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Abstract

This thesis is concerned with the study of certain classes of nonlinear fourth
order boundary value problems. They are motivated by some physical problems.
Sufficient conditions for the existence of solutions under various assumptions are
presented.

After an introductory chapter, we discuss (in Chapter 2) a fourth order equation
involving a quite general nonlinearity. A variant of the method of lower and upper
solutions is presented. The existence of a solution located between suitable lower
and upper solutions is proved. Practical examples show that the hypotheses of the
main results hold for a wide range of differential equations. A direct application
to the extended Fisher-Kolmogorov equation provides some sharp estimates for its
stationary periodic solutions.

Next, in Chapter 3, a class of fourth order differential inclusions involving the
p-biharmonic operator is investigated. It is related to the beam-column theory. The
existence of solutions for a wide class of boundary conditions is proved. The problem
is treated variationally, via the critical point theory for non-smooth functionals.

Some of the results concern mountain pass type solutions.
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Introduction

This thesis is devoted to the study of certain classes of boundary value problems
involving fourth order differential equations and inclusions. The main results pre-
sented herein provide sufficient conditions for the existence of solutions to such
problems.

Fourth order differential equations occur in various physical problems. Some
of them describe certain phenomena related to the theory of elastic stability. A
classical fourth order equation arising in the beam-column theory is the following

(see Timoshenko and Gere [50, 1961])
4 2
El% + P% =q, (1)
where u is the lateral deflection, ¢ is the intensity of a distributed lateral load, P
is the axial compressive force applied to the beam and EI represents the flexural
rigidity in the plane of bending. Various generalizations of the equation describing
the deformation of an elastic beam with different types of two point boundary con-

ditions have been extensively studied in the last two decades via a broad range of

methods. Gupta [20, 1988] and [21, 1991] studies the equation of the form

d4u / "
@‘FQ(I’,U,U,U):G(JZ), 'TE(O,].),

and, more generally, the equation
d*u

W g u) = e(x), 7€ (0,1),



where f is a continuous function, g is a Carathéodory function satisfying the in-

equalities

gz u,v,w) > a(z)u? +b(z) |luww| + c(x) juw| +d(z)|u|,

|9 (2, u,0,0)] <o (2, u,0)| wl* + 8 (),

with real valued functions a (x), b(z), ¢(x), d(z), a(x,u,v) and B (x). The main
tool used there is the Leray-Schauder continuation theorem. Grossinho and Tersian

[19, 2000] consider the boundary value problem
ul™ (z) + g (u(2)) =0, € (0,1)

u" (0) = =f (=u'(0)), " (0) = =h(u(0)), (1) =u"(1)=0,

where ¢ is a strictly monotone function that may have some discontinuities, f and h
are unbounded, continuous and strictly increasing functions defined on finite open
intervals. The existence of solutions is treated via the dual variational method (see
Ambrosetti and Badiale [2, 1989]).

The problem

u™ (2) = f(z,ulx), =e€(0,1),

w(0) = (0) =u" (1) =0, w"(1) =g (u(1))

is studied in the works of To Fu Ma [35, 2004] and Ma & Silva [36, 2004]. Existence
of solutions is proved in [35] via the mountain pass theorem. Uniqueness of the
solutions is investigated in [36] under more restrictive assumptions on function f,
with the help of the fixed point theorem for contractive mappings.

Some higher order parabolic partial differential equations have been of an in-

creasing interest during the last two decades. We would like to mention two of



them, namely, the extended Fisher-Kolmogorov equation (EFK)

ou tu  0u
E:—’Y@—F@-FU—UB, v >0, (2)

and the Swift-Hohenberg equation (SH) [48, 1977]

2 2
%zau—(l#—%) u—u®, a>0. (3)

The first one is proposed in Coullet, Elphick and Repaux [8, 1987] as well as
in Dee and van Saarloos [10, 1988] as a higher order model and a generalization
of the classical Fisher-Kolmogorov nonlinear diffusion equation (see Kolmogorov,

Petrovski and Piscounov [29, 1937])

EZ@‘FJC(U), (4)

related to the study of a front propagation into an unstable state. The Swift-
Hohenberg equation is derived from the equations for thermal convection.

The results presented in this thesis are obtained by using two main approaches:
the technique of lower and upper solutions and the critical point theory due to
Motreanu and Panagiotopoulos [41, 1999].

The material of the thesis is organized as follows.

Chapter 1 is preliminary. It contains some theoretical results (without proofs)
we provide to make the presentation self-contained. A brief introduction to the
Leray-Schauder degree theory is included in Section 1.1. A variant of the mountain
pass theorem is presented in Section 1.2 in the framework of the non-smooth critical
point theory.

Chapter 2 is devoted to some applications of the method of lower and upper

solutions to the boundary value problem

U(w) = f (ta u, ula u/l7u///) ’ 0<t< 1’ (5)

uw(0) =4 (1) =" (0) =u" (1) =0, (6)



where f : [0,1] x R* — R is a continuous function satisfying a Nagumo-type growth
assumption. The boundary conditions correspond to one endpoint simply supported
and the other one sliding clamped when beam deformation is considered. The results
presented in Chapter 2 improve some previous results by Grossinho and Tersian [19,
2000], Gupta [20, 1988], [21, 1991], Gyulov and Tersian [25, 2004], Ma and da Silva
[36, 2004], since the nonlinearity herein is allowed to depend on all derivatives up
to order three. Moreover, the present conditions on the lower and upper solutions
and function f (see Definition 2.1.2) are less restrictive than the assumptions in the
paper of Franco et al. [13, 2005], where the functions o, 3 € C*(I) are lower and

upper solutions, respectively, if « < 3, o’ > 3" and
a® (1) < f(t,a(t),—C,a" (t),a" (t)) for tel,
B (1) > f(t,B(t),C,B5"(t),B3" () for tel,

with a constant C' > 0 defined by

C:=2max{[a| |0} +max{]|3(0) —a ()], |5 (1) —a(0)}.

The results (see Theorem 2.1.1) presented in Chapter 2 concern the existence of
solutions of the boundary value problem (5)-(6). They are located between suitable
lower and upper solutions. It is assumed that function f satisfies a Nagumo-type
growth condition with respect to the third derivative, namely, that there is a con-

tinuous function hg : R§ — [a,+00), for some a > 0, such that

/O m hES(S)ds = o0, (8)

and

|f (t,x0, 21, 22, 23)| < hg (|zs]), V(¢ x0,21,22,23) € E, 9)

where E is a suitable subset of [0, 1] x R*. The proof of the main result is performed

as follows. First, an appropriate parameterized (homotopic) class of boundary value



problems (see (2.29)), with parameter A € [0, 1], is constructed provided that there
exist lower and upper solution functions. Then, it is shown that the solutions of
those boundary value problems are uniformly bounded with respect to A in the space
C3([0,1]) of the real valued three times continuously differentiable functions on the
interval [0, 1]. The estimations on the third derivatives of the solutions come up as
a consequence of the Nagumo-type growth assumption (see Lemma 2.1.1 and Step
1 in the proof of Theorem 2.1.1). Next, the equivalent operator formulation reduces
any of the boundary value problems from the homotopic class to the existence of
a fixed point of a parameterized operator 7, : C3([0,1]) — C3([0,1]). Since the
solutions of the homotopic boundary value problems are uniformly bounded with
respect to A there exists a domain Q C C? ([0, 1]) such that Tyz # x for any x € 95.
Then, the degree deg (I — 7,2, 0) is well defined for every A € [0, 1]. Moreover, the
invariance under homotopy implies that deg (I — 75, 2,0) = deg (I — 71,€2,0). The
boundary value problem corresponding to A = 0 is a very simple one, in fact, it is
linear and the corresponding degree, deg (I — 7y, 2,0), is an odd number, implying
that there is solution for the problem corresponding to A = 1. Finally, this solution
is shown to be a solution of the original problem (5)-(6).

Next, it is shown that the hypotheses of the main result in Chapter 2 and the
definition of lower and upper solutions can be modified in order to derive similar
results for other boundary conditions. Then, an example presented at the end of
Section 2.1 shows that the hypotheses of Theorem 2.1.1 are satisfied for a large class
of boundary value problems.

Moreover, another application of Theorem 2.1.1 is analyzed in Section 2.2. It
is shown that there is a periodic stationary solution u, with period T" = 4L, of
the extended Fisher-Kolmogorov equation (2) for any L in an interval of the form

(Lo, L1], where Lg and L; are suitable constants. According to Theorem 2.1.1, it



is located between the following lower and upper solutions: « (z) = Cyp (x) and

B (z) = Cpyp (z), where

Here P (-) denotes the polynomial P (§) := v&* + &2 — 1.
The results of Chapter 2 are mainly based on the paper by F. Minhds, T. Gyulov
and A.I. Santos [40, 2009].

Chapter 3 contains a variational treatment of the problem

<]u”|p_2 u”)ﬂ - (a /[P u'>/ +blufPu € IF (t,u), (11)
= (Ju"""2 ") (0) + a (0) ' ()"~ w' (0) u (0)
(""" ") (1) = a (1) Ju' (P’ (1) coj| " (1) | 12)
[u” (0)"~* " (0) u' (0
—u" (D) (1) u' (

)
1)
where a (t), b(t) € C (]0,1]) are given real functions, p > 1, F' (¢,-) is locally Lips-
chitz for a.a. t € [0,1] and j (+) is a convex lower semicontinuous function, possibly
unbounded. The set OF (t,u) denotes the generalized gradient of F (¢,-) ( see Sub-
section 1.2.1) while 9 is the subdifferential of function j. The differential inclusion
(11) can be considered as a generalization of the equation (1) if it is assumed that
the bending moment depends nonlinearly on the curvature. More details on the
justification of such an assumption are provided in the introductory section 3.1.

It is worth noting that condition (12) covers many special cases which are fre-

quently considered. For example, the periodic boundary conditions u” (0) = u® (1),



7

i = 0,1,2,3, are easily obtained if j ((xl,x2,x3,x4)T> = 0 when z; = x5 and
r3 = x4, and 400 otherwise.
Problem (11)-(12) is treated variationally, namely, its solutions are derived as

critical points of the functional

1

1
/(|u”|p—|—alu']p+b]u\p) dt—/F(t,u) dt+ J (u) ,
0 0

I(u) :=

D

where J : W27 (0,1) — RU {+00} is a convex function defined by
J () =5 ((u(0) (V) (0),' (1)) . Vue W (0,1).

Note that functional I may not be continuously differentiable, in fact, it may be
unbounded on the Sobolev space W% (0, 1) . The treatment is based on a generalized
critical point theory developed in Motreanu and Panagiotopoulos [41, 1999] (see
Section 1.2). It can be proved that a critical point of functional I in the sense of
this theory is a solution of problem (11)-(12).

Chapter 3 includes two main results. The existence of at least one solution to
problem (11)-(12) is obtained under appropriate hypotheses (see Theorem 3.1.1).
To be more precise, it is assumed that the growth of function F (¢, x) is specified by
the condition
F(t, x) _ A1

D R

p

lim sup

with the constant A\; given by

1
M:ﬂﬁ{k(WW+GWV+bwﬁdt

lullZ,

Tu € D\{O}} : (13)
where D = D (J) is the effective domain of the convex functional .J:

D= {u:ue W22 (0,1, (u(0),u(1),u (0),d' (1) e D(j)}.



In this case it is proved that functional [ is coercive, that is [ (u) — +oo as
|lu|| — +o0, and its (sequential) weak lower semicontinuity is a consequence of
the compactness of the imbedding W*? (0,1) C C'([0,1]). Then, functional I is
bounded from below and there exists a critical point of I, namely its minimizer.

If function F (¢, x) satisfies the condition

F(t A
limsup(—f) < —1,
a0 2] p

and (0,0,0, O)T €0y ((O, 0,0, O)T>, then u (t) = 0 is a critical point of functional 1.
Thus, an interesting problem will be to find sufficient conditions that guarantee the
existence of nonzero critical points. The second main result in Chapter 3 concerns
this question (see Theorem 3.1.2). If the growth of function F (¢,z) at infinity is of
the order of |z|® or higher with 6 > p, then it is shown (see the proof of Case (Gy))
that functional I has a mountain pass nonzero critical point (see Theorem 1.2.2).
Moreover, a slightly weaker condition can be assumed (see case (G,) in Theorem
3.1.2) that guarantees the mountain pass geometry of functional I. It allows some
special cases when the growth of function F (¢,x) at infinity is of the order of |z|”.
An example for the case when p = 2 is presented in Section 3.4.

The results of Chapter 3 in the particular case when p = 2 and a and b are
constants were reported in the paper by Gyulov and Moroganu [22, 2007]. The
general case is studied in Gyulov and Moroganu [24]. The reference Gyulov and
Moroganu [23, 2009] contains a short variant concerning the particular case when a

and b are constants and p > 1.



Chapter 1

An Overview of Some Methods
and Results from Nonlinear

Analysis

This chapter contains a preliminary part that is necessary for the subsequent main
part of the thesis. Some theoretical results are recalled without proofs in order to
present the text in a self-contained form up to a certain extent. Their relationship
to the results presented in the next chapters is explained in what follows.

Section 1.1 contains a concise introduction to the Leray-Schauder degree theory.
The proof of the main results in Chapter 2 refer to the basic conclusions in that
theory. It is presented here for the readers’ convenience.

Section 1.2 includes a variant of the mountain pass theorem in the framework of
the non-smooth critical point theory, i.e., when a variational problem is considered
where the corresponding functional is the sum of a locally Lipschitz function and a
convex lower semicontinuous one. The main results in Chapter 3 are derived as an

application of this theory.
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1.1 Topological degree theory

1.1.1 Brouwer degree

Let 2 C R™, n € N, be a bounded open set, p € R", and let the map f € C (ﬁ, R”)
be such that p ¢ f(9€). The Brouwer degree (see [3]), denoted by deg (f,2,p),
assigns the “topological” number of solutions of the equation f () = p in the domain
Q to the map f. If the map f is continuously differentiable and such that the Jacobian
Jt (x) # 0 for any x in the preimage f~* (p), then the degree has a definite meaning
- each of the solutions of f (z) = p is counted up with the corresponding sign of the
Jacobian Jy (x). The degree has a rather blurred sense when a general continuous
map f is considered. However, it is possible to construct a well-defined concept of

degree via some extensions for certain classes of maps.

Definition 1.1.1 Let 2 C R", n € N, be a bounded open set, p € R", and let the
map f € C* (Q,R") be such that p & f(0Q) and J; (x) # 0 for all z € f~'(p).

Define the Brouwer degree deg (f,€2,p) as the sum

deg (f,Qp) = > sgn(Js(x)),

z€f~1(p)

where deg (f,,p) =0, if [~ (p) = 0.

It is worth noting that the set f~! (p) contains isolated points as far as J; (x) # 0
for any z € f~! (p). Then f~! (p) is finite due to the boundedness of the domain 2.
Thus the summation in Definition 1.1.1 is well-defined.

Let f € C? (Q,R") , p and p’ be such that p ¢ f(0Q), p' ¢ f(OQ), |[p—Pp| <
dist (p, f (0Q)) and Jy (x) # 0 for all z € f~ (p'). It can be shown that deg (f, 2, p')
does not depend on the choice of p’. We omit the proof of that fact which can be
found e.g. in O’Regan et al. [43, 2006], Fonseca and Gangbo [12, 1995], and Lloyd
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[34, 1978] among the many references on the topic. Furthermore, according to Sard’s
lemma (see [43, Lemma 1.1.4, p. 2]), the set of all p/, satisfying the above hypotheses

is dense in a vicinity of p.

Definition 1.1.2 Let 0 C R™, n € N be a bounded open set p € R" and the map
fecC? (ﬁ, R”) be such that p ¢ f (0Q2). Define Brouwer degree deg (f,€2,p) as

deg (f, 2, p) = deg (f,Q,p),
where p’ ¢ f(08) is such that |p—p'| < dist(p, f(0)) and Js(x) # 0 for all
ze ).

Finally, let f € C (ﬁ, R”) ,p & f(00Q)and g € C? (ﬁ, R”) be such that |f — g| <
dist (p, f (0R2)) . Obviously, p ¢ ¢ (02) . One can prove that the degree deg (g, <2, p’)

does not depend on the choice of g.

Definition 1.1.3 Let 2 C R, n € N, be a bounded open set, p € R", and let the
map f € C (Q,R™) be such that p ¢ f (0Q) . Define the Brouwer degree deg (f, <2, p)

deg (f,2,p) = deg (9,9, p),

where the function g € C? (Q,R") is such that |f — g| < dist (p, f (02)).
The main properties of the Brouwer degree are presented in the following.

Theorem 1.1.1 Let Q0 C R", n € N, be a bounded open set, p € R™, and let the
map [ € C (ﬁ, R”) be such that p ¢ f(0Q). The Brouwer degree deg (f,€2,p) has
the following properties:

(i) (Normality) deg (I,Q2,p) =1 if p € Q and deg (I,Q,p) =0 if p € R*\ Q,

where I : R™ — R" s the identity operator.
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(17) (Solvability) If deg (f,2,p) # 0, then the equation f(x) = p has at least
one solution in the domain §2.

(iii) (Invariance under homotopy) If the map F : [0,1] x Q — R" is contin-
uous and p ¢ Ute[o,l] F (t,0Q), then deg (F (t,-),$,p) does not depend ont € [0, 1].

() (Additivity) Let Oy and Qs be disjoint open subsets of Q and p € R™ be
such that p ¢ f(Q\ (4 UQs)) . Then

deg (f,,p) = deg (f,4,p) + deg (f,Q2,p) .

(U) deg (f7 Qap) = deg (f - D, Q7 0) :
(vi) deg (f,2,p) is a constant on any connected component of R™\ f (09).
(vii) Let the map g : Q — F,, be continuous, where F,, is a subspace of R,,

dim F,,, = m and 1 < m < n. Suppose that y is such that y ¢ (I — g) (092). Then

deg (I — g, y) =deg (I — 9)lgnp, Q2N Fu.y) .

The properties (i)-(v) determine uniquely deg (f,$2,p) (see LLoyd [34, 1978],
Deimling [11, 1985])), i.e., there exists a unique function d : A — Z, satisfying these

conditions, where
A= {(f,Q,p) : QQ € R" open and bounded, f € C (Q,R") D¢ f(aQ)} )

Another important property of the Brouwer degree is contained in the following

odd mapping theorem (Borsuk’s Theorem).

Theorem 1.1.2 Let 2 C R", n € N, be bounded, open and symmetric with respect
to zero such that 0 € Q. If the map f € C (L, R™) is odd and 0 ¢ f(9%), then
deg (f,€2,0) is an odd number.
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1.1.2 Leray-Schauder degree

In 1934 Leray and Schauder [33] suggested an extension of the Brouwer degree theory
to maps of the form I — T, where [ is the identity operator defined on a real Banach
space E, T : Q C E — E is a compact continuous operator and € is a bounded
open set.

We are going to present the definition of the Leray-Schauder degree and its main

properties. First we formulate the following auxiliary results.

Lemma 1.1.1 Let E be a real Banach space, B C E be a bounded and closed set
and T : B — E be a compact continuous operator. Then for any ¢ > 0 there exists

a finite dimensional space F. and a continuous map T. : B — F., such that
T (z) —T.(z)|| <e, VzeB.

Lemma 1.1.2 Let E be a Banach space, B C E be a bounded closed set and T :
B — E be a continuous compact operator. Suppose that Tx # x for each © € B.
Then there exists g > 0, such that tT.,x + (1 —t)T.,x # x for all t € [0,1] and
xr € B, where ¢; € (0,g9) and the maps T, : B — F_,, fori =1,2, are as in Lemma

1.1.1.

Let Q C E be a bounded open subset of the Banach space £ and T : Q@ — E
be a compact continuous operator such that 0 ¢ (I —7T) (02). We apply Lemma
1.1.2 where B := Q. The invariance of the Brouwer degree under the homotopy

(t,x) — tT.,x + (1 — t) T, implies that
deg (I —T.,,QNspan{F.,, F.,},0)=deg (I — T, Q2N span{F., F.,},0).
Next, the property (vii) of Theorem 1.1.1 yields that

deg (I —T.,,Q2N span{F.,, F.,},0) =deg (I —T.,,QNF_.,,0),
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for i = 1,2. Hence the Brouwer degree deg (I —T.,Q2N F.,0) is well-defined and
does not depend on e, where € € (0,eq). We are ready to present the definition of

the Leray-Schauder degree.

Definition 1.1.4 Let E be a real Banach space, 2 C E be a bounded open set and
T :Q — E be a compact continuous operator such that 0 ¢ (I —T) (09). According
to Lemma 1.1.2, there exists ¢g > 0, such that tT.,x + (1 —t) T,z # = for all
t €[0,1] and x € 09, where &; € (0,50) and the maps T, : Q — F.,, i = 1,2, are as
i Lemma 1.1.1.

Define the Leray-Schauder degree deg (I —T,Q,0) when p =0 as follows
deg (I —T,9,0) =deg (I —T.,QNF.,0),

where € € (0,¢p) .
If S : Q — E is a compact continuous operator and p is such that p & (I — S) (09),
then

deg (I —S,Q,p) :=deg(I — S5 —p,Q,0).
The main properties of the Leray-Scauder degree are collected in the following:

Theorem 1.1.3 Let 2 C E be a bounded open subset of a real Banach space E, and
T :Q — E be a compact continuous operator, such that p & (I —T)(09). Then the
following properties hold:

(i) (Normality) deg (I,Q,p) =1, if p € Q and deg (I,Q,p) =0, if p € B\ Q.

(17) (Solvability) If deg (I —T,Q),p) # 0, then the equation x = Tx + p has at
least a solution in 2.

(iii) (Invariance under homotopy) Let T, : Q — E, t € [0,1], be continuous
both in t and x € Q0 and compact, and x # T,x + p holds for all pairs (t,z) €
[0,1] x 09Q. Then deg (I — T3, ), p) does not depend on t € [0,1].
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(v) (Additivity) Let Q) and Qs be two disjoint open subsets of Q and p € E be
such thatp ¢ (I —T) (Q\ (21 UQ)). Then

deg (I = T,Q,p) =deg (I —T,Qy,p) +deg (I = T,Qs,p).

Theorem 1.1.4 Let Q) C E be bounded, open and symmetric with respect to zero
such that 0 € Q. If the map T is continuous, compact and odd and such that x # Tx

for any x € 0N, then the Leray-Schauder degree deg (I —T,2,0) is an odd integer.

1.2 Non-smooth critical point theory

We present a brief overview of the non-smooth critical point theory developed by
Motreanu and Panagiotopoulos (see [41]). It extends the concept of a critical point
of a continuously differentiable functional to the case when the sum of a locally

Lipschitz functional and a convex, lower semicontinuous one is considered.

1.2.1 Clarke’s gradient of a locally Lipschitz function

First, we recall the definitions of a locally Lipschitz function and its generalized

directional derivative (see [14]).

Definition 1.2.1 Let X be a Banach space and U C X be an open set. A func-
tion ® : U — R is said to be locally Lipschitz, if for every x € U there exists a

neighborhood V-C U, x € V', and a constant ky > 0, such that
(y) =2 ()| <kviy—zll, VyzeV

Definition 1.2.2 Let X be a Banach space and let ® be a locally Lipschitz function

defined on an open set U C X. The generalized directional derivative ®° (u;v) of the
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function ® at the point u € U in the direction v € X, is defined by

) -
®° (u;v) := limsup (w+ s0) (w)

w—u,s]0 S

One can easily check the following properties of the generalized directional derivative:

Proposition 1.2.1 Let ® : U — R be a locally Lipschitz function defined on an
open subset U of a Banach space X. Then following facts are true:
(i) For every u € U the function ®° (u;-) : X — R is positively homogeneous

and subadditive and satisfies
|9° (u;0)| < ky Jv]|, VveX,

where V' is a vicinity of u and ky > 0 is a constant corresponding to V;
(it) ®°(+;-) : U x X — R is upper semicontinuous;

(i17) DO (u; —v) = (=®)° (u;v) for any u € U and every v € X.

We are now ready to introduce the following definition (see Clarke [5, 1975] and [6,
1975]).

Definition 1.2.3 Let ® : U — R be a locally Lipschitz function defined on an open
subset U of a Banach space X. The generalized gradient of Clarke 0® (u) at a point
u € U is defined by

00 (u) = {ne X : 0 (w;v) > (n,v), Yo e X},
where X* is the dual of the space X.

Proposition 1.2.1 (i) and Hahn-Banach theorem imply that the generalized gradient
of Clarke 0® (u) C X* at any point u € U is not empty. Obviously, 0® (u) is the

singleton {®’ (u)} when ® (u) is continuously differentiable.
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Certain properties of the generalized gradient are collected in the following the-

orems. They are used in the proof of the main results from Chapter 3.

Proposition 1.2.2 Let ®, &, and Py be locally Lipschitz functions defined on an
open subset U of the Banach space X. The following facts are true:

(1) O (A®) (u) = AOD (u) for any \ € R;

(i1) O (@1 + ®3) (u) C 0Py (u) + 0Py (u);

(4ii) if uw € U is a local extremum point of ®, then 0 € 0P (u);

() let f:V — U be a continuously differentiable function on an open subset V

of a Banach space Y. Then the map ® o f : V — R is locally Lipschitz and
(@0 f)(v) COB(f (0)) o f' (v) = {no f' (1) : € DD (f (1)}, VoeV:
(v) the function ®1Pq is locally Lipschitz and
0 (D1DPy) C 0P, + D00,.
Finally, the following mean value result is due to Lebourg [32, 1975].

Theorem 1.2.1 (Lebourg) Let U be an open subset of a Banach space X and let

x, y be two points of U such that the line segment
oyl = {1 o+ ty:0<t<1)

is contained in U. Assume that the function ® : U — R s locally Lipschitz. Then
there ezist u € (v,y) == {(1 —t)x+ty: 0 <t <1} and £ € O (u) satisfying

(y) - @(z) =&y —2).
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1.2.2 Critical points and the mountain pass theorem

Let us recall the definition of a critical point as well as the Palais-Smale condition

for a functional I of the form

I=3+1,

where ® is a locally Lipschitz functional, and ¢ : X — (—o0,+o0] is a proper,

convex and lower semicontinuous (1. s. c¢.) function.

Definition 1.2.4 An element u € X is called a critical point of the functional I if

the following inequality holds
O (u;v —u) + 9 (v) — Y (u) >0, VveX.

A number ¢ € R such that I7' (¢) contains a critical point is called a critical value

of I.

If¢y=0and [ = ® € C'(X,R), then the element v € X is a critical point if
and only if I’ (u) = 0, i.e., the above definition extends the usual notion of a critical
point.

Another generalization is concerned with the so-called Palais-Smale condition
which guarantees the compactness of the set of critical points of the functional 7. In
the continuously differentiable case, a functional J € C! (X;R) is said to satisfy the
Palais-Smale condition [44] if every sequence {u,} C X such that J (u,) is bounded
and J' (u,) — 0 in X* has a convergent subsequence. When the more general case
is considered the definition is as follows (see Motreanu and Panagiotopoulos [41,

1999)).

Definition 1.2.5 Functional I is said to satisfy the Palais-Smale (PS) condition if

every sequence {u,} C X for which I (u,) is bounded and

O (Ui v — tn) + ¥ (V) =¥ (un) = —gp v —unll, YveX (1.1)
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for a sequence {e,} C R™ with e, — 0, possesses a convergent subsequence.

Finally, the following generalized mountain pass result will be used in the thesis
when certain classes of boundary value problems are treated variationally. It can be
found in Motreanu and Panagiotopoulos [41, 1999] (see also Kourogenis et al. [30,

2002]).

Theorem 1.2.2 (Mountain Pass) Suppose that I satisfies the (PS) condition,
I(0)=0 and

(i) there exist a, p > 0 such that I (u) > « if |Jul| = p,

(17) I (e) <0 for some e € X, with |le|| > p.

Then the number

c=inf sup I (v (t)),
7€T¢e(0,1]

where
D= {yeC(01],X):7(0) =0, 7 (1) =},

s a critical value of I with ¢ > a.



Chapter 2

The Method of Lower and Upper

Solutions

In this chapter an existence and location result is proved for a fourth order nonlinear

differential equation of the following quite general form
™ = f (tu, U u"), 0<t <1, (2.1)

where f : [0,1] x R? — R is a continuous function satisfying a Nagumo-type growth

assumption (see Definition 2.1.1), with boundary conditions
uw(0)=u'(1) =" (0) =" (1) =0, (2.2)

describing, in this case, a beam deformation with one endpoint simply supported
and the other one sliding clamped.

This result improves Grossinho and Tersian [19, 2000], Gupta [20, 1988], [21,
1991], Gyulov and Tersian [25, 2004], Ma and da Silva [36, 2004], since it deals with
a fully nonlinear differential equation, that is, the nonlinearity is allowed to depend

on all derivatives up to order three. The presence of odd order derivatives raises

20
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some difficulties when the existence of solutions is treated with certain classical
methods. First, the variational approach fails when a differential equation of the
form (2.1) is considered. It is generally impossible to construct a functional that has
sufficiently good properties in order to investigate the solutions of (2.1) as critical
points. Secondly, the monotone method for lower and upper solutions does not
work. There are serious obstacles in verifying the monotonicity of the corresponding
sequences of successive approximations .

Although (2.2) is a particular case of the nonlinear boundary conditions con-
tained in Franco et al. [13, 2005], the assumptions required here on the lower and
upper solutions as well as on function f are more general.

The existence and location of a solution to problem (2.1)-(2.2), (see Theorem
2.1.1) is derived by applying the technique of lower and upper solutions. The de-
pendence on the third derivative is restricted to a Nagumo-type growth condition
([42]), which provides an a priori bound for every solution of (2.1) (see Lemma
2.1.1) and plays an important role in our treatment. The a priori estimations on
the solution and its derivatives allow to define an open set where the topological
degree is well defined.

This kind of arguments were suggested by Coster and Habets [7, 1996] for sec-
ond order boundary value problems (see also Mawhin [38, 1979]) and by Grossinho
and Minhés [16, 17, 18, 2001], Minhés et al. [39, 2005] for higher order separated
boundary value problems.

For other type of controls at the ends of the beam with all derivatives up to

order three, similar results can be obtained. More precisely, considering equation
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(2.1) with one of the following boundary conditions

uw(0) = 4 (1)=d"(1) =4"(0) =0, (2.3)
u(l) = 4 (0)=4"(0)=4"(1)=0, (2.4)
u(l) = 4 (0)=4"(1)=4"(0)=0 (2.5)

analogous theorems hold, with adequate modifications, assuming the second deriva-
tives of lower and upper solutions in the reversed order, such as in (2.2), (see The-
orem 2.1.2). For boundary value problems including equation (2.1) and one of the

following conditions

w(0) = ' (0)=u"(0) =u" (1) =0, (2.6)
w(0) = o (0)=u"(1) =u"(0) =0, (2.7)
w(l) = (1) =u"(0)=u" (1) =0, (2.8)
w(l) = o' (1)=u"(1) =u" (0) =0, (2.9)

existence and location results are obtained for another type of lower and upper
solutions with the second derivatives well ordered (see Definition 2.1.3 and Theorem
2.1.3).

In Section 2.2 we apply one of the main results (Theorem 2.1.1) to the extended

Fisher-Kolmogorov equation (EFK)

ou ot 0%u
EZ_V@ﬁ—a—xz-l—u—U?’, v >0, (2.10)

proposed in Coullet, Elphick and Repaux [8, 1987] as well as in Dee and van Saarloos
[10, 1988] as a higher order model and a generalization of the classical Fisher-

Kolmogorov nonlinear diffusion equation (see Kolmogorov , Petrovski and Piscounov

29, 1937])
=-S5+, (2.11)
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related to the study of a front propagation into an unstable state. Stationary periodic
solutions of (2.10) are studied in Peletier and Troy [45, 2001] by the topological
shooting method and in Chaparova et al. [4, 2003], Gyulov and Tersian [25, 2004],
Tersian and Grossinho [47, 2003], Tersian and Chaparova [49, 2001] by a variational

technique, considering the following boundary value problem
_ fy ’U,(“}) + u// + u — U3 = 0’ (212)

u(0) =u"(0) =u(2L) =u" (2L) = 0. (2.13)
The odd extension u,

w(x), if xe€]0,2L]
—u(—z), if xe[-2L,0],

of the solution u of problem (2.12)-(2.13) to the interval [—2L,2L] yields a 4L-
periodic stationary solution of (2.10). It is known (cf. [4, 25, 49]) that if L < Ly, for
some real Lo, then there are only trivial solutions for (2.12)-(2.13). An existence and
location result will be obtaiend for symmetric solutions of (2.12)-(2.13), for L > Ly,

which are close to Ly (see Lemma 2.2.1 and Proposition 2.2.1).

2.1 A class of fourth order boundary value prob-
lems

The equation (2.1) is studied in this section. An assumption of the form of a
Nagumo-type condition is required. Definitions of lower and upper solutions are
formulated for different types of boundary conditions. The main results are stated

and proved.
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2.1.1 Definitions and a prior: bound

A Nagumo-type growth condition and the definition of lower and upper solu-

tions will be important tools for the method used herein.

Definition 2.1.1 A continuous function g : [0,1] x R* — R is said to satisfy the

Nagumo-type condition in

t, 20, T1, %2, 23) € [0,1] x R* 1 v (t) < a; < T (),

o [ G € 01 RY 5 0) T
i=0,1,2

with ~;(t) and T'; (t) continuous functions such that, for i = 0,1,2 and every t €

[0,1],

7 (t) <Ti(t), (2.15)

if there exists a real continuous function hg : R§ — [a,+00), for some a > 0, such

that
lg (t,xo, 21, 22, x3)| < hp (|zs]), V(¢ zo,21,29,23) € E, (2.16)
with
o s
/0 i () ds = +o0. (2.17)

This condition provides an a priori estimate for the third order derivative of the

solutions of problem (2.1)-(2.2).

Lemma 2.1.1 Assume v;,I; € C ([0,1],R), fori = 0,1,2, such that (2.15) holds
and let E be given by (2.14). Assume there exists a function hg € C (R{, [a, +00)),

with a > 0, such that
+o0 s
—d ['s (t) — mi t 2.1
/n hE(s)S>fél£‘iﬁ2() tg[lég]w(), (2.18)

where n > 0 is given by

n:=max{l; (1) = 72(0),T2(0) =72 (1)}
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Then, there exists r > 0 (depending on 2, 'y and hg) such that for every continuous

function f: E — R verifying (2.16) and for every solution u (t) of (2.1) such that
v (1) <u® (8) < Ty (1), (2.19)
fori=20,1,2 and every t € [0,1], we have
", <.

Proof. Let u (t) be a solution of (2.1) verifying (2.19).
Suppose, by contradiction, that |u"” (t)| > n for every t € [0,1]. If v (t) > n we

have the following contradiction

Fo(1) =2 (0) = u”(1) —u"(0)
1 1
- / u”’(t)dt>/ 0 dt > T (1) = (0).
0 0
An analogous contradiction is obtained if it is assumed that «” (t) < —n, for every

€ [0,1]. So, there exists t € [0, 1] such that |u" (t)] <.

Take r > 7 such that

/n i () ds > max Ty (t) — min s (¢) . (2.20)

te[0,1] te[0,1]
If |u"” (t)] <, for every t € [0, 1], the proof is finished. If not, suppose that there
is t € [0, 1] such that u"” (t) > n and consider an interval I = [to,t1] (or I = [t1, o))
such that «” (tg) = n and w” (t) > n for t € I\ {to}. Assume [ = [to, 1] (the other

case is analogous). Applying a convenient change of variable we have, by (2.16) and
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(2.20), for arbitrary to € I\ {to},

/u/”(t2) S d /tz U/// t
—ds — - 7
u" (to) hE (S) to hE (UW

IN

/ W (#) dt = (t) — o (t)

to

" s
< I's(t) — mi t) < ds.
< max 2 () tg%éﬂ}%() /77 e (5)

Then v (t3) < r and we have u" (t) < r, for every ¢t € I. Arguing as before in the
intervals J, where u" (t) > n for ¢t € J, we obtain that v (t) < r, for every t € [0, 1].
The proof of u" (t) > —r, for every t € [0, 1] such that v" (t) < —n, follows by

similar steps. m

Remark. Notice that condition (2.17) implies (2.18).
The typical functions used to define the set F are lower and upper solutions of

problem (2.1)-(2.2).
Definition 2.1.2 (i) A function a (t) € C*((0,1]) N C3([0,1]) is a lower solution
of problem (2.1)-(2.2) if
a™ () < fta®),d (t),d" (t),a” (1)), (2.21)
and
a(0)<0, o (1)<0, a"(0)>0, a"(1)>0. (2.22)
(ii) A function B (t) € C*((0,1]) N C3([0,1]) s an upper solution of problem
(2.1)-(2.2) if
BN = f(B (1), 0 (1), 6" (1), 8" (1)), (2.23)
and

B0)=>0, F(1)=0, B7(0)<0, (1) <0. (2.24)



2.1 A class of fourth order boundary value problems 27
2.1.2 Existence and location results

In the presence of lower and upper solutions of problem (2.1)-(2.2) and assum-
ing that the nonlinearity satisfies a Nagumo-type condition we obtain not only an
existence result but also some information about the solution and about its first and

second derivatives as well.

Theorem 2.1.1 Let f :[0,1] x R* — R be a continuous function. Suppose that

there are lower and upper solutions of (2.1)-(2.2) o and 3, respectively, such that
g (t) <a"(t),vt e |0,1]. (2.25)
Assume that f satisfies Nagumo-type conditions (2.16) and (2.17) in

(t, o, 21, T, 23) € [0,1] x R : a(t) < m < B (1),

E* - 9
o () <o <B(1), B (1) < as <o (b)

and

fta(t), o (t),z,23) < f(t o, 21,72, 73) (2.26)

< f(t7ﬁ(t) 76/ (t) ,I2,$3)7

for (t, w9, 23) € [0,1] x R?, a(t) <o < B(t) and o' (t) <y < /(1)
Then problem (2.1)-(2.2) has at least a solution u(t) € C*([0,1]) satisfying, for
te[0,1],

at)<u)<p@E), o @) <d () <), ") <u"(t) <" (t).
Remark. The relations
at) <p(), o) <p(t), Vte(o,1],

are easily obtained from (2.25) by integration and using (2.22) and (2.24).
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Proof. Define the auxiliary continuous functions

8O 1), if 7 > 00 (1)
0; (t, z;) = 4, it o) < <D (1), (2.27)
aW (), if z; < ol (t)
for i = 0,1 and
a’(t), if xy > o (1)
02 (t,22) = T, if () <z < (1) - (2.28)
prty, i vy < " (1)

Consider the homotopic equation, for A € [0, 1],

) () = AF (8 (b (8) 61 (4 (£) 6 (6" (8) " (8)  (2:29)

+ " (1) = X Sy (t,u" (1)),

with boundary conditions (2.2).

Take 7 > 0 such that for every ¢ € [0,1],
—ry < F7(t) <" (1) <1y,
[t a(t),d (t),a" (t),0)+r —a" () >0, (2.30)
F&B@), 6 (@), 8 (t),0) —r— 5" (t) <0.
Step 1. Every solution u (t) of problem (2.29)-(2.2) satisfies
‘u(i) )| <ri, Vtelo,1],

for i =0,1,2, independently of X\ € [0,1].
Assume, by contradiction, that the above estimate is not true for i = 2. So there

exist A € [0,1], ¢t € [0, 1] and a solution u of (2.29)-(2.2) such that

[u" ()] > rq.
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In the case u” (t) > ry define

”t:: ”t > .
mmaxu” () := o (fo) =71

Then ¢, € (0,1]. Assume first that ¢, € (0,1). Hence u” (to) = 0 and u'™ (¢5) < 0.

For A € [0,1], by (2.26) and (2.30), we obtain the following contradiction

0 > u™ (t)
= Af (to, 00 (to, u (t0)) , 01 (to, v’ (to)) , 02 (to, u” (t0)) , ™ (to))
+ u” (to) — N2 (to, u” (to))
= Mf (to, 00 (to,u(to)), 01 (to, u' (to)), " (to),0)
+ " (tg) — A (o)
> A (to,a(to) , @ (to) , @ (t0),0) + u” (to) — A" (to)
= A[f (to,a(to), & (to), " (to),0) + 11 — " (to)]
+ u” (tg) — Ary > 0.
If to = 1, then

//t://1> .
maxu (t)=u"(1) >m

Since u” (1) = 0, the inequality 4 (1) < 0 holds and by the above computations
a similar contradiction is achieved. The inequality u” (t) > —r; for all ¢ € [0,1] can

be proved using analogous arguments and therefore
" (t)] <7, Vtel0,1].
By integration and the boundary conditions (2.2) we obtain
W' (t)] <ry and |u(t)| <ry, Vte]0,1].
Step 2. There is ro > 0 such that, for every solution u (t) of problem (2.29)-(2.2),

[u" (t)| <7y, VEE0,1],
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independently of A € [0,1].
Consider the set
E. = {(t,wo,x1,22,23) € [0,1] x R*: —ry <2, <7y, i =0,1,2},
and the function F : E,, — R, for A € [0, 1], given by
F)\ (t7 To, L1, T2, I3) = )\f (t7 50 (t7 .I'()) ) 61 (t7 xl) ) 52 (t7 Ig) ,ZL’3)
+ X9 — A (52 (t,QZQ) .

It will be proved that function F) satisfies Nagumo-type conditions (2.16) and (2.17)
in F,, independently of A € [0,1]. Indeed, since f verifies (2.16) in F., then

‘F/\ (t,xo,l'l,afg,l'g)l S ‘f(t750 (tax0)751 (t7$1)a52 (t7x2)7x3)‘
+ |SB2| + |52 (t, $2)|

< hg, (|z3]) +2r,

Define hg, (t):=hg, (t) +2r1 in Rj. Then

oo s +oo s
——ds = / — s
/0 hg,, (s) o he (s)+2n

> 1 /+oo i d +
— 5 = 400
T o1+ )y kg ()

and so F) satisfies assumptions (2.16), (2.17). Thus it verifies (2.18) with £ and hg

replaced, respectively, by £,, and hETl. Let
v (t)=—ryand I'; (t) =1, fori=0,1,2.
Then, Step 1 and Lemma 2.1.1 imply that there is ry > 0 such that
[u" (t)| < rqy  VEE0,1].

Notice that 7 is independent of A, because 1 and hp, do not depend on A.



2.1 A class of fourth order boundary value problems 31

Step 3. Problem (2.29)-(2.2) has at least one solution u, (t) when A =1 .

Define the operators
L£:C*([0,1]) c C*([0,1]) — C ([0,1]) x R*
and, for any X € [0, 1],
Ny C3([0,1]) — C(]0,1]) x R*

as follows

Lu = (u(w), w (0),u” (0),u" (1), u" (1))
NXU = (Af <t> 60 <t7 u (t)) 751 (ta u/ (t)) 752 <t’ U// <t)) ,’U//l (t))
+ u" (t) — X 0 (t,u" (1)), 0,0,0,0).
Since £ has a compact inverse we can define the completely continuous operator
7, : C*([0,1]) — €7 ([0,1]),

where

T (u) = LN, (u).
Let r5 be the constant defined in Step 2 and let €2 be the set
Q:={zeC®(0,1]): ||z <r, i=012, 2", <r}.

By Steps 1 and 2, the degree deg (I — 7,€,0) is well defined for every A € [0, 1]

and, by invariance under homotopy,
deg(I_%7970) = d€g<1_7—17970)

The equation x = 7 (x) is equivalent to the problem

ul® (1) = (1),
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which has only the zero solution. Moreover, the map 7; is odd. Therefore, by the

odd mapping theorem, the degree
deg (I — 71,42,0)
is an odd number. Hence, the equation x = 77 (x) has at least one solution, that is
problem (2.29)-(2.2) with A = 1 has a solution w; (¢) in €.
Step 4. The function uy (t) is a solution of problem (2.1)-(2.2).

By (2.27), (2.28) and equation (2.29) it will be enough to prove that
at) <u ()< B(D), o () Su () < 0 (1), B () <l (t) < (1

for every t € [0, 1]. Assume that there is ¢ € [0, 1] such that uf (t) > o (t) and let
ty be such that

uf (t2) = o (t2) = max [ () = o” (8] > 0.

Therefore ty € (0,1]. If t5 € (0,1) then u}’ (t2) = o/ (t2) and
u™ (1) < @ (t2). (2:31)
By (2.21) and (2.26) it is obtained the following contradiction with (2.31):
W (t) = f (ta, 0 (ta, ua (£2)) , 01 (b2, 0} (£2)) 0 (b2, ] (£2)) , uf’ ()
+uf (t2) — 02 (t2, uy (t2))
= [(t2,00 (t2,u1 (t2)) . 01 (t2, 1) (2)) , 0 (t2) , & (2))

+uf (t2) — o (t2) (2.32)

v

f(ta,a(ta) 0’ (ta) , " (t2) , @ (t2)) + uy (ta) — " (t2)
> flta,a(ta) o (t2), 0" (t2) " (t2)) > o™ (ty).
If t, = 1 then

f (1) = o’ (1) = max [uf (1) = o” ()] > 0
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and u/" (1) — o™ (1) > 0.
By (2.2) and (2.22), o (1) = (1) = 0 and therefore u{™ (1) < (@ (1).

Computations as in (2.32) lead to a similar contradiction. So
o’ (t) —ui (t) >0, Vt € ]0,1],
o/ (t) — v} (t) is a nondecreasing function and, by the boundary conditions,
o (t) —uy () <o’ (1) —uy (1) <0,

ie. o (t) < uf(t), for every t € [0,1]. Therefore, a (t) — uy (t) is a nonincreasing
function and so

a(t)—u (t) <a(0) —u (0) <0,

le. a(t) <wu (t), Vte[0,1].

Analogously, it can be proved that the inequalities

uy (t) = B (1) ,uy (t) < B (1) ,ua (8) < B (1), VE€0,1]

hold and so the proof is finished. m

We remark that Theorem 2.1.1 holds for problem (2.1)-(2.3), if the inequalities
(2.22) and (2.24) are replaced with

a(0) <0, o (1)<0, & (1)>0, a"(0)<0, (2.33)

and

g0) =0, pg(1)=0, g"(1)<0, p"(0)=0, (2.34)

respectively.



2.1 A class of fourth order boundary value problems 34

If (2.2) is replaced by (2.4), or (2.5), then it is necessary to define different
boundary conditions of lower and upper solutions. More precisely, the inequalities

(2.22) and (2.24) are replaced by

a(1)<0, o' (0)>0, o”(0)>0, " (1)>0, (2.35)
and

g(1)>0, F(0)<o0, p"(0)<0, B”(1)<0, (2.36)

respectively, for conditions (2.4), and with

a(l) <0, o (0)>0, & (1)>0, «"(0)<0, (2.37)

and
B)Z0, F(0)<0, B'(1)<0, B”(0)=0, (2.38)
respectively, for conditions (2.5). Moreover a different condition on the behaviour of

f must be assumed, as it is shown in the next result, whose proof follows by similar

arguments.

Theorem 2.1.2 Let f:[0,1] x R* — R be a continuous function. Suppose that
there are lower and upper solutions of (2.1)-(2.4), a and [ respectively, such that

.25) holds. Assume that [ satisfies Nagumo-type conditions (2.16) an A7) in
2.25) holds. A hat f fies N, d 2.16 d(2.17
(t, 20, 21,9, 23) € [0, 1] x R*: e (t) < wg < B (1),

E1 -
Brt) oy </ (t), B7(t) < xp < a” (1)

and
ftat),d (t),ze,23) < f(t, 20,21, 22,23) < [ (£,8(t), 5 (t),22,23)
for (t,m9,x3) € 0,1] x R, a(t) <o < B(t) and B (t) <z < (2).
Then problem (2.1)-(2.4) has at least a solution u(t) € C*([0,1]) satisfying, for

te|0,1],

alt) <u() <B@E), F() <d' (@) <), §"F) <u" () <a”(t).
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Concerning the cases where three assumptions on the same end-point of the
beam are considered then new differential inequalities for lower and upper solutions

must be assumed, as it can be seen in next definition:

Definition 2.1.3 (i) A function « (t) € C*((0,1]) N C?([0,1]) is a lower solution
of problem (2.1)-(2.6) if

() > f (ta(t),d (), a" (t),a" (1)),
and
a(0) <0, (0)<0, a"(0)<0, a"(1)<0. (2.39)

(ii) A function 3 (t) € C*((0,1]) N C3([0,1]) is an upper solution of problem (2.1)-
(2.6) if

B < F(t,B(1), 08 (1), 8" (1), 8" (1),
and

B(0)=0, p(0)=0, p"(0)=0, B"(1)=0. (2.40)

As a consequence of this new definition «” and 3” are well ordered and the

corresponding existence and location result is the following:

Theorem 2.1.3 Suppose that there are o and (3, respectively, lower and upper so-

lutions of (2.1)-(2.6) such that
" (t) < p"(t),VEte|0,1].

Assume that the continuous function f : [0,1] x R* — R satisfies Nagumo-type
conditions (2.16) and (2.17) in
(t, w0, 21,9, w3) € [0, 1] x R : e (t) < g < B (1),

E2 - )
o)< <B(t), o (t) <ap < B (1)
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and
fta(t),d (t),ze,x3) > f(t, 20, 21,22, T3)

> f (tvﬁ (t) aﬁ/ (t) ’x27$3) >
for (t, w2, 23) €[0,1] x R%, a(t) <@g < B(t) and o' (t) < 2y < B/ (1).

(2.41)

Then problem (2.1)-(2.6) has at least a solution u(t) € C*([0,1]) satisfying, for
t €[0,1],
a(t) <u()<p(), o (@) < () <F (), o) <u"(t)<p"(1).

Note that Theorem 2.1.3 can be applied to problem (2.1)-(2.7), if the boundary
conditions (2.39) and (2.40) are replaced with

a(0)<0, o (0)<0, o”(1)<0, o (0)>0, (2.42)

and

B(0)>0, F(0)=0, 8 (1)=0, §”(0)<0, (2.43)

respectively.

Let (2.39) and (2.40) be replaced with
a(l)<0, o(1)>0, a"(0)<0, "(1)<0, (2.44)

B(1)=0, F(1)<0, B (0)=0, §”(1)=0, (2.45)

a(l) <0, o (1)>0, o' (1)<0, «"(0)>0, (2.46)

B)>0, F(1)<0, F'(1)>0, F(0)<0, (2.47)
for boundary conditions (2.9). Then Theorem 2.1.3 holds for problems (2.1)-(2.8)

and (2.1)-(2.9) with the set F; and condition (2.41) replaced by

E o (t7m07x17x27m3)€[071]XR4:Q<t)§x0§ﬁ(t)7
’ Ft) <o <a(t), o' (t) <z < B (2)
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and
ft,at),d (t),ze,x3) > f(t, w0, 21,70, 23) > f (L, 8(t), 5 (t), 12, 23),

for (t,m9,23) € [0,1] x R a(t) < zo < [ (t) and §' () <2y < ().

2.1.3 An example

Consider the fourth order boundary value problem

4 () — g 2mH1 + (u,)2n+1 +3 (u//)2p+1 (|u///‘ + 1)9 +e (t) ’
(2.48)

where m,n,p € NU{0}, 6 € [0,2] and ¢ (t) € C ([0, 1]) such that e[|, < 3.
The functions «, 3 : [0,1] — R defined by

a(t) = —%t (2—1t) and B (t):= %t (2—1)

are lower and upper solutions of (2.48), respectively. In fact

2m+1
ft,a,d,a",a") > — (%) — (1=t 434e(t)>0=0a® (1),
1 2m—+1 '
f(t.8,8.8".8") < (5) + (1=t =3 4e(t) <0=p6" (1),

and

a(0) = 0, o(1)=0, a"(0)=1, a"(1)=0,

g0) = 0, p(1)=0 pg"0)=-1, p"(1)=0.
The continuous function

f(t, o, 1, 29, 23) = 22 4 2204 £ 3020 (|25 + 1) + e (2)
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verifies assumption (2.26) and the Nagumo-type conditions (2.16) and (2.17) in

2_ _ 42
E— (t7x07xlax2)x3) S [0, 1] XR4 . % Sx() S %Tt7
t—1<r <1-t —1<x,<1

and as o (t) =1 > (" (t) = —1, for every ¢ € [0, 1] then, by Theorem 2.1.1, there is

a solution w (t) of (2.48), such that

St Su) < @0, t-1<d (<11,

DN | —

—1<d"(t) <1, Vte[0,1].

2.2 An application to the EFK equation

In this section our existence and location result will be applied to the extended
Fisher-Kolmogorov (EFK) equation (2.10) that generalizes to higher order the non-
linear diffusion equation (2.11). This type of problems describing the propagation of
a front into an unstable state arises in biology, population dynamics, pulse propaga-
tion in nerves, crystal growth and fluid flow among others (see Cross and Hohenberg
9, 1993] and the references therein).

Consider the boundary value problem (2.12)-(2.13), that describes a stationary

4 L-periodic solution of (2.10), and the linear differential operator
Lu =~y u™ —u" —u. (2.49)
Let & be the unique positive root of the equation P (§) = 0 where
P(§)=~&+& -1 (2.50)

It is known (cf. [4] ,[25] and [49]) that if L < Lo, with Lo = 3¢, there are no nonzero

solutions of (2.12)-(2.13). To obtain existence and location results about symmetric
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solutions of (2.12)-(2.13), for values of L > Ly which are close to Ly, we need the

following lemma:

Lemma 2.2.1 The equation

—4P (%) 1
(2L, (2.51)
3 + P(ﬂ) 3

has a unique solution Ly in the interval (Lo, 3Lg) . Moreover, the inequality

3T T
P <ﬁ> > 3P (ﬁ> (2.52)
holds for L € (L, L1] .

Proof. Denote £ (L) = 57 and consider the function

1
Notice that, for £ € (%0,50) , functions P (§) and P (3¢) are increasing, P (£) < 0,

P(3¢) > 0 and h(§) is decreasing. Since the right limit h <(%°)+> = +oo and
h (&) = —1 then h (&) has one unique zero & in (%0, 50) . Due to the equivalence of
(2.51) and the equation h (§) = 0 in (£2,&), Ly := 26, is the unique root of (2.51)
in (Lo, 3Lo) .

Suppose, by contradiction, that (2.52) does not hold, that is
P(3§) < =3P (¢),

for some £ € [£1,&) . As P (§) < 0, we have
1

02102 P (1- gprg ) 1= -1P© -

Therefore P (§) > —2, P (3¢) < 2 and the following contradiction is obtained:

—? > 9P (£) + P (3¢) — 8 = 727¢1.

Hence, inequality (2.52) holds for any L € (Lo, L,]. =
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Proposition 2.2.1 Consider the function

e P(3) . 3mx
ﬁ—3p(§_j{)sm 5T

If L € (Lo, L1], then there exists a nontrivial solution u (x) of problem (2.12)-(2.13)

such that, for any x € [0, L], the inequalities

Capp (z) Su(x) < Cpp(z), Coy (x) <u'(2) < Cpy' (z),

Coy" () <’ (z) < Cag (7),

hold with C,Cg > 0 given by

(2.53)

Moreover, this solution u (x) is symmetric with respect to the middle point x = L of
the interval [0,2L], i.e.,
u(x) =u(2L —x)

for x € [0,L].

Proof. Every solution u (z) of (2.12)-(2.13) such that it is symmetric about the

middle point x = L of [0,2L] verifies
uw(0)=u"(0)=u'(L) =" (L) =0. (2.54)

Conversely, if u (z) satisfies (2.12) and (2.54) then its even extension @ (z)

u(x), it zel0,L],
w(2L —x), if xe€[L,2L],

u(x) =

about the point x = L is a solution of (2.12)-(2.13). So we can consider equation

(2.12) in [0, L] with boundary conditions (2.54). We re-scale the interval [0, L] by
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the change of variables t = ¥, v(t) = w(Lt), t € [0,1]. A new boundary value

problem in the interval [0, 1] is obtained
o (t) =y [LA () + L (v (t) = 0* (1))], (2.55)
v(0) =2 (1) =" (0) =2" (1) = 0. (2.56)

Step 1. Function @ (t) := ¢ (tL) satisfies, for t € [0,1],

| AP (& t
) =47 (L%” + L1 (@ - gﬂ) sin® %)) : (2.57)

the boundary conditions (2.56) and the inequalities

P(r
0<p(t) <1+ ((f)) P () >0, P'(t)<0. (2.58)
2L
For £ given by (2.49) we have, by (2.50),

—(iv) —II
B 70O,

|
)
AS)

=

Il
ND
Sl
N—
N
w
@.
S
| 3
&
&z
E
w
E
S
~—

and then @ verifies (2.57).
Since P (7) < 0 for L € (Lo, Ly}, the inequality (2.52) implies that

2
z" _ T _, T 3P (37) . 3mt
o (t) = ( Sm2+P(3—”) sin —

IA

| 3
)
w
v
—~
Sl
~—
RN
N

~
w

S|

~
N————
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for any ¢ € [0, 1].

By easy computations, @ verifies boundary conditions (2.56) and, for ¢ € [0, 1],

02[@%$®=W@%@%%>¢@%

Therefore @ () is a nondecreasing function and so

0=2(0)<p)<p(l)=1+
Step 2. For C, and Cj given by (2.53),
a(t) =Cup(t), B(t):=Csp(t),
are lower and upper solutions of problem (2.55)-(2.56), respectively.
By standard arguments, for any ¢ € (0, 1], we have
sin =2*

-1<—2-<3.
S1 =

Then, the inequality (2.52) implies that

0<1+ ’ = <1-
3P (g—z) 3P (2—”) sint  sin L P (g—”)
and
—4P (%) —4P (% sin® %t —4P (%) (2.59)
3 — 3 = 3 :
3 (14 26 3 (2(1) g (1 PlE)
3P(3r) P(3%)
Therefore, the definition (2.53) of Cjy yields

B = G (1)

4P (X
= A~ L2+ LB+ L4Cg¥ sin —)

v
\2\

L2B" + LB — L'Cy ()

P 2
| s (14 242)
= UL+ LB - LN (Ch) (B(1))°]

— A [L2B”+L4 (5—53)] :
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proving condition (2.23). Boundary conditions (2.24) are trivially satisfied as $(t)
verifies (2.56).
To show that « (t) = C, P (t) is a lower solution of (2.55)-(2.56) the arguments

are similar, using the second inequality in (2.59).

Step 3. If L € (Lo, Ly], then

0<a(t)<B(t) < —= and 3" (t) <’ (1) 0, Vi€ [0,1].

V3

It can be easily derived from (2.53) and the inequalities (2.58), that for any

t €[0,1], the inequality (2.25) from Theorem 2.1.1 is satisfied

B(H) = Cs B (1) < Ca ' (1) = o (1) < 0.

Next, (2.59) and Lemma 2.2.1 imply that

(Kaﬂwzﬂmw®=%¢®§%G+P%D=
Step 4. There exists a solution v (t) of problem (2.55)-(2.56) such that
at)<v(t)<B),d )<V ()< B @1),5" () <V (t)<a" (). (2.60)
Define the auxiliary function
g (t, o, w1, 20, 23) =7~ (L?m2 + L* (29 — 7)) -

Since g (t, xg, 21, T, x3) is constant in z; and it is increasing in xy when |zq| < \/L§7
the function g : £ — R satisfies the inequalities (2.26) if the set E is defined as

follows

E (t7x07x17'r2)x3) € [07 1] X R4 :

Co@(t) <wo<Csp(t), Cp@"(t) <my <Co @' (1)
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Moreover,

2v3
g (t, 20, 21, 2, 23)| < 77" <L2 Cpmax [7" ()| + T\/_ﬁ)

te€[0,1]

and so ¢ satisfies the Nagumo condition in E. Then, by Theorem 2.1.1, there is a
solution v (t) of (2.55)-(2.56) satisfying (2.60). m



Chapter 3

The Variational Method

3.1 A class of non-smooth fourth order boundary
value problems: formulation, motivation and
main results

It is the purpose of this chapter to investigate the following class of nonlinear,

nonsmooth, fourth order boundary value problems

(" @2 )" = (a @)l OF > 1)) (3.1)
+b (t) Ju (O u(t) € OF (t,u),
— (ju"" ") (0) + a (0) |/ ()" u/ (0) u (0)
(P2 ) (1) @ () P 2w (1) | S IION R
[ (0)[P~2 " (0) o' (0)
— | (V)P (1) o' (1)

where a,b € C ([0, 1]) are given real functions, p > 1 and F', j are nonlinear functions

satisfying some conditions which are specified below. Both equation (3.1) and the

45
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boundary condition (3.2) are sufficiently general to cover a broad range of specific
problems. Our treatment here is mainly based on a variational approach.

To be more specific, let us formulate our assumptions on F' and j:

(Hy) F=F(t,§) : (0,1) x R — R is a Carathéodory mapping, satisfying in

addition F'(t,0) =0 for a.a. t € (0,1), as well as the Lipschitz condition:

Vp > 0 there is an «, € L' (0,1) such that
|F(t,2) = F (ty)] < o (1) 2 =yl
for a.a. t € (0,1) and all z, y with |z|, |y| < p;

(H,) Function j : R* — (—o0, +00] is proper, convex and lower semicontinuous

(Ls.c), such that the null (column) vector (0,0,0,0)" € D (j).

Now, to complete the presentation of our boundary value problem, let us explain
the notation we have used above in (3.1) and (3.2). 9F (t, ) denotes the generalized
Clarke gradient of F'(¢,-) at £ € R, while 9j stands for the subdifferential of j.
Note that our conditions F(t,0) = 0 and (0,0,0,0)" € D(j) do not restrict
much the generality of the problem. In fact, the later can always be reached by a
translation of u. Of course, this operation changes equation (3.1), but the treatment
is similar. In particular, if either p = 2 or b is the null function, equation (3.1)

remains unchanged and it suffices to assume that F(¢,0) is an L' function.

A classical fourth order equation arising in the beam-column theory is the following
(see Timoshenko and Gere [50])

d*u d*u
Bl + P =4, (3.3)

where wu is the lateral deflection, ¢ is the intensity of a distributed lateral load, P

is the axial compressive force applied to the beam and EI represents the flexural
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rigidity in the plane of bending. Equation (3.3) is derived from the static equilibrium
equations for any slice at distance x along the beam, namely the equilibrium of forces

reads

av

QZ—E,

(3.4)

where V' is the shearing force and the equilibrium of moments is expressed by the

equation
_aM B Pdu

V=—+rr0 — 3.5
dz dz’ (3.5)

where M denotes the bending moment. It is assumed that the bending moment
depends linearly on the curvature. It can be expressed (if some higher order terms

are neglected) as follows

d2
E[d—;; — M. (3.6)

Let us consider a more general situation, that the bending moment is a power

function of the curvature with exponent p — 1, i.e.,

2
= 2y

ul" d*u
dz?’

M= —
Cd:xQ

(3.7)

where ¢ is a constant. Then the presence of the term (|u”|pi2 u”)” in (3.1) is justified
if we assume (3.7) instead of (3.6) when equation (3.3) is derived. If p = 2, then
(3.7) coincides with (3.6) where ¢ = E1.

Another equation that motivates our investigation here is the following one
w " w
Dw" + Nyw" + Eh— =¢q, t € (0,1). (3.8)
a

It models the radial deflection w for symmetrical buckling of a cylindrical shell under
uniform axial compression N, (see [50], p. 457, [41]).
The applied lateral load ¢ in (3.3) or (3.8) may be presented as the reaction of a

support, which generally depends nonlinearly on the deflection (see [15], [19], [20],
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[21], [22], [35], [36], [37], [41], [51]),

or, more generally,
q(t) € OF (t,u(t)),
where F'is a nonsmooth function (in particular, F' may have some jumps, e.g., the
case of adhesive support, see [41]).
Condition (3.2) covers many different types of boundary conditions (see [26]).
For example, it is easy to check that for

) T 0, T1 = T2, T3 = X4,
] <([L‘1,ZC2,J;3,£L'4) > =
400, otherwise,

we obtain the periodic conditions u® (0) = u® (1), i = 0,1,2,3, while the case of
simply supported endpoints, i.e., u (0) = u (1) = u" (0) = «” (1) = 0, corresponds to
the following choice

X T Oa T = Ty = 07

J ((331,332,9537904) ) =
400, otherwise.

Our aim in this chapter is to investigate the existence of solutions to problem
(3.1)-(3.2). Some results related to the particular case p = 2 and a, b constants are
reported in Gyulov and Moroganu [22, 2007]. The treatment of the more general
problem (3.1), (3.2) requires more advanced analysis. It is studied in Gyulov and

Moroganu [24]. The reference Gyulov and Moroganu [23, 2009] contains a short

variant concerning the particular case when a and b are constants and p > 1.

By a solution of this problem we mean a function u € W2?(0,1), with (|u”|p_2 u”)/ €

AC (]0,1],R), which satisfies (3.2) and for a.a. t € (0,1)

(e P2 )"~ (a@ e @OF 2 1))
+ b(@) lu@)|Pu(t) € OF (t,u). (3.9)
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In fact, since |u/[P"*u” =: v € W21(0,1), and u” = |v|* > v, where ¢ is the conjugate
of p (ie., p™t + ¢~ = 1), it follows that u € C?([0,1]). In particular, the values
of u, v/, v”" at t =0 and t = 1 in (3.2) make sense. Note that if 1 < p < 2 then
u e C3([0,1]).

Now, we define the set
D= {u:ueW>(0,1), (u(0),u(1),u (0),4 (1) € D)},
and the functional J : W?? (0,1) — R U {+o0},
J ()= j ((w(0),u (1), (0),0 (1)"), VueW(0,1),

whose effective domain is D (J) = D.
Obviously, D # ) since (0, 0,0, O)T € D (j), so J is proper, convex and Ls.c.
In order to obtain existence of solutions to problem (3.1), (3.2), we consider the

following functional

1 1
/ ('[P + a |l + bluf?) /Ftudt+J()
0 0

'BIH

and use the critical point theory developed in Motreanu and Panagiotopoulos [41]
(see Section 1.2 from Chapter 1).

Let us define the following two constants,

1
\ i [P @l £ bJup) de
[l

ue D\{O}} , (3.10)

and

1
s—0ooTU 0
r>s

Both )\; and A; will be important in the sequel. It is easily seen that A; < A, and

in most cases A; < Aj.

We are now able to state the main results of the present chapter, as follows.
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Theorem 3.1.1 Assume (Hy) and (Hs). Suppose, in addition, that the following

condition is satisfied

(Loo)

F(t A
lim sup ( ,p:c) <2

uniformly for a.a. t € (0,1). Then problem (3.1), (3.2) has at least a solution.

(3.12)

In order to state our next result, we introduce a new condition on F:

(Lo)

uniformly for a.e. ¢ € (0,1). Obviously this implies 0 € 9F (t,0) for a.a. t € (0,1),
so in this case u () = 0 is a solution of problem (3.1), (3.2). We are interested in

the existence of nontrivial solutions of problem (3.1), (3.2). We have

Theorem 3.1.2 Assume that \y > 0 and that (Lo), (H1), and (Hy) are fulfilled.
Suppose, in addition, that D (j) is closed, (0,0, 0, O)T € 0y <(0, 0,0, O)T>, and either
(Gy) or (Gp) — (Los) holds, where

(Gy) there exist constants 0 > p, and k, M > 0, such that

J(z2) < 0j(2)+k, Vz e D(j), (3.13)

0 < OF(t,x) <&x, YEEOF(tx), (3.14)

for all |x| > M, and a.a. t € (0,1),

(Gp) there exist positive constants ¢, k, M such that

j'(z2) < pj(z)+k,  VzeD(j), (3.15)

0 < (p+ L) F(t.x) < tx, VEE€IF (t,a), (3.16)

"™
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for all |x| > M, and a.a. t € (0,1), and
(L) F A
lim inf 2 - (3.17)

N L
uniformly for a.a. t € (0,1).

Then problem (3.1), (3.2) has at least a nonzero solution.

Remark. It is worth pointing out that any of the conditions (3.13) and (3.15)
implies that the domain D (j) of functional j is a convex cone. Moreover, assumption
(3.15) guarantees that A; < oo (see Lemma 3.2.2 below).

Remark. Assumption (3.16) allows asymptotically quadratic growth of function
F (t,z) and implies that functional I (-) satisfies the Palais-Smale condition (Lemma
3.2.3). We may think about a more general condition of Cerami type, but it seems
it is difficult to apply such a condition to the case when the functional is the sum

of a locally Lipschitz functional and a proper, convex, l.s.c. one.

3.2 Variational settings and auxiliary results

Our framework in the next part of the thesis will be X = W??(0,1).

Define ¢ : X — (—o0, +0o0] by

1
Y(u) = Of (" + [ + [ul”) dt + J (u)

- % ||u||€[/24’([)71) +J (u),

whose effective domain is D (1)) = D, and

B (u) ::—/F(t,u)dt+<p(u), we X =W (0,1), (3.18)
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where
1

/ ((a(®) =D OF + @) = 1) u(t)]) dt.

0

Obviously, 9 is proper, convex and Ls.c., while ¢ € C' (W??(0,1),R), and
1

W)= [ (-l ore oo

+ (b)) =D Ju @) ut)o (1)) dt.

We have

Proposition 3.2.1 Assume that F' : (0,1) x R — R satisfies (Hy). Then the
functional ® defined by (3.18) is locally Lipschitz. Moreover, if u € W*?(0,1) and
1 € 0 (u) then there is some w; € L' (0,1) such that w; (t) € OF (t,u(t)) for a.a.
t€(0,1), and

o= [(Fu@e®+ @O -0 @Or oo
OO - D@ Pu@) ) d, YoeW*(0,1), (3.19)
where (-,-) denotes the duality pairing in WP (0,1) .

Proof. By the continuity of the embedding W?%?(0,1) C C* ([0,1]) (see, for example,
Adams and Fournier [1, 2003]) and assumption (H;) it follows that ® is indeed locally

Lipschitz.

Define .

R(u) = —/F(t,u(t))dt, Yu € W22(0,1).
0
One can prove (see Theorem 2.7.3 in [6]) that given & € OR(u) then there exists

some ve € L' (0,1) such that v (t) € —OF (¢,u(t)) for a.a. t € (0,1), and

1
(& v) = /Ugvdt, Yv € WP (0,1). (3.20)
0
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For reader’s convenience, here is a complete direct proof. First, Fatou’s lemma
and (H;) imply that

1 1

) < [P @oromndr < [a, @bl v ew 01,
’ ’ (3.21)

where p is such that ||ul|, < p, and «a, (t) € L' (0,1) is defined in (H;).
Let & € OR(u). Then
1
o< R < [a,@ld wew? o),
0

and the Hahn-Banach theorem implies that £ can be extended to a continuous linear
functional € on L' ((0,1); ) D W??(0,1), where y is the measure on [0, 1], defined
by

n () = [ o, @t

A
for any set A, which is measurable with respect to the usual Lebesgues measure m (-) .

Obviously, a, (t) can be chosen such that «, (t) > 1. So, p(A) = 0 iff m (A) = 0.
Then, there exists Gz € L ((0,1); ) = L>(0,1), such that
1
<§,w> = /ap (t) Be () w(t)dt, Yw e LY ((0,1); ),
0

SO
1

@w:@@:/%m&@mm,wGwmmm
0
and (3.20) holds with ve := a,; € L' (0,1). Now, (3.20) and (3.21) imply
1 1
/wmg/emuW@@mmm,WEW“mn,
0

0

yvielding that ve (t) € O(—F) (t,u (t)) = —0F (t,u(t)) for a.a. t € (0,1).
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Now, let I € 9® (u). By 0® (u) C OR (u) + ¢ (v) = OR (u) + ¢’ (u) , there exists
¢ € OR(u) such that [ = £ + ¢’ (u) and (3.19) is obtained with u; ;= —ve, where v;

is determined by & as above. m

Define I : X = W??(0,1) — (—o00, +00| by

L= @(u)+v(u)
= ]loof(|u”|p+a|u’|p+b|u|p) dt—OfF(t,u) dt 4 J (u) .

Theorem 3.2.1 If F: (0,1) xR — R satisfies (H;) and u € W??(0,1) is a critical

point of functional I, then u is a solution of problem (3.1), (3.2).

Proof. We adapt a previous device from [28], Proposition 3.2, to the present func-

tional (see also [22], p. 2805). If we take v = u + sw, s > 0, in the inequality
% (uzv —u) + 4 (v) =¥ (u) >0, YveWr(0,1),

we easily get

1
0 (u; w) +/ (\u”\p_Q W+ )P+ P uw) dt + J' (u;w) >0, (3.22)
0

for all w € W?2?(0,1), where

I () = ' ((w(0),u (1), (0), 0/ (1)75 (w (0) w0 (1), w' (0),w' (1)) (3.23)

is the directional derivative of the convex function J at w in the direction w. For

w e Cg°(0,1) € W2P(0,1), inequality (3.22) reads

1
Y (u; w) > —/ <|u"|p*2 u"w" + P + P uw) dt. (3.24)
0
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Function ®° (u;-) is subadditive and positively homogeneous, so by the Hahn-

Banach theorem there exists a linear functional [ : W27 (0,1) — R , such that
1
[ (w) = —/ (]u"\p_z "+ )P+ P uw> dt,
0

and

Y (u;w) > 1 (w), Yw € W??(0,1). (3.25)

On the other hand, there exits a constant k > 0, such that
P (u;w) < k Hw”wg,p(o,l) . Yw e WP (0,1), (3.26)
which, together with (3.25), yields
|l (w)| < kllwllyengyy, Ywe WP (0,1),

showing that [ is continuous and [ (w) = (l,w). Now, from inequality (3.25), it
follows that { € O® (u). Using Proposition 3.2.1, we deduce that there is some
w; € L' (0,1) such that

u (t) € OF (t,u(t)), fora.a.te (0,1), (3.27)
and

1
/ (\u”|p72 "W+ a | |P ! + bl uw — ulw> dt =0, (3.28)
0

for all w € C§°(0,1). As uw € W27 (0,1), we have (Ju”["" u”)/ e Wh(0,1), ie.

(|u”|p_2 u”), is absolutely continuous and

(" P2 @) = (a0l OF 0 1)) + bl (OF ) = ut) (3.29)

for a.a. t € (0,1). Now, from (3.27) it follows that (3.9) holds.
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Next, we prove that u satisfies (3.2). We already know that u” € C?*(]0, 1]). The

above inclusion relation (3.27) implies that
w () w(t) < F°(tu(t);w(t) foraa. te€(0,1), Ywe W (0,1).

Then, by (3.29), we have

1
/<| u"|”” 2u"w”—|—a]u]p 2 w' + b |ulP 7 uw ) dt

)
+ <<|U”|P—2 u”)l(l) () () ( ) .
‘((W”“Qw)'m>—a<mhL 2 ( )

(L) (1) wf (1) + [ (O)F 2 (0)w

< /FO (b () w (1) dt,

0

0

w

for all w € W27 (0,1). Thus,

uws/ w (1)) dt + (' (u) ),

and from (3.22), we get
/(—F)O (b () w (1)) df — /FO (b (t)w (b)) dt+ J (ww)  (3.30)

> () =@l P ) w )

() © - a W OF 7 ©) w o)
O (1) (1) + [ O (0) ' (0),

for all w € W??(0,1). Now, let x,y,2,q € R be arbitrarily chosen and, for each
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n €N, let w, € WP (0,1) be defined by:

zwo (nt) + Lwy (nt) , if  te [0> %) g
Wy, = 0, if te[%,l—%},

2wp(n(1—1t) — dwy (n(1—1)), if te(1-211],

where wy (s) and w; (s) are such that wo (1) = w; (1) = wj (1) = w] (1) =0, wy (0) =
W (0) = 1 and w} (0) = wi (1) = 0, e.g., wo(s) == (s —1)*(2s + 1) and w; (s) :=
s(s—1)%.

Then, w, (0) = z, w!, (0) =y, w, (1) =z, and w/, (1) = ¢q. From hypothesis (H;)

there is some a, € L' (0,1) such that
|FO (t,u(t);n)| <o, (t)|nl, VneR, foraa. te(0,1),

where p > 0 depends on the supremum norm ||u||, of u. Taking n = w, (t), one

obtains

|F (t,u(t);w, (t))‘ a, (t) max {|x| + 5T |z| + 57 [ (3.31)

for a.a. t € (0,1).
On the other hand,

FO(t,u(t);w, (t)) — F°(t,u(t);0) =0, for a.a. t € (0,1).

This together with (3.31) implies, by Lebesgue’s dominated convergence theorem,

that
1

/FO (t,u(t);wy, (t)dt —0, asn— 0. (3.32)

Similarly, one has

/(—F)O (t,u(t);w, (t)dt — 0, asn— 0. (3.33)
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In (3.30) we take w = w, and let n — oo. Thus, by (3.23), (3.32) and (3.33), we

derive

7 (@) u (1) o (0w W) (2,0 0)7)
> () W - e P ) -

() © - a @ OF ) «
[ OF P (1) g+ e (0P (O,

which, as x, y, z, and ¢ were arbitrarily chosen, implies that u satisfies (3.2). =

Lemma 3.2.1 We have A\; > —oo, where A\; is the constant defined by (5.10).

Moreover, if A\y > 0, then there exists a constant m > 0 such that
1
/0 <|u//|P +a |u’|P +b |u|p) dt >m ||U||€V27p(071) , YueD.
Proof. First, there exists a constant K such that
[0 < K (e a7 + 7 lullf) . Ve € (0,1). (3.34)

Choose ¢ such that Ke < |a|_)" where |a|__ := max;cjoq|a ()] . Let A be such that

b(t)+ A > la|  Ke ' Then,
1 1
|7, < K (||, +e Hullf,) <lal / (" + b+ A) [ul”) dt,
0
1.e.
1 1
/ (W' + a 'l + buf?) dtz/ (W' Jal_ [ + blul?) dt > ~Allul
0 0

SO A1 > —A > —o0.
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Next, suppose that A\; > 0 holds. We will prove that there is some g > 0 such

that

1

W

| Qe alwl +bpup) de > H (g, + i+ ). (335)
0

for all u € D. The inequality (3.35) is equivalent to
/01 (Ju"["+ ((a = 1) p+a) ['[" 4+ ((b— 1) g+ b) [u|") dt > 0.
We will prove that there is ;1 > 0 such that the following stronger inequality
[+ = o+ 0w @ WP+ (= (1) 0) ) >0

holds for every u € D. Let K be as above and €, 0 < € < 1 be such that Ke |a| < 1.

We denote by §, 0 < § < 1, a number that will be chosen later. We have

Jo (P + (= (laly + 1) e+ a) [P + (= (1Bl +1) o+ b) [uf”) dt
> (1=6) Jy (WP +alu/[” +bluf”) dt = (|bl, 6+ (bl + 1) ) fy [ul” dt
0 [ [P dt — (lal 6+ (Jalo, + 1) p) fy [/ dt
> (1= 0) M = (1blog 6+ ([blog + 1) ) fy [ul” dt+6 [ [u[” dt

—(lal 0+ (Jalg + 1) 1) fo [/ dt
for every u € D. We look for p and ¢ such that the inequalities

5> (al 6+ (|, +1) ) Ke. (3.36)
A= (1=0) A — ([blo 6 + ([bl o +1) 1)
> (lal 0+ (lal + 1) p) Ke™t (3.37)
are satisfied. The former inequality is equivalent to

1 — Kelal, S (3.38)
(Jal. + 1) ke =F '
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and the later one is equivalent to
M > (A + bl +lal Ke) o+ (1+ bl + (Jal o +1) Ke™ ') p (3.39)

Obviously, there are p and 0 such that (3.38) and (3.39) hold as well as the inequal-
ities (3.36) and (3.37). Therefore,

/0 ("7 + (= (laloe + 1) g+ a) [0/ + (= (1Bl + 1) s+ b) [ul?) dt

1 1
ZA/ lul? dt—|—5/ [P dt
0 0

1
~al 8+ (lal+ D) [
0

1 1
> A/ |ul? dt—|—5/ lu"|” dt
0 0

1 1
—(la| 0 + (Ja|, + 1) p) <K£/ lu" | dt + K6_1/ |ul? dt) > 0.
0 0

Lemma 3.2.2 Assume that (3.15) holds. Then \; < +oo.
Proof. A standard computation shows that

3_pj(52)§j(2)+§(1—8_p), Vze D(j), Vs > 1,

which yields
Y€ it {2, + lal 115, + bl Nl +pJ () - u € W22 (0,1)

lullfy =1, ((0),u (1), (0),u (1) € D)} +.
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Lemma 3.2.3 Assume (Hy) holds, \y > 0, and either (Gy) or (G,) holds. If, in

addition, D (j) is closed, then functional I satisfies the Palais-Smale condition.

Proof. First, we prove that each Palais-Smale sequence is bounded. Let {u,} be

such a sequence. Then, there exists a constant C' such that
1
1
c>1 / (W 4l + blunl?) di+ T () + @ (un) — 0 (). (3.40)
p
0

On the other hand, setting v = (14 ) u,, s > 0, in (1.1) and taking the limit as
s — 07, we obtain

D (wp; ) + U (U Un) > —&n |[un]| -

This inequality reads
1
D0 (up; ) — (@ (un), un) + / (Jurl” + alul, |’ + blu,|") dt
0

+ J (Un;un) > =&y |Jun| - (3.41)

We will examine separately the cases when (G,) and (Gy) hold.

Case 1. Let (Gy) hold for some 6 > p. We will prove that
0P (u) — ¢ (u) = " (usu) = (¢ (u) ,u) —my, YueW?r(0,1),  (342)

and

0J (u) > J (u;u) —my, Yue W?P(0,1), (3.43)

for some positive constants m; and ms. Indeed, (3.43) follows from (3.13) and the
definition of functional J. Now, let [ € O® (u). By Proposition 3.2.1, there exists

some u; € L', such that u; (t) € OF (t,u (t)) for a.a. t € (0,1), and
1

o= [ (Fu®v®+ O - D OF O ©

+ (@) =1 u@®)ut)v (t))dt, YveW?>P(0,1).
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Hypothesis (H;) implies that given M > 0 there exists an ayy (t) € L' such that for

each z € R, with |z| < M, the inequalities
€l <aum(t), VE€IF(tx),

and

|F (t,x)] < May (1),
are satisfied. Hence,

/u (t)w (t)dt = / w(t)w (t)dt+ / w(t)u (t)dt

0 u(t \u(t)|<M

v

GF(t u())dt—M/aM t)dt
(t, ) dt —

u

/ Ftu(t) dt

)|>M
1
— 9 / F
0 [u(t)|<M

1 1

—M/aM(t)dt > H/F tou(t))dt — M (1—|—9)/aM(t)dt,

0
which yields

1

(L) + {9 () ) > 0 (— () + o () — M (L+6) /aM

ie.,

0 (@ (u) — ¢ (u) 2 (Lu) — (¢ (u) ,u) —my, VI€ID(u),
1
where my; = M (1 +0) [ an (t)dt > 0. Tt follows that
0

0(®(u) —¢(u) > max{{l,v):1€dP(u)} — (¢ (v),u) —m

= % (uyu) — (¢ (u) ,u) —ma,
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which yields (3.42).
Now, multiplying (3.40) by —6 and adding (3.41) to (3.42) and (3.43), we find

1
7
0C +my +mgy > (]—) - 1) / (Junl” + a|ul, |’ + blu, ") dt — ep [Jun|| -

On the other hand, by the hypothesis A\; > 0 and by Lemma 3.2.1, there exists

a constant mg > 0 such that
0C + my +mg > ma||un|” — en |Junll,

which implies that {u,} is bounded.
Case 2. Let (G)) hold. We will prove that there exists a constant k; > 0,
and, given p > 0 there exists a constant m; = my (p) > 0, such that for each

u e WP (0,1), with [Ju]| > p, the inequality

(p , ) (@ () = () > 3 (usu) — (¢ (u) ) — 1 (3.44)

—1
ull®

holds. Let I € 0® (u) and u; € L' be defined as in Case 1. Then, we have

1

/u(t)ul(t)dt: / w(#) g (t) dt + / w (t) w (£) dt

0 {lu(®)[>M} {lu(®)|<M}

v

(p+ W)F(t,u(t))—M/aM(t)dt

{lu(®)[>M}

> (MW) / F(t,u(t))—M/aM(t)dt
{lu(®)|>M} 0

_ (p+w> [reum - [ Feaw)

{lu(®)|<M}

0
1
0
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where we have used the obvious inequality

[u ()] < dllullyzno

for some positive constant d. Now, the above inequalities yield that

O/lu(t)ul(t)dt > (p d”qu 1>0/1F
M(p—kl—i—#)o/lom(t)dt.

Similarly as in Case 1, we obtain that (3.44) holds with k; = ¢/d, and

1
C
mq = M( dpp_1> /O./M (t) dt.
0

Next, the inequalities (3.15) and (3.47) imply

(P+ i ]ﬁi 1)J(U)ZJ'(u;u)—k+_

Co HUH “+
1
[l [

, (3.45)
for all w € W2P (0, 1), such that ||ul| > 1.
Now, suppose that {u,} is unbounded. We may assume that ||u,|| > 1 for all n.
Then, applying (3.44) with p = 1 and (3.45) to (3.40) and (3.41), we get
- 1

¢ k
> 1p_1/(yu;;|p+a1u;yp+b|unyp) it
ol = 2l

pC' +

- ml - k102 ||un||27p —E&n ||un|| ) (346)

for some constants C' > 0 and 7, > 0. Now, by A; > 0 and Lemma 3.2.1, inequality

(3.46) implies

~ . klm leQ
pcw”’“z( b ) Il
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a contradiction since ¢,, — 0 and ||u,|| — oo. Therefore {u,} is bounded.

Next, let {u,} again be a Palais-Smale sequence. By the boundedness of {u,},
under each of the hypotheses (Gy) and (G,), there exists a subsequence of {u,},
again denoted by {u,}, and u € W??(0,1), such that u, — u in W27 (0,1). Thus,
u,, — u (for a subsequence) strongly in C"*! ([0, 1]) and, as D (j) is convex and closed,

uw e D(J). From (1.1) we derive that

DY (upu — up) + J (Ui u — up) + &, |Ju — uy|
1
> —/ <|u;;|p_2 W+l Pl A+ g P unu> dt + ||un |’
0

-1
> un " (Nl = Nlull)
yielding that
-1
D (niu — tn) + ' (n = un) + &n [l = wnl| = [Jul”™ (lunll = [lull)
—1 -1
> (lunll”™ = [lull”™) (luall = flull) -

The functional ® has the trivial extension ® on the space C'([0,1]) defined by

(3.18). Moreover, D is locally Lipschitz functional and obviously
3 (v;w) = ° (v;w), VYo,we W (0,1).
The upper semicontinuity of @° (+;+) yields

lim sup ®° (w,; u — uy,) < B° (u;0) =

n—oo

On the other hand,

limsup J' (un;u —u,) < limsup (J (u) — J (u,))

= J(u) —liminfJ (u,) <0.

n—oo
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Hence
: -1 -1
0 > Limsup (|fu "™ = [[ul”™) (luall = [Jull)
ie., ||un| — |lull. Since (WP (0,1),]-|) is uniformly convex, u, — u strongly in

W?2P(0,1). Thus, I satisfies the Palais-Smale condition, as claimed. m

3.3 Proof of the main results

Proof of Theorem 3.1.1.  First, we will prove that functional [ is coercive.

Suppose that, on the contrary, there exist a constant C' > 0 and a sequence {u, } C

W22 (0,1), such that [[upllyy2p¢,) — 00 and I (u,) < C. Denote v, := p=r, where
|-]] is the norm in W?2P (0,1). Then, u,,v, € D (J). Moreover, |v,| = 1 implies
that there exists a subsequence of {v,} (denoted again by {v,}) and v € D (J),
such that v, — v in W??(0,1) . Therefore, v, — v strongly in C* ([0, 1]).

Since J is proper, convex and l.s.c., it is bounded from below by an affine func-

tional. Therefore, there are some constants ¢; > 0 and ¢, > 0, such that
J(u) > —c1 — o ||u| (3.47)

So, we have

(lunl” + a i + blunl”) dt + T (un) + @ (un) — ¢ (un)

—

¢ >
p

0
1

> / (W2 + @ [ + b lunf?) dt + @ (un) — @ (un) — 1 — s ]
0

D=

which implies

1
C 1
+ 1 Co > _/(|UZ|P+G|U;L|P+[)|U”|P) dt +

lunll”  JuaP™ T P

[ ”

(3.48)

0
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If (3.12) holds, then there are constants ¢ > 0 and p > 0 such that

)\1—0'

F(t,x) < |z|” for a.a. t € (0,1),

and for all x with |z| > p. Hence,

At

Ay — _
. Upp+—g|x|p for a.a. t € (0,1), z € R,
p

F(t,z) < pa, (t) +

which gives

1 1
N —

q)(u)—go(u):—/F(t,u)dtz—k— ! U/]u|pdt, Yu € WP (0,1),

0 b 0
so by (3.48) it follows
C k 1 /
ta+ C2 / P /P p
— > - log|” +alv,|” + (b— A + o) |v,]”) dt
P e = 9 ¢ )

0
1

> 7 / P dt. (3.49)
b
0

Therefore, v, — v =0 in C* ([0,1]), and then
lvallze = llonlliyes = lonllze = lloallzy — 1, asn — oc.

This implies that

1
1 1
= [ a4 0= n )i —
po p

C+Cl+k5 Co

>
[ [

a contradiction.

Finally, by the compactness of the imbedding W?2? (0,1) c C* ([0, 1]), functional
® is sequentially weakly continuous, and v is weakly lower semicontinuous. Hence,
I is sequentially weakly lower semicontinuous and its coercivity implies that it is

bounded from below and attains its infimum. So I has a critical point, which by
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Theorem 3.2.1 is a solution of problem (3.1)-(3.2). m

Proof of Theorem 3.1.2. We will apply Theorem 1.1. First of all, according to
Lemma 3.2.3, I satisfies the Palais-Smale condition.

Next, we can assume without any loss of generality that j ((O,O,O,O)T> = 0.
Since (0,0,0,0)” € 95 ((0,0,0,0)7), we have J (u) > J (0) = 0 and so in particular
I(0) = 0. Now, we will prove that there exist p > 0 and a (p) > 0 such that [ (u) > «
for Yu € W*P (0,1) with ||u|| = p, where ||-|| denotes the norm of W?2?(0, 1). Indeed,

if p = ||lu|| is small enough, then by |u (t)| < d||u|| for some constant d, and by

)\1—0'

Ft,2) < 2P, Vel <6

with some constants ¢ > 0 and § > 0, we have
1

I(u) = /(|u"|p+a|u’]p+b|u|p) dt—/F(t,u)dt+J(u)

=

0

>

1
p p

1
Ay —
[ el vpup) it =22 [ fupde = m
0 0
with some constant m > 0. Here, we have used the inequality

1 1
/ (| + alu "+ (b= X + o) [ul’) dt > 0'/ lul” dt,
0 0

as well as Lemma 3.2.1 with b replaced with b — Ay + 0.

Finally, we have to find an e € W?? (0, 1) such that
I(e)<0 (3.50)

and

lefl > p. (3.51)
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In what follows, we will examine separately the two alternative cases of the
theorem, which we denote by (a) and (b).

(a) : (Gy) holds.

The mapping s —— s F (t,sx) is locally Lipschitz for a.a. t € (0,1), so we

have for each s > 0
05 (s'F (t,sz)) C O, (s7%) F(t,sz) + s %0, (F (t,sz))
= sV (—0F (t,sz) + s2OF (t, sz)) .
Let |x| > M, where M is the constant which appear in the statement of the theorem.

Given 1 < r < s, by Lebourg’s mean value theorem and assumption (3.14), there

exist 7 € (r,s) and £ € O, (s™F (t, sz)) ‘5:7" ¢ > 0, such that
sOF (t,sz) —r "F (t,rx) = &(s —r) >0,
ie.,
F(t,sx) > s"F(t,z), foraa. tc[0,1], VY|z|>M, s>1.

Now, let h € C§°(0,1) be such that |h| > M on a set with positive measure.
Then,

/1F(t,sh)dt: / F(t sh)dt + / F(t, sh) dt

{Ish|>M} {Ish|<M}

> / F(t,sh)dt—M/laM(t)dt

{Ih|>21}

1
> o / F(t,h)dt—M/aM(t)dt,
0

{1h[>}
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for all s > 1. We have J (sh) = 0 for each s, thus

1 1
g
I (sh) z%/(]h”|p+ayh’\p+b|h|p) dt—/F(t,sh)dt
0 0

S—/ WP+ allP 4+ bIRP) de — s / F(t,h)dt+M/aM(t)dt
p
0 {ln|>M}

for all s > 1, i.e.,
I (sh) < sPky — s’ky 4+ ks — —00, as s — oo,

with ki, ko, k3 > 0. Therefore, we can choose sq sufficiently large such that I (soh) <
0 and ||soh|| > p. Then e := soh satisfies conditions (3.50) and (3.51).
(b) : (Gp) and (L) hold.
Let u, € D and s, > 0 be such that |u,|;, =1, s, — oo,
1
[l b+ by at o P 5,
0
The inequality (3.17) implies that there exist constants C' > 0 and ¢ > 0 such
that

)
Mto |z |?

F(t,z) > , Vx| >C, aa.te(0,1).
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We have

1

/F(t,snun(t))dt: / F(t, spuy) dt + / F (t, spuy,)dt

0 {|snun|>C} {lsnun|<C}
_ 1
A
> g Mo / |un|pdt—0/ac(t)dt
p
{snun|>C} 0
X 1
o el I AU T T
p
{Jsntin<C)

1 1

_C’/ac(t)dtZsfl)\l+U—‘>\l+J (J”—C/ac(t)dt,

p p
0 0
hence
p
I (spu,) < ;"/ unl” + alul|” +blun|’) dt + J (spun)
0
_ _ 1
£>\1+U o ‘)\1‘1‘0 CP—C/OzC(t)dt,
p p /
ie.,
1
(Su < - / |l |p+a|u;\p+b|un|p)dt+p<s—pu)
0
it G
p sn’

which converges to —o/p as n — oo. Therefore, one can choose some n such that

I (spun) <0 and |[s,u,|| > p. Obviously, e := s,u, satisfies (3.50) and (3.51). =
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3.4 An example

Consider the boundary value problem

u’ = F'(u), (3.52)
w(0) = u'(0)=u(l)=1d'(1)=0, (3.53)
where F'(z) = ngG_ﬁ, ¢ > 0. It is easily seen that

F'(z)=c¢c (x + 81g211m> e Tl

and we can choose j <($1,$2,$3,$4) > =0,if vy =29 =23 =124 =0, and = 400,

otherwise.

Obviously, functions j and F satisfy assumptions (3.15), (3.16), and

F
lim (z) _

|z]—o00 x2 2

Note that \; = A\ > 0. In fact, \; is the first eigenvalue of the clamped beam

operator.

If ¢ < Ay, then Vu € D (J),

1

1
1 1
I(u) = 3 /u"th—c/uze v dt :
0

0
and
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where I’ (u;u) is the directional derivative of I at u in the direction u. It follows

that problem (3.52)-(3.53) has only the null solution.

If ¢ > A\, then Theorem 3.1.2 guarantees the existence of at least one nonzero

solution.
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