for some o € Fpe.

Let g € H,. Thus, g(z) = x and y + ax = g(y + ax) = g(y) + a’92x. Hence g(y) =
y+ (o« —a%)zx. If g € (UH,), then g is the product of elements from several H,’s. It
follows that g(y) = y + dz for some § € Fpa.

We claim that (UH,)NC = 1. Let g € (UH,)NC. On the one hand, the action of g on
V' is Fpe-linear, since g € C' = Cg(A). On the other hand, g(x) = x and g(y) = y + oz for
some d € F,a by the previous paragraph. If ¢" = 1, then y = ¢"(y) = y + ndz, so nd = 0.
Using that |G| is coprime to p, we get n is not divisible by p, hence § = 0. Therefore,
9(y) =y and g € Co(x) N Co(y) = 1.

Let g, h be two distinct elements of UH,, so gh™! & C. Since G/C is embedded into
Gal(Fp.|F,), we get o4 # 0. Furthermore, the subfields of F,. fixed by o, and o), are the
same if and only if (g) = (h).

If g € HyN Hp, then g(y) = y+ (a — a”)x = y + (6 — 79)z, so a — [ is fixed by
o4. Let K, ={a € Fpe | g € H,}. The previous calculation shows that K|, is an additive
coset of the subfield fixed by oy, so |K,| = p? for some d|a. Since for any d|a there is a
unique p?-element subfield of F«, we get |K,| # | K| unless the subfields fixed by o, and

oy, are the same. As we have seen, this means (g) = (h). Consequently, |K,| # |K}| unless
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K, = Kj,. Hence we get

U K< Y seyr=tt <

gE€UHL\{1} dla, d<a d<a

So there is a v € Fp. which is not contained in K, for any g € UH, \ {1}. This exactly

means that H, = Cq(z) N Ce(y +yz) = 1. O

Henceforth, in the following we can assume that V' ~ Fr,, furthermore, G < GL(V) ~
GL(e,p”) is a solvable p’-group having normal subgroups A < F' < G, where A is the
subgroup of all non-zero scalar matrices, and parts 4, 5, 7 of Theorem hold for F.

Observe that for each prime p # 2, part 4 of Theorem determines the isomorphic
type of the Sylow p-subgroup of F', since there are two types of extraspecial groups of
order p?™*! for any p: For p # 2 one of them has exponent p, the other one has exponent
p?. However, for p = 2 both of them has exponent 4. In this later case one of them is the
central product of d copies of the dihedral group Dy, the other one is the central product
of a quaternion group ) and d — 1 copies of D,. This gives us two possible isomorphism
types of F'if p® =3 (mod 4). We say that F' is monomial, if in the above decomposition
of F either each p; # 2 (that is, e is odd), or the extraspecial 2-subgroup in F' is a central
power of Dy. Otherwise we say that [’ is not monomial. (The explanation of our term
“monomial” is that in the first case we can choose a basis such that written in this basis

every element of F will be a monomial matrix.)

5.2.2 Finding x,y € V in case of F' is monomial

In the following let F' <1 G < GL(V) ~ GL(e,p*) as in the previous subsection and assume

that F' is monomial. The next theorem helps us to find a “good” basis to F.
Theorem 5.10. With the above assumptions, the following properties hold for F < GL(V):
1. There is a decomposition F'= D x S such that D = A x Dy, and

~ ~ €1 €2 €L
Do~ S~2Z X Z2X...xZ}F
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2. There is a basis uy,uy,...,u, € V such that in this basis D consists of diagonal

matrices and S reqularly permutes the elements of this basis.

3. The subspaces (u;), 1 <1i < e are all the irreducible representations of Dy over Fpa,

and they are pairwise non-equivalent.

4. Written in the above basis, the main diagonal of any g € Dy contains all of the

o(g)-th roots of unity with the same multiplicity.

Proof. It is well-known that any extraspecial p-group is a central product of non-abelian
groups of order p®. Using that P is a central power of D, for p; = 2 and the exponent of

P; is p; for p; > 2 we can find generators

P = <$i,1, Ti2y- -y Tier Yi1r Yi2s -+ - Yisess Zi> )
such that any generator is of order p;, Z(P;) = (zi), [T, yig) = 2z for all 1 < [ < ¢,
and any other pair of generators are commuting. Now, let D; = (z;1,%;2,...,Z;.,), and

Si - <yi,17 Yi2,y - - 7y7i,ez->~ FinaHY7 let
D=AXDy XxDyx---xD, and S=57 x5y x---%x5.

Using part 4 of Theorem , we get A = Iy, contains all of the exp(D)-th roots of unity,
hence every irreducible representation of D over F,. is one dimensional. Fix an v, € V
in such a way that F,u, is a D-invariant subspace. Choosing Dy = Cp(u;) we have
D:AxDo,andDolex---xDk:S:Z;} X e X 25k

Let the basis {u;,us,...,u,} be defined as the set {s(u,)|s € S}. First, e = |S| =
dimV. As D <« F, it follows that Ds(u;) = sD(u), so Fpasu, is also a D-invariant
subspace for all s € S. Hence (u;,us,,...,u,) is an F' = DS-invariant subspace, so it is
equal to V by part 7 of Theorem Therefore, {u;,u,,...,u,} is indeed a basis of V.

Then 2 clearly follows from our construction.
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The 3rd part of the statement follows easily from the fact Cs(Dy) = 1. Indeed, let
u; # u; be two basis elements. Then u; = s(u;) for some 1 # s € S. Furthermore, let

d € Dy such that [d,s] € A\ {1}. Then

d; Uy = d(ﬂj) = ds(y;) = sd[d, s|(v,;) = [d, 3](dz‘z@j)-

1

It follows that d;; # d;;, which proves that these representations of Dy are pairwise non-
isomorphic. The statement that these representations give us all the irreducible represen-
tations of Dy follows from the fact |Dy| = e.

Finally, any linear representation of (g) can be extended to Dy in exactly |Dy|/o(g)

ways, which proves 4. O

In the following we fix a basis u;, u,, . .., u,, which fulfill the requirements of the above
theorem. With respect to this basis, we identify GL(V') with the matrix group GL(e, p®).
Thus, F'= DS < G < GL(e, p*), where D is the group of diagonal matrices in F' and S is
the group of permutation matrices in F' acting regularly on the selected basis. Furthermore,
D = A x Dy, where Dy = Cp(u,) = Cr(uy).

To find a base x,y € V we write them as a linear combination of the basis vectors
Uy, Us, ..., U, in such a way that z contains only a few (one or three) u; with non-zero

coefficients, while y contains a lot of them.

Our next lemma collects some consequences of the choice x = u;:
Lemma 5.11. Let g € G be any group element fixing g(u,) = uy. Then

1. D§ = Dy and g is a monomial matriz. Hence there exists a unique decomposition

g =9(9)m(g) to a product of a diagonal matriz 6(g) and a permutation matriz w(g).
2. w(g) normalizes S, that is, S™9) = S.

3. Both 6(g9) and 7(g) normalize I, so F' = F°9) = [79) . Moreover, [§(g),S] < D.

4. If 6(g) # 1, then the number of 1’s in the main diagonal of 6(g) is at most 3e.
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Proof. The statement D = Dy follows from the fact Dy = Cr(u;) < Cg(u,). Con-
sequently, g permutes the homogeneous components of the Dy-module V. By part 3 of
Theorem these homogeneous components are just the one-dimensional subspaces (u;)
for 1 <i <e. It follows that g is a monomial matrix. Of course, a monomial matrix g has
a unique decomposition g = d(g)m(g), and part I is proved.

The map 7 : g — 7(g) gives us a homomorphism from the group of monomial matrices
into the group of permutation matrices. As g € G normalizes I, we have m(g) normalizes
m(F) =S and 2 follows.

Both g and 6(g) normalize D, hence 7(g) = d(g) 'g normalizes D, too. We have
already seen that 7(g) normalizes S, so it also normalizes F' = DS. We get §(g) = gr(g) ™"
also normalizes F. Finally, [0(g),S] is a subset of F' and it consists of diagonal matrices,
so [0(g),S] < D and 3 holds.

If 6(g) # 1, then §(g) is not a scalar matrix, so there exists an s € S such that
[6(g),s] € D\ {1}. Using part 4 of Theorem [5.10} we get the number of 1’s in the main
diagonal of [§(g), s] is at most 1e. This cannot be true if the number of 1’s in 6(g) is more

than %e. We are done. O

By part 2 of Lemma , T(Ca(u)) < Cargepe)(u;) normalizes S, so it acts on
S by conjugation, which defines a homomorphism from 7(Cq(u,)) to Aut(S). In fact,
this homomorphism is an inclusion, since Carepe)(u;) N Careps)(S) = 1. Therefore,
m(Ca(uy)) < Aut(S) ~ GL(e1,p1) X GL(ea, pa) X -+~ GL(ex, pr)-

Thus, we can apply Corollary to find a w(Cg(u,))-regular partition of S. Since S
acts on the basis W = {u,,u,,...,u.} regularly, using the bijection s — s(u;) we can

define a partition W = {u;} UQs U ... Uy, which is also 7(Cg(uy))-regular.
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Case e # 2F

In the following we will assume that |Dy| = |S| = e is not a 2-power. In every such
case let © = u,. By the last paragraph, we have a 7w(Cg(u,))-regular partition W =
{u, } UQ U ... UQ. Let o € Fpe be a generator element of the multiplicative group of
Fpa. Now, o(a) = |A] > 6, since |A] is even (because p # 2) and every prime divisor of e

divides |A].

Theorem 5.12. With the above notations let y be defined as follows

For e # 3F : y:O'ZQi—Fl-ZQi,
HiGQQ E»;EQZS
Fore=3% k>2: y:a-Zgi—i-UZgi—i-l-Zgi,
HiGQQ EiEQS Hiegél
Fore=3: Y = Uy + us.

Then Ce(z) N Cea(y) = 1.

Proof. Let g € Cg(x) N Cq(y). Since g fixes u; = x, we get g is a monomial matrix by
Lemma [5.11] so we have a decomposition g = d(g)m(g).

In case of e # 3% our first observation is that 7(g) fixes the subset Q2 C W. To see
this, notice that if the monomial matrix g fixes y, then m(g) permutes the basis elements
appearing in y with zero coefficients between each other. So 7(g) fixes both u;, U Qy and
uy (since g does), therefore it fixes Q. As W = {u;} UQs U Q3 is a m(Cg(uy))-regular
partition, we get w(g) = 1. Hence g = d(g) is a diagonal matrix. If g; denote the i-th
element of the main diagonal of g, then g € Cg(y) holds only if g; = 1 for all u;, € Q.
We also have g;; = 1. Since e is neither a 2-power nor a 3-power, we can apply part a) of
Corollary [5.7) to get || < e. Using part 4 of Lemma it follows that g = 1.

In case of e = 3%, k > 2 we see that 7(g) fixes the subset Q3 C W, since these elements
occur with coefficient 0 in y (not counting x = w, which is already fixed by g). However,

in this case it is possible that m(g) moves the unique element of €25 into an element of €.
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Of course, in that case it moves an element of €, into the element of €2,. This results the
appearance of an o and an ™! in the main diagonal of §(g). It follows that the number
of elements different from 1 in the main diagonal of §(g) is at most |23| + 2, which is less
than te if e > 9 by part b) of Corollary . By part 4 of Lemma we get §(g) = 1,
hence 7(g) also fixes the unique element of s, so g = 7(g) = 1.

In case of e = 9 we have y = av-u; +0-u;+1->7, ., ;. Then m(g) fixes u;. If w(g) does
not fix w;, then in the main diagonal of (g) there are an a and an o, possibly 6(g);; # 1,
any other element is 1. Since S acts regularly on W, we can choose an element s € S which
takes the basis element corresponding to a~! into the basis element corresponding to c.
Then, the main diagonal of [§(g), s] € D contains an o # 1 and at least four 1’s. However,
there is no such an element in D = A x Dy by part 4 of Theorem [5.10, a contradiction.
So 7(g) fixes also u;. It follows that 7(g) = 1. Furthermore, g;; is the only element in the
main diagonal of g = §(g) which can be different from 1. Using part 4 of Lemma we
get g = 1.

Finally, let e = 3. If g € Cg(x) N Cg(y) is a diagonal matrix, then clearly g = 1.

Otherwise,
10 0 a 0 0 00 1
5g)=10 o 0 |and[d(g),s]=]0 a2 0l fors=|1 0 o|€S.
00 at 0 0 «a 010

Since o(a) > 6 we get a # a2, so [0(g),s] ¢ D by part 4 of Theorem [5.10, which
contradicts to part 3 of Lemma [5.11] O

Case ¢ = 2F

Still assuming that F' is monomial, now we handle the case e = 2* for some k. We note
that in case of e > 128 we could give similar constructions as we did in Theorem [5.12
However, for a more uniform discussion we alter these constructions a bit, so it will be

adequate even in smaller dimensions. The point of our modification is that we do not
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choose z as a basis element this time, rather as a linear combination of exactly three basis
vectors. Although this effects that C(z) will not be monomial any more, we can cure this
problem by a good choice of y.

In case of e = 2 any basis will be obviously good, let for example x = u,,y = u,. Now,
we analyze the case e = 4. According to Theorem we choose a basis u;, uy, us, uy € V.
In this case F' = AD,S, where the Klein groups Dy = (d;, dy) and S = (sq, s9) are generated

(independently from the base field) by the matrices:

1 1 0010 0100
a| ! A |00 0] 1000
-1 1 1000 0001

-1 -1 0100 0010

If the size of the base field is not equal to 3,5 or 9, then the following theorem gives us a

good pair of vectors x and y.

Theorem 5.13. Let F' = A{dy,ds, s1,82) <G < GL(4,p%), and assume that p* # 3, 5, 9.
Furthermore, let o € Fpa \ {0} such that o® # 1. Set x = uy + aug + o tuy, y =u,. Then
Cg(SC) N Cg(y) =1.

Proof. Let g € Cg(x) N Cg(y). By the choice of y we know that g is a monomial
matrix. The first element in the main diagonal of d(g) is 1, and the others are from the
set {1,a,a7t a? a2}, If 6(g) contains an a or an a~!, then for some s € S we get
[6(g), s] € A x Dy contains both a and o~!. By part 4 of Theorem this is impossible

unless o(a?)[4 which does not hold. It follows that either g = 1, or

10 0 O a? 0 0 0
01 0 O 0 a2 0 0
= , and 0(g),s1] =
“loo o0 @ P@=10 e
0 0 a2 0 0 O 0 o
As [0(g), s1] € D we get o(a*)|2, which is again impossible. O
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The aim of the next theorem is to make the problem clear for G < GL(4,3) and for
G < GL(4,9). However, our construction works equally well over every finite field of

characteristic 3. In the proof we need to use the assumption (|G|, |V]) = 1.

Theorem 5.14. Let F' = A{dy,dy,s1,5) < G < GL(4,3%). Furthermore, set 1, =
Uy + Us +uy, and y; = uy. Then |Co(z1) N Ca(yr)| < 2. If 21,31 is not a base for G, then
let 1 # go € Ca(x1) N Ca(y1). Then go is a permutation matriz fizing one of the elements

Uy, Us, Uy If, for example, go(uy) = uy, then let us define the vectors xa,y2,x3,y3 € V as

Ty = Uy + Uy + Uy, Yo = Uy + Ug;

T3 = Uy + Uy — Uy, Ys = Uy + Us.

Now, either Cq(x2) N Cq(y2) =1, or Cg(xs) N Calys) = 1.

Proof. We know that Cg(y1) consists of monomial matrices by part I of Lemma [5.11]
so any g € Ce(z1) N Ca(y1) acts as a permutation on the set {u,, us, u,}. Since the order
of |G| is not divisible by 3, we get Cg(z1) N Cg(yp) is isomorphic to a 3'-subgroup of the
symmetric group Ss, so |Ca(z1) N Ca(y1)| < 2.

Let us assume that

e d.

4do

o O O =
o O = O
_ o O O
S = O O

Now, Cg(u, + uy) normalizes the subgroup N = Cr(u; + us) generated by the elements

ds, s1. It is easy to check that the N-invariant subspaces

(ug +ug), (g —ug), (Uy+1uy), (U —uy)

are pairwise non-equivalent representations of N. Hence Cg(u; + u3) permutes these sub-

spaces. (In other words, it consists of momomial matrices with respect to this new basis.)
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Of course, Ca(u; + uy) fixes the subspace (u; +u3). Using again that |G| is not divisible

by 3, we get at least one of the following holds:

Vg € Coluy +ug) @ gluy —u3) = ay(uy —uy)  for some o, € F,
Vg € Caluy +ug) = g(uy + uy) = ag(uy +1uy)  for some ay € Fa,

Vg € Caluy +ug) @ g(uy — uy) = ay(uy —u,) for some oy € F.

In the first case Cq(u, + uy) fixes both subspaces (uy,u;) and (u,,u,). Thus, if g €
Ce(uy+us) fixes either xy or xg, then g(u;) = u,, and g is a monomial matrix. Furthermore,
either g = 1, or g(u,) = PBuy and g(u,) = yu, for some 3,7 € Fy.. However, it that case
the order of gog € G is divisible by three, a contradiction. We get Cg(x2) N Ca(ys) =
Ce(z3) N Calys) = 1.

In the second case we claim that Cg(x2) N Cq(y2) = 1. Let g € Cg(xz) N Cq(yz). If
9(uy —uy) = B(u, —ug) for some 8 € Fr., then g = 1 by the previous paragraph. Otherwise,

g(u; — us) = v(uy — wy) holds for some y € Fi.. Using that 5 = —1 in Fae we get

1
9l +uy + ) = S(g(wy + u3) + 9wy —us)) +9(uy +uy) =
= (g +ug) = YUy — wy) + ag(Uy + ) # g + Uy + 1y
This contradiction shows that Cg(z2) N Ca(y2) = 1.

Finally, in the third case the proof of Cg(x3) N Ca(ys) = 1 is essentially the same as

the proof was in the second case. U

Remark. In the above example, if we start from the decomposition F' = AD{S’, where
D{ = (da,s1) and S" = (s9,d;), then the corresponding basis {u},ub,uf, )} suitable to

Theorem [5.10| will be the following
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Written in this new basis, the vectors xs, yo, x3, y3 have the following form

/ ! ' /.
To = —U; — Uy + Ug, Yo = Uy;

/ ' / '
T3 = —U; — Uy + Uy, Yz = Uy

Hence in case of G < GL(4,3%) we can assume that there exists a pair z,y such that
Cq(x) N Cq(y) = 1, where y = u,, and x is the linear combination of exactly three basis

vectors with non-zero coeflicients.

In case of GL(4,5) we used the GAP system [6] to find x and y.

Theorem 5.15. As before, let F = A(dy,ds, s1,52) < GL(4,5), and let N denote the
normalizer of F in GL(4,5). Then, for x = u, + uy + 2us and y = uy + ug + 2u, we have
Cn(z)NCn(y) =1

The constructions given in the last three theorems have the common property that x is
a sum of exactly three basis vectors with non-zero coefficient. Capitalizing this property,
we shall give a uniform construction in any case of F' = ADyS <1 G < GL(2%,p®) for all
k > 3. Possibly taking a permutation of the basis vectors u,, u,, ..., u, we can assume that

{1y, uy, us,u,} corresponds to a two dimensional subspace of S, that is,
{ug, wo, ug, uy b = Sa(uy) = {s(wy) | s € So}  for some Sy < S, [Sy| = 4.

Let V' = (uy,uy,uq,uy) < V be the subspace generated by the first four basis vectors,
and let Np(V’) be the subgroup of elements of F' fixing V’. Then the restriction of
Np(V') to V' defines an inclusion Np(V')/Cr(V’) into GL(V'), so we get a subgroup
F' = A(dy,dy, s1,82) < GL(V'). If g € Ng(V'), then it is clear that gy normalizes F”.
Using the previous results, we can define xg,yg € V' such that xq is the linear combination
of exactly three basis vectors and Ng (V') N Ceq(xo) N Cea(yo) acts trivially on V'. Starting
from the vectors xg, 1o, we search a base z,y € V of the form x = xq, y = yo + v, where

ve V" = (usug,-..,u,). The following lemma answers why this form is useful.
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Lemma 5.16. Cg(x) fizes both subspaces V' and V", that is, Ca(z) < Ng(V')NNg(V").
As a result, for any v € V" we have Cg(xo) N Ca(yo +v) = Ca(xo) N Ca(yo) N Ca(v) acts

trivialy on V'. In particular, Cg(xg) N Cq(yo + v) consists of monomial matrices.

Proof. It is enough to prove the inclusion Cg(z9) < Ng(V') N Ng(V"), the rest of
the statement follows evidently. Our proof is similar to the way we have proved that
Cq(u,) consists of monomial matrices. As there are three basis elements in xy with non-
zero coefficients and S ~ Z& regularly permutes the basis elements, we get Cr(z9) < D,
i.e., every element of Cr(x) is diagonal. Hence every element of Cr(x¢) fixes the three
basis elements appearing in zy. Using the assumption that wu,,u,,us,u, corresponds to
the subspace Sy < S, it follows easily that any element of D fixing three of the basis
elements uy, uy, us, uy, must fix the fourth one, too. Let N = Cp(zy) = Cp(V’). It follows
that |Dy : N| = 4, so V' is just the homogeneous component of N corresponding to the
trivial representation, while V" is the sum of the other homogeneous components of N.
As N < Cg(zg), every element of Cg(xg) permutes the homogeneous components of N.
Since xg € V', we get Cg(xg) fixes V| so it also fixes the sum of the other homogeneous

components, which is V", O

It is time to define the vector v, whereby we close the monomial case. We already know
by the previous lemma that Cg(zo) N Ce(yo + v) consists of monomial matrices for any
v € V" so we can use Corollary to define a 7w(Cg(xo) N Cq(yo))-regular partition on
W= {uy, uy, . u}-

Theorem 5.17. By part c) of Corollary let W = WoUQuUQs be a m(Ca(x0)NCo(yo))-
reqular partition of W = {u,, uy,...,u,} such that Wy = {u,, uy, us,u,} corresponds to a

two dimensional subspace of S. Let the vectors x,y € V be defined as

T =2y, Y=1YyY+v, where v:0-2gi+1-2gi, for e # 16.

u; €Qy ﬁiGQS
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In case of e = 16 this construction does not work (since it was an exceptional case in
Corollary [5.7). In this case let u,, u, € {us,ug...,u5} be two vectors corresponding to
elements from different cosets of Sy in S. In this case let x,y € V be chosen as

T =To, Y= Yo+, where v=0-u,+ (=1)-u, +1- Z U;.

i€{5,6,...,16}
i#£s,t

Then we have Cg(x) N Cq(y) = 1.

Proof. We know by the previous lemma that any g € Cg(x) N Cg(y) is a monomial
matrix fixing all elements of W5. Also €y is fixed by 7(g), since exactly the elements of
Wy U 4 occur with coefficient 0 in v. It follows that m(g) = 1. Hence g = d(g) is a
diagonal matrix, and any element in its main diagonal not corresponding to {24 must be
1. Furthermore, |Q4] < ZUW‘ in case of e # 16 by part ¢) of Corollary , so we get
g =0(g) =1 by using part 4 of Lemma[5.11]

In case of e = 16 for any g € C(x)NCq(y) we have 7(g)(uy) = u,. Now, if 7(g)(u,) = w,
does not hold, then the number of elements in the main diagonal of §(g) different from 1
should be 2 or 3, which is again a contradiction to part / of Lemma m Hence §(g) =1
and 7(g)(u,) = u,. By our choice of the vectors ug, u, we get g = m(g) = 1, which proves

the identity Cq(x) N Ca(y) = 1. O

5.2.3 Finding z,y € V in case of F' is not monomial

In the following we examine the case when F' is not monomial. Thus, the extraspecial
2-group, say Pp, in part 4 of Theorem is the central product of a quaternion group
@ by some number of dihedral groups Dy. If A € A is a field element of order four, and
Q = (i,j) < Py is the quaternion group generated by the elements i,j of order four,
then by defining H = (\i, \j) < AQ we get H ~ D, and AH = AQ. Therefore, in the

decomposition of F' we can exchange () with a subgroup isomorphic to Dy, so we get the
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monomial case. Hence we can assume that A does not contain a fourth root of unity. Our

next theorem is analogous to Theorem [5.10}

Theorem 5.18. With the above assumptions, the subgroup F < GL(V') has the following

properties

1. There exists a product decomposition F' = QFy such that F; = Cp(Q) = D x S =
(A X Dy) xS and

~ ~ e1—1 €2 ek
Do~ S>~7Z3""" X Z2 X ... X Z}F

2. There exists a basis Uy, Vy, Uy, Vg, - - -, Ug o, Voo € V' such that in this basis the elements
of D are diagonal matrices, while S permutes the set of ordered pairs {(u;,v;) |1 <

i <e/2} regularly.

3. The subspaces (u;) are all the irreducible representations of Dy over Fpa and they are

pairwise non-equivalent.

4. In the above basis, the main diagonal of any g € Dy contains all of the o(g)-th root

of unity with the same multiplicity.
5. For all 1 <i<e/2 any element of D restricted to W; = (u;,v;) is a scalar matriz.

6. If an element g € QD has an eigenvector in V', then g € D.

Proof. Let P, = QT be the central product of the quaternion group @) by the extraspecial
2-group T, where T is a central power of some D,’s. Applying part 1 of Theorem to
the group Fy = AT P,P; ... P, the first statement follows at once.

Let V4 < V be an irreducible Fij-invariant subspace of V. As Z(F;) = A consists
of scalar matrices and F} is nilpotent, Fi acts faithfully on Vj, so the restriction of Fj
to V} gives us an inclusion F; < GL(V}). It is well-known that if R is an extraspecial

r-group of order r*™*! for some prime r, then the degree of every faithful, irreducible
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complex character of R is r™, and the character values of such a character are in the
r-th cyclotomic field. It follows that the degree of every faithful, irreducible complex
characters of I is equal to e/2. Furthermore, the character values of such a character are
in the p* — 1-th cyclotomic field. Using [14, Theorem 15.13], we get that every faithful,
irreducible F.-representation of Fy has dagree e/2 and its character values are in Fpa.
Such a representation is an extension of an [Fj.-representation of Fy by [14, Theorem
9.14]. It follows that the degree of any faithful, irreducible Fj.-representation of Fj is
equal to e/2, hence the dimension of V; is e/2. By Theorem [5.10] there exists a basis
{uy, uy, ...} € Vi such that D consists of diagonal matrices with respect to this basis,
while S regularly permutes the elements of this basis. So statement & follows from the
corresponding part of Theorem [5.10

Let W; = (q(u;) | ¢ € @) be the smallest Q-invariant subspace containing w;. Then each
W; is a homogeneous Dy-module, since () centralizes Dy. Additionally, these subspaces are
pairwise non-equivalent Dy-modules.

Since () centralizes also S, we get S regularly permutes the subspaces W;. It follows
that W, @ Wo @ ... @ W,y is an F-invariant subspace, so it is equal to V. Comparing
dimensions we get each IW; is two dimensional. Let us choose elements v, € W, such that
u;,v; is a basis of W; for all i, and the set of vectors {v,v,,...,v, 5} is an orbit of S. Then
2 and 5 follows obviously.

Using part 4 of Theorem [5.10] statement 4 follows immediately.

Finally, let g = qd € QD \ D, so ¢ € Q \ {£1}. As the elements of ) are commuting
with the elements of D and the exponent of D is not divisible by 4 (here we use that A
does not contain a fourth root of unity), we get the order of g is divisible by four. It follows
that g°(9)/2 is an element of @ of order two, hence g°9/2 = —I. Therefore, if A € Fja is an
eigenvalue of g, then \°9)/* ¢ Fp« would be a fourth root of unity, a contradiction. Hence

any element of QD \ D does not have an eigenvector in V', which proves 6. O
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In the following let Vi = (uy, uy, ..., U /o) and Vo = (v, Vg, ..., Ve jp). Then V =V, 6 V5.
Let Ng(V1) denote the elements of G fixing the subspace V;. The restriction of Ng (V1)
to V1 gives us a homomorphism Ng(Vy) — GL(V;) with image G; ~ Ng(V1)/Cq(Vh).
Furthermore, F} is included into G, via the restriction of F; to Vi, and its image is a
normal subgroup of Gy isomorphic to F;. So we can use the constructions of the monomial
case to find vectors xq,y; € V4 such that Cg, (1) N Cq, (y1) = ly,. Furthermore, in cases
e/2 # 2% and e/2 = 2 we have 1 = u; by Theorem , while in cases /2 = 2%, k > 2

we found z1 € (uy, uy, us,u,) as a linear combination of exactly three basis vectors, while

Y1 € Uy + (U, Ug, - -+, U sp). (Theorems [5.13)5.14} 5.17, and Remark after Theorem

Using these constructions we define the vectors z,y € V' as follows.

Theorem 5.19. Using the vectors x1,y, € Vi defined above let

T =1, y=uv, +y1, in casese/2# 2% ore/2=2;

r=v,+r1, Y=, in cases e/2 = 2k, k > 2.

Then Cg(x) N Ca(y) = 1.

Proof. First, let ¢/2 # 2% or ¢/2 = 2. Choosing a g € Cg(z) N Cg(y) it normalizes
the subgroup Cr(z) = Cr(u,) = Dy, so it permutes the homogeneous components of Dy,
that is, the subspaces Wi, Ws, ..., We/. Then it is clear from the construction of y that
g also centralizes v,, so the restriction of g to W; is the identity. As g permutes the
subspaces Wy, Wa, ..., W9, it follows that g can be written in a unique way as a product
g = 02(g)ma(g), where d5(g) is a 2-block diagonal matrix, while m3(g) = m(g) ® I3, where
7(g) denotes the permutation action of g on the set {W;, Ws, ..., We/p}. Similarly to part
3 of Lemma one can prove that [05(g), S] < @QD. Now, if u; appears with a non-zero
coefficient in y, then the i-th block of d5(g) must be a lower triangular matrix. From our
constructions given in Theorem (see also parts a) and b) of Corollary it follows

that more than half of the blocks of d5(g) are lower triangular matrices. Therefore, for any
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s € S at least one block of [d2(g),s] € QD is a lower triangular matrix. Using part 6 of
Theorem [5.18 we get [02(g), s] € D for every s € S. Since the first block of d,(g) is the
identity and S regularly permutes the blocks we get every block of d,(g) is a scalar matrix
by part 5 of Theorem[5.18] In particular, d>(g) is a diagonal matrix. Hence g is a monomial
matrix, and it fixes the subspace Vi = (u;, Uy, ..., % o). As gv; € Cg,(21) NCq, (1) = 1vy,
we get g acts trivially on V;, so m(g) = 1, and ¢ is a diagonal matrix. Finally, using that
the restriction of g to any W; is a scalar matrix, and g(u;) = u; for all ¢ it follows that
g = 1, what we wanted to prove.

In case of e = 28, k > 2 we claim that Cr(z) = Cr(v;) N Cr(z;) < Dy. As the set of
subspaces Wy, Wy, W3, Wy corresponds to a subspace of S, it follows that C'r(x) permutes
these subspaces. Now, for any g € Cp(x) there exist u;,u; occuring in  with non-zero
coefficients such that g moves u, into a multiple of uj, SO u; is an eigenvector of the 2-block
diagonal matrix d2(g) € QD of g, hence d2(g) is a diagonal matrix by part 6 of Theorem
(.18 Consequently, g cannot take v; into a multiple of some u;. So Cp(z) fixes both v,
and x1, which proves that Cr(z) = Cp(vy) N Cr(x1) < Dy.

It follows that the homogeneous component corresponding to the trivial representation
of Cr(z) < Dy is just the subspace Wy @ Wy @ W3 @ Wy, while the subspace generated
by the other homogeneous components of Cp(z) is W5 @ W @ - - - @ W, /o. Since any g €
Ce(x)NCq(y) normalizes Cr(x), it fixes both W, @Wo®W3s®Wy and Ws @WeD- - - @ W )s.
As y is of the form y = u; + (us, U, - - -, U o), it follows that g(u;) = u,;, so g fixes the
subspace Wj. Using the construction of = we get g(v,) = v, so g acts trivially on Wj.

From this point the proof is the same as it was for the previous case. O

5.3 Imprimitive linear groups

As before, let V' be a finite vector space over F, for some prime p # 2, and let G <

GL(V) ~ GL(n,p) be a solvable linear group such that (|G|, |V]) = 1. In case of G is a
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primitive linear group, the previous section gave us a base x,y € V. Using this result, in
this section we handle the case when G is not primitive as a linear group.
It follows from Maschke’s theorem that V is a completely reducible G-module. The

next obvious lemma reduces the problem to irreducible G-modules.

Lemma 5.20. Let V = Vi &V, be the sum of two G-invariant subspaces. Then G/Cq(V;) <
GL(V;) acts faithfully on V;. Using inductive hypothesis, for i = 1,2 set x;,y; € V; such
that Cg(x;) N Ca(y;) = Ca(Vi). Then Cg(xy + x2) N Ca(yr + y2) = 1.

In the following let G < GL(V) be an irreducible, imprimitive linear group. Thus,
there is a decomposition V' = @F_ | V; such that k& > 2 and G permutes the subspaces
V; in a transitive way. We can assume that the decomposition cannot be refined. For
each 1 < i < klet H = {g € G | gV; = V;} be the stabilizer of V; in G. Then
H;/Cy,(V;) < GL(V;) is a primitive linear group, and the subgroups H; are conjugate in
G. Of course, (|H,|,|V1]) = 1, so, using the previous section we can find vectors z1,y; € V}
such that Cy,(z1) N Cyy (1) = Ch,(V1). Let {91 = 1,99,...,9x} be a set of left coset
representatives for H; in G such that V; = ¢;V; for all 1 < ¢ < k and let x; = g;xq,
y; = g;y1. It is clear that H; = ng;l and Cq, (z;) N Cx,(y;) = Cu,(V;).

Now, N = N¥_, H; is a normal subgroup of G, the quotient group G/N acts faithfully
and transitively on the set {V1, V4, ..., Vi}, and |G/N] is coprime to p. Using Theorem
we can choose a vector (aj,as,...,a;) € IF’; such that only the identity element of G/N

fixes this vector.

Theorem 5.21. Let the vectors x,y € V' be defined as

k

k
T = in, Yy = Z(yz + a;x;).
=1

=1

Then Cq(z) N Ceq(y) = 1.
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Proof. Let g € Cg(z) N Cq(y). Assuming that gV; = V; for some 1 < 4,5 < k we get

gr; = z; and g(y; + a;x;) = (y; + ajz;). Choose ¢’ = gj_lggi € G. Then
gry =z and ¢'(y1 +air1) = (y1 + airr) + (a5 — a;)2n, (5.1)

so ¢’ stabilizes the subspace (z1,y1) < V4. If y; = cxy for some ¢ € F,, then ¢'y; =
y1. Using Equation (5.1) we get a; = a;. Otherwise, x1,11 + a;x1 form a basis of the
(¢')-invariant subspace (x1,y;). With respect to this basis the restriction of ¢’ to this

subspace has matrix form

If a; —a; # 0, then this matrix has order p, so p divides the order of ¢’ € G, a contradiction.
Hence in any case a; = a; holds for gV; = V;, which exactly means that g/N € G//N stabilizes
the vector (aq,aq,...,ax). It follows that g € N. So gz; = x; and gy; = y; holds for any
1<i<k,and g € NF_ Cy,(V;) = Ca(V) =1 follows. O
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