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Abstract

The estimation of the state of a finite quantum system is studied. It is assumed that N
identical copies of the unknown state are at hand and statistical data is obtained from
different separate measurements. Complementary (or quasi-orthogonal) measurements,
defined by an orthogonality relation, play a special role among separate measurements.
Motivated by recent results on the existence of certain complementary subalgebras, the
effect of complementarity of the measurements on the state estimation procedure is exam-
ined. For an unconstrained estimate optimality is shown for finite sample sizes, and for a
constrained estimate, that always gives approvable results, optimality is shown in the limit

of large N.
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Introduction

The probably most widely known and challenging property of quantum theory is that it
is non-deterministic. Even if complete knowledge about the state of a quantum system,
acquired by determining a certain property of the system, is at hand, there are observable
quantities that cannot be predicted with certainty from the obtained information. This
inherent stochastic nature of quantum mechanics makes the determination of the unknown
state of a quantum system a statistical problem and in general we can only estimate the
unknown state of the system. The fundamental question in quantum state estimation is
to find most efficient estimation procedure.

A scheme to estimate an unknown quantum state includes usually the following steps:
Parameterization of the set of possible true states of the system, the selection of measure-
ments to be performed on the given copies of the state and the construction of an estimate
from the results of the measurements. The main challenge, however lies in the right choice
of the measurements that are performed to obtain statistical data about the system. For
a good estimate it is necessary to collect statistical data from measurements on several
identical copies of the unknown state. In [28] separate measurements of observables with
non-degenerate spectrum on the individual available copies of the state where studied. It
was shown that in this setting complementary observables obtain asymptotically the opti-

mal information gain. A similar result was obtained in [21], where it was shown that the



same holds true if the quality of the estimation scheme is measured by the average mean
quadratic error matrix of the estimate. Nevertheless, for the full estimation of a quantum
state a minimum number of different complementary observables is needed. A further re-
sult of [28] was the proof that in the case of quantum systems of dimension p*, where p is a
prime and k£ € N, sufficiently many complementary observables exists. The existence in the
general case is a popular unsolved problem. From the relation of observables to Abelian
subalgebras of the observable algebra, the concept of complementarity can be extended
to subalgebras in general. Recently there were developments which showed existence and
non-existence of the maximal number of complementary subalgebras in certain quantum
systems [23, 18, 17] and their relevance in state estimation [22].

In the present work we study the role of complementary for measurement schemes that
use general separate measurements (POVMs) on the given copies of a quantum system.
We consider the following framework: The unknown state is one of the possible states of
the system and eventual a priory knowledge is reflected by a prior probability distribution
on the set of states, which is required to be invariant under unitary conjugation. We infer
about the state by a number of different measurements, each of them performed seperatly
on a certain number of identical copies of the state. From the obtained data an uncon-
strained point estimate for the state is obtained by linear inversion of the relation between
the state and the measurement probabilities. From the unconstrained estimate, that may
take values outside the set of states, a constrained estimate that always gives useful results
can be constructed. The efficiency of such an estimation scheme is evaluated by the mean
quadratic error matrix of the estimate averaged over the possible true states and different
measurement schemes can be compared by the determinant of this matrix. In this setting
a measurement scheme that applies complementary (or quasi-orthogonal) measurements
can be compared to another scheme, if their measurements are related by unitaries. The

main results of the thesis show that measurement schemes that consist of complementary



measurements are optimal with respect to the applied measure of efficiency. This result can
be formulated for finite sample size for the unconstrained estimate and in an asymptotic
setting for the constrained estimate. In many important cases a measurement scheme that
uses complementary measurements can be connected to complementary subalgebras and
their importance for state estimation is discussed.

The thesis is structured in the following way: Chapter 1 contains an introduction to the
formalism of quantum probability theory. Complementarity of observables, subalgebras
and general measurements is defined and the cases where existence of complete sets of
complementary subalgebras is known are given. Chapter 2 gives an introduction to classical
and quantum estimation theory. In particular the setting of the estimation scheme under
study is explained and the different parts of the estimation schemes we apply in the thesis
are discussed in detail. The measures we use to quantify the efficiency of an estimation
scheme and additionally the measure used in [28] is introduced. In Chapter 3 the main
results of the thesis are presented and their relation to the work in [28] is examined. The
results are applied to the cases where existence of complementary subalgebras is known.
Finally for a certain unitarily invariant prior distribution on the set of true states the mean
quadratic error matrix and its average are explicitly evaluated in the case of a subclass of
von Neumann measurements. The Conclusion gives again a summary of the results of the

thesis.






Chapter 1

Mathematical Description of

Finite Quantum Systems

1.1 Quantum Probability Theory

Quantum probability theory is a non-commutative generalization of classical probability
theory. In classical probability theory events are described by elements of a o-algebra,
which has the algebraic structure of a Boolean lattice. In quantum probability theory
algebras of operators on a Hilbert space are considered. The set of projections in such an
algebra obeys a lattice structure as well and projections play the role of events in quantum
probability. Probability measures are replaced by positive linear functionals on the algebra.
Throughout the thesis we consider only finite dimensional quantum systems described by
a subalgebra of the matrix algebra M, (C) on a Hilbert space with dim(H) = n. In the

following we give an introduction to quantum probability in the finite dimensional setting.



1.1.1 The observable algebra

The finite quantum systems regarded in the thesis are described by subalgebras of the
algebra B(H) of operators on a finite dimensional Hilbert space. B(H) satisfies the axioms
of an unital x-algebra where the x-operation is given by taking adjoints. By fixing a basis
in H, the algebra B(H) can be identified with the algebra M,,(C) of n x n matrices with
complex entries.

Orthogonal projections can be characterized by the algebraic property P = P? = P*
and they obey additionally the structure of a lattice. To examine the lattice structure we
note that a projection P € B(H) and the linear subspace of H that is its range can be

identified P = I'm(P). The two equivalent conditions

() P<Q if PQ=P .
(11) P <@ if Im(P)C Im(Q) |

define a partial ordering on the set P(B) of projections in B(H). From condition (i) it
is easy to see that P > @) and () > P implies P = () and that P > ) and () > R implies
P > R. A projection P is called a minimal projection if () < P implies either @ = 0 or
Q=P.

From the partial ordering (1.1) two algebraic operations V and A on P(B) can be
defined: The intersection I'm(P) N Im(Q) is also a linear subspace of H and it contains
all linear subspaces that are smaller than Im(P) and smaller than Im(Q). As such the
projection on I'm(P) N Im(Q) provides the greatest upper bound of the two projections P
and @ and we denote it as PAQ. By definition span{Im(P)UIm(Q)} is the smallest linear
subspace that contains I'm(P) and Im(Q). Thus the projection onto span{Im(P)JIm(Q)}

is the smallest upper bound of the two projections P and ) and we denote it as P V Q.



With the operations V and A the set P(B) forms a complete! lattice and V and A are

commutative and associative. The lattice P(B) has several further properties:

e The identity operator [ is the largest element in P(B) with respect to the partial
ordering (1.1) and it acts as the identity with respect to A. Zero is the smallest in
P(B) with respect to the partial ordering (1.1) and it acts as the zero element with

respect to V.

e The projection (I — P) fulfills PA (I — P) = 0 and PV (I — P) = I. Therefore

(I — P) is called the complement of P and the lattice is called complemented.

e The lattice is not distributive, however modular if

P<Q = PV(QAR =(PVQAPVR =QA(PVR) (12)

Additional to the full algebra B(H) we can consider *-subalgebras A C B(H) that contain
the identity I € B(H). A subalgebra A induces a sublattice P(A) C P(B) as well. For
proof it is sufficient to see that the largest upper bound of a set of projections {P; : 1 <
i < k} is contained in the subalgebra A. The largest upper bound sup{P; : 1 < i < k}
is given by the projection onto the span of the corresponding subspaces Im(P;). Since
Ker(P + Q) = Ker(P) N Ker(Q) for positive operators, span{Im(P;) : 1 < i < k}
is identical with I m(ZR) Since ) := >_ P; is an element of the subalgebra A, the
projection onto I'm(Q), and thus the largest upper bound of the set {P; : 1 <i < k} is an

element of A as well. In this sense a subalgebra of B(H) can be considered a subsystem of

B(H).

LA lattice is called complete if for every subset A C P the greatest upper bound, sup(A), and the
smallest lower bound, inf(A), exist.



A lattice that is not only modular but distributive is called Boolean?. For the lattice
P(A) of a subalgebra A C B(H) this is the case if A is commutative. Then it is generated
by the minimal projections of A, which satisfy P,P; =0 and > P, = I. In this case P(A)
is isomorphic as a lattice to the o-algebra of subsets of the index set I = {1,... k} we

used to number the minimal projections in P(.A).

1.1.2 States and measurements

In analogy to a probability measure in a classical probability space, a state on the algebra

B(H) is defined as a linear functional ¢ : B(H) — C such that
p(A)>0 if A>0 and o(I)=1 (1.3)
The algebra B(H) can be equipped with the Hilbert-Schmidt inner product
(A,B) = %Tr (A*B)  (A,B € B(H)). (1.4)

and with this inner product it is a Hilbert space itself. A state is an element of the dual
of B(H) and it can be represented by a density operator p € B(H) as ¢(A) = Tr (pA).

By the properties imposed on a state the density operator p fulfills
p>0 and Trp=1. (1.5)

From (1.5) it follows that a density matrix is a self-adjoint operator with eigenvalues
N1 <i<nXN>0>7" N =1} A state on B(H) is called pure if the density

operator is a rank one projection, i.e. it has a single non zero eigenvalue equal to one.

2A o-algebra of sets is an example of a Boolean lattice.
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An important role in quantum probability theory is played by self-adjoint operators
A = A*. By the spectral theorem a self-adjoint operator A has an orthogonal basis of

eigenvectors and therefore a decomposition

A= "a;P (1.6)

where the a; € R are the eigenvalues of A and the P; are orthogonal projections on the
corresponding mutually orthogonal eigenspaces.

The eigenprojections of a self-adjoint operator fulfill ,P; =0 and ), P, = I and they
generate an Abelian subalgebra A C B(H). The lattice P(.A) is Boolean and a o-additive
map defined by My, : a; — P; gives a lattice isomorphism between the o-algebra over the
set of eigenvalues of A and the lattice P(A) of projections in A. By linearity and the
conditions (1.3) the state ¢ induces a probability measure on the set of eigenvalues of A

through the map M,4. We get the probabilities
Prob(a;) = 6(P) = Tr (pP) . (1.7)

Thus the operator A can be associated with a random experiment that has the eigenvalues
of A as outcomes which appear with the probabilities in (1.7). Then the expectation value

of the outcomes is given by the value of the functional ¢ at A:

(A) = Z a;Prob(a;) = ¢(A) (1.8)

In the description of a physical system self-adjoint operators are associated with observable
quantities of the system and therefore called observables.
The concept of a random experiment in quantum theory can be extended to a more

general form given by positive operator valued measures (POVM). A finite discrete POVM



is a o-additive map from the o-algebra over a finite set {ay,as,...,aq} of outcomes into
the set of positive operators on B(H). It can be defined by the assignment a; — F; such
that M = {F; : 1 <i < d} is a set of #(M) = d positive operators F; € B(H) satisfying
the conditions

E;>0 and > E=1 (1.9)

Again, by linearity and the conditions (1.3) the state induces a probability measure on the
set {a,aq,...,aqs} and ¢(F;) can be interpreted as the probability that the outcome q;

appears if the system is in the state p:
pi := Prob(a;) = Tr (pE;) . (1.10)

Since in the following the values of the outcomes will not be important, we will describe
a POVM simply by the set of operators M := {E; : 1 < i < d} and refer to it as
a measurement. Performance of a measurement shall simply mean the performance
of the random experiment associated with the POVM. If all operators in a POVM are
projections, it corresponds to the measurement of an observable and commonly the notion

von Neumann measurement is used.

Example 1.1.1 In the case of a qubit, i.e. dim(H) = 2, consider the operators

Elz%lI—F%(O'l—i‘O'Q—’—Ug) E2:;111+ﬁ§<0-1_0-2_0-3)

(1.11)
E3: i]-kﬁg(—al—f-O'g—O'g) E4: %I—Fﬁg(—Ul—Ug—l—Og)

where the o; are the Pauli matrices given in (1.15). The operators in M := {E; : 1 < i < 4}
fulfill 32, E; = 1. With the anticommutator {0y, 0;} = 00, + oj0; = 0 (i # j) of
the Pauli matrices it follows that E? = 14 E; and therefore the E; are subnormalized

projections, thus positive and the set M := {E; : 1 < i < 4} forms a POVM. O

10



As an important difference to classical theory, in quantum probability theory the perfor-
mance of a measurement is accompanied by the so called reduction of the state. If the
outcome a; appears after a measurement is completed, this gain of information about the
system needs to be reflected in a change of the state of the system. Therefore after a

measurement in which the outcome a; appeared, the state of the system is given by

VipVi*
L — 1.12
P T (VieVy) (112)

where® E; = V;V*. In the case of a von Neumann measurement the operators V; are
projections and the repeated performance of the same measurement on the system will
give the same result a; with probability one.

To illustrate the difference in the measurement process in the classical and in the quan-
tum case, one may assume that the actual outcome of a measurement is not recorded,
but we know that the system is in one of the post-measurement states with the accord-
ing probability. Then the state after the measurement can be described by the convex

combination

p =Y _Prob(a,) j; (1.13)

In this situation the measurement process can be considered as a state transformation (see
e.g. [20]), i.e. a completely positive map & : B(H) — B(H) that takes p — p. The map &
can be written in the form £(p) = ). V;pV; and in this context the V; are called the Kraus
operators of £. The difference in observation of a classical and a quantum system becomes
obvious: In the classical case £ is always the identity, observation does not influence the
state of the system. In quantum mechanics £ is always different from the identity and

the system is only left unchanged for certain states, e.g. for a von Neumann measurement

3 The actual form of the V; depends on the physical realization of the POVM.

11



if p and the measured observable A commute. In this sense the order in which certain
random variables are measured does not matter in the classical case. In the quantum
case, due to the change of the state during a measurement, the outcome probabilities in
measurements depend in general on preceeding observations. In particular the outcome of
the measurement of an observable B is only predictable with certainty from the outcome

of a preceeding measurement of an observable A if A and B commute.

1.2 Complementarity

By the non-commutativity of observations as described in the preceeding section, knowl-
edge obtained from a measurement of an observable A implies uncertainty in a subsequent
measurement of observables that do not commute with A. For this reason in early quan-
tum theory non-commuting observables where said to provide complementary information
about a system. Motivated by this, two observables are are called complementary if knowl-
edge of one of them implies maximal uncertainty about the other. Complementarity of ob-
servables is related to an orthogonality relation between the Abelian subalgebras generated
by their eigenprojections and from this geometric property complementarity of observables
can be generalized to subalgebras [19] and POVMs .

Several information theoretic consequences of complementarity have been studied. Com-
plementarity leads to extremal bounds in uncertainty relations and entropic uncertainty
relations. An overview and applications can be found in [19]. In the context of state es-
timation the role of complementary observables was studied in [28]. We will examine the

role of complementary measurements in Chapter 3.
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1.2.1 The traceless subspace

Before we give a definition of complementarity, we examine the vector space structure
of the algebra B(H). If dim(H) = n we can choose an orthonormal basis in B(H) that
consists of self-adjoint operators of the form {o; : 0 < i < n? — 1}, where o9 = I denotes

the identity. The basis elements fulfill
<0i70j> =0 (Z#]), <Ui70i> =1. (114)

By the form (1.4) of the Hilbert Schmidt inner product the orthogonality condition in
(1.14) implies that S := span{o; : 1 < i < n? — 1} is the (n® — 1)-dimensional linear

subspace of traceless operators in B(H).

Example 1.2.1 In the case of dim(H) = 2 the Pauli matrices

01 = s O9 = s 03 = (115)

together with the identity form a standard basis of My(C). They fulfill additionally the
algebraic relations o109 = —0901 = 103, 0203 = —0309 = 10y, and 0301 = —0103 = 103. A

similar basis for dim(H) > 2 is given by the so called Gell-Mann matrices (seee.g. [24]). <

With respect to the above basis we can expand an arbitrary operator A € B(H) as

_TrA
o

A I+ a where acsS (1.16)

and we call a the Bloch vector of the operator A. This notation is in dependence

on the notation of the case of a density operator in dim(H) = 2 as described in Chapter

13



2.2.1*. Of particular interest is the case of self-adjoint operators: By Tr (A*B) = Tr (B*A)
the inner product (A, B) between self adjoint operators A and B takes always real values.
Thus self adjoint operators form a real vector space over the basis {0; : 0 < i < n? — 1}

and a can be written as a vector with real components:
acR™D if A=A,

Note that self adjoint operators do not form an algebra, in particular the product of two

self adjoint operators is not self adjoint if the operators do not commute.

1.2.2 Complementary observables, algebras and measurements

As mentioned at the beginning of this chapter, complementarity arises from the fact that
two non-commuting observables of a quantum system are not jointly measurable with
arbitrary precision. As an extremal case of this, two observables A and B with eigenpro-
jections {P; : 1 < i < n} and {Q; : 1 < i < n} and non-degenerate spectrum are called
complementary if

TH(PQ) = Vij. (1.17)

Complementarity has the following consequence for the measurement of the observables A
and B on a quantum system: If the observable A = > a;P; is determined in a measurement,
which implies that the state after the measurement is p = P; if the obtained value is a;, a
subsequent measurement of observable B will give any of the possible outcomes of B with
probability '/,. In this sense exact knowledge of A implies complete uncertainty about B.

Complementarity is related to orthogonality in the traceless subspace S (see [19]). If

4Note that unlike in the case of a density operator, when Tr (p) = 1, the vector @ does not define the
operator A completely.

14



we are given two operators A; and A,, their components in the traceless subspace S are

given by (A; — % I) (i =1,2). If we look at the inner product

1 Tr(Ar) Tr(A2)
T (A= =) (A = ) )
1 2 1
- E(Tr (A142) = ST (A)Tr (A2) + —Tr (A1) T (Az))
1

n

1
(Tr (A1Az) = ~Tr (A)) T (AQ)) (1.18)
of their traceless components we find that they are orthogonal if and only if
1
Tr <A1A2> = ETI‘ (Al)TI' (Ag) . (119)

For rank 1 projections P; and (); this is equal to condition (1.17). Thus complementarity
of two observables is equivalent to the condition that the traceless components of the
maximal Abelian subalgebras A; and A, generated by the eigenprojections of the of A;
and A, are orthogonal. This gives raise to the generalization of complementarity to general
subalgebras of B(H): Two subalgebras A;, Ay C B(H) are called complementary or

quasi-orthogonal, denoted as A; 1 As, if they fulfill the equivalent conditions

(l) AioCl L A,6CI
(1.20)

1
(’Ll) Tr <A1A2) = HTI (Al)TI' (AQ) A Al € ./41, A2 € AQ .

Since we required a subalgebra to contain the span of the identity, quasi-orthogonality is
the maximum level of orthogonality two subalgebras can obtain.

From the viewpoint of quasi-orthogonality we can extend complementarity of observ-
ables to complementarity of POVMs. We call two measurements (POVMs) quasi-ortho-

gonal, if the linear subspaces spanned by My ={F;: 1 <i<d;}and My ={F;: 1 <i <

15



dy} are quasi-orthogonal. This can be formulated by the following equivalent conditions:

(1) span{E;} © CI L span{F;} & CI
(1.21)

(17) Tr (B F;) = Tr (E;)Tr (F;) Vi, j.
While a von Neumann measurement is naturally related to a subalgebra, in the case of a
POVM this is not necessarily the case. For example, the four operators {/,(I +o,),4(I +
o,)} form a POVM. By [0,, 0] = io, the algebra they generate is M>(C) while their span

is only a subspace of Ms(C).

1.2.3 Complete sets of complementary subalgebras

An important question for the state estimation problem discussed in the thesis is whether it
is possible to find POV Ms that are mutually quasi-orthogonal and at the same time span the
whole algebra B(H). In the most relevant cases this is related to the question if there exist
subalgebras A; C M, (C) such that A; Ly A; (i # j) and span{A;} = M,,(C). An obvious
condition for the A; is that the dimensions of their traceless components have to sum up
to the dimension of traceless component of M, (C). If there is a set of complementary
subalgebras such that this is the case we call it a complete set. Before we give a list of
examples where the existence of a complete set of complementary subalgebras is known,
let us describe the explicit structure of a *-subalgebra A of the matrix algebra M, (C):
By fixing a basis of the Hilbert space H we can identify B(H) with the matrix algebra
M, (C). The choice of a basis is arbitrary, nevertheless by the choice of a convenient
basis the structure of the matrices in M, (C) representing the elements of a subalgebra
A C B(H) simplifies. A change between orthogonal bases of H corresponds to a unitary

operator U € Ug(n) and the representation of A in M,,(C) for two different bases, denoted

16



here by A and A, is related by unitary conjugation:
A=UAU" (1.22)

where we define unitary conjugation of a set by unitary conjugation of its elements. The
structure of subalgebras of M, (C) can be derived from results from non-commutative
algebra (see e.g. [5]): First let us note that M, (C) is a central simple algebra, i.e. it has no
proper ideal and the only elements that commute with all operators A € M,,(C) are scalar
multiples of the identity. Conversely any finite dimensional simple algebra is isomorphic to
a full matrix algebra. In the special case when A is a central simple subalgebra of M, (C),
i.e. A is isomorphic to a full matrix algebra itself, by the centralizer theorem (see [5]) with

an appropriate choice of basis

M, (C)= Ax A (1.23)

where A" := {A € M,(C): AB = BA VB € A} is the commutant of A in M,(C).
It can be shown that a x-subalgebra A is semisimple, therefore by the Artin Wedderburn

structure theorem (see e.g. [5]) it is isomorphic to the direct sum of full matrix algebras:

A~ P M,,(C) (1.24)

We can choose a maximal family of minimal projections { Py, Ps, ..., P, } in the M, (C)
such that PP, = 0 Vi # j and V,;P; = I,,,, where I, is the identity matrix in M,, (C).
The isomorphic images of the P; in A correlate with bases of the underlying Hilbert space
H. In this bases the algebra A is represented by block diagonal matrices and A = @;.A%)
where A®) ~ M, (C). In this representation the algebra A®) is subalgebra of M,,, (C)
isomorphic to a full matrix algebra, where my is the size of the block corresponding to

A®_ By (1.23), in an appropriate basis A® = M,, (C) ® I;,. Thus in an appropriate

17



basis the subalgebra A has the form

A=EP M, (C) e, (1.25)

k

Let us discuss the following basic examples of x-subalgebras of M, (C) that contain the

identity matrix:

e An Abelian subalgebra A of M,,(C) is isomorphic to the direct product A ~ &7 C,
where m < n, where the later is equivalent to the algebra of m x m diagonal matrices.
As shown above, with the choice of an appropriate basis A = @} ;C ® I, such that
Y xdr = n. Ais called maximal Abelian if m = n and in this case the minimal

projections of A are of rank one and there are exactly n direct summands.

e If the dimension n = kl is not prime, the algebra M, (C) is isomorphic to a tensor
product algebra M,(C) ~ M;(C) @ M,;(C). Naturally, M;(C) ® I, (respectively
I, ® M;(C)) are subalgebras of M, (C) isomorphic to the corresponding full matrix

algebras.

e A subalgebra A is called homogenous if all minimal projections in A have the same
rank. If two homogenous subalgebras A; and A, of M, (C) are isomorphic, we get in

an appropriate basis by (1.25)
P M, (C) @ Ly, = A =~ UAU* = P M, (C) ® I, (1.26)
k k

with some unitary U € M, (C). Since A; and Ay where assumed to be isomorphic we
have n; = n), and then homogeneity implies dj, = dj, = d. Therefore A; and A, differ
only by a choice of basis of H and there is some V' € U(n) such that A; = VA, V*. In
particular, a subalgebra isomorphic to a full matrix algebra, and especially M, (C),

is homogenous.
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Let us now return to complementary subalgebras. In the following we give a compre-

hensive list of the cases where the existence of a complete set of complementary subalgebras

of M, (C) known:

Example 1.2.2 Maximal Abelian subalgebras are generated by n minimal projections of
M,,(C). The dimension of the traceless subspace of a maximal Abelian subalgebra is n — 1.
The dimension of the traceless subspace of M,(C) is n* — 1, thus an upper bound on
the maximum number of complementary maximal Abelian subalgebras A, A, ..., A,, C
M, (C) such that A; Lo A; (i # j) is given by m =n + 1.

Existence of complementary maximal Abelian subalgebras is equivalent to existence
of mutually unbiased bases of the Hilbert space H: The minimal projections {P;}; in
some maximal Abelian subalgebra A; and {Q;}?_; in some maximal Abelian subalgebra
Aj can be identified with orthonormal bases {e;}; and {f;}7_; of H. Then the condition

of quasi-orthogonality of A; and A is equivalent to

(en £;)] = % (1.27)

Bases that fulfill this condition are called mutually unbiased. A complete set of m =
n + 1 mutually unbiased bases respectively complementary maximal Abelian subalgebras
in M, (C) is known to exist in the cases when n = p* is the power of a prime p [28]. In any

other cases their existence is an open problem. &

Example 1.2.3 Now consider a system of [ qubits described by B(H) = M} (C)@ M2(C)®
- ® MY(C) with n = dim(H) = 2!. We can construct a orthonormal basis of My (C) from

the tensor product

o® =0, ®0,® --®0;,  where (i;=0,1,2,3) (1.28)
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of elements of a orthogonal basis of M,(C) with og = I. There are 2% such operators and
by Tr(A® B) = Tr (A)Tr (B) they are traceless if at least one of the indices i, is different
from zero. The remaining element, let us denote it by o(?), is the identity. Let us consider
the case when the o; are the Pauli matrices given in (1.15). The eigenvalues of the Pauli
matrices are +1, thus each of the traceless operators in (1.28) has eigenvalues £1 and
by induction on [ it is easy to see that they have multiplicity "4 and fulfill (®)? = T.

Consequently the operators
1
P = S £ o) (1<k<n®—1) (1.29)

have eigenvalues 0 and 1 with multiplicity "/, hence they are projections of of rank "/. They
correspond to the measurement of observables with two distinct eigenvalues of multiplicity
"o The algebras Ay, generated by {Pfrk), Pﬁk)} are homogenous Abelian subalgebras and, by
PJ(rk) + P%) — I the traceless component of the Ay is one dimensional. Since the o® form
an orthonormal basis of B(H), the A form a complete set of m = n? — 1 complementary

subalgebras. %

Example 1.2.4 If the dimension of H is given as dim(H) = ¢*, the algebra M, (C) is

isomorphic to the tensor product

M (C) ~ (X) M,(C). (1.30)

Then M, (C) contains full matrix subalgebras A C M (C) isomorphic to M,(C). The
traceless subspace of the algebra A has dimension ¢> — 1 thus an upper bound to the
maximum number of such complementary subalgebras A, A, ..., A, such that A; Ly A,
(i # j) is given by m = (@*~1/» ) and in this case they span the whole algebra. In [17]

it was shown that if ¢ = p’ is a prime power with p > 3 there exists a complete set of such
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subalgebras. %

Example 1.2.5 In the case of M4(C) = M5(C) ® M5(C), i.e. p=2 and k=2, it was shown
in [23] that the upper bound of 5 quasi-orthogonal subalgebras A ~ M;(C) cannot be
achieved. However it is possible to choose four quasi-orthogonal subalgebras A; ~ Ms(C)

(1 <i < 4) and a maximal Abelian subalgebra A5 on the remaining orthogonal complement

in S [18]. &

Example 1.2.6 In the context of Example 1.2.4 when ¢ = p' with a prime p > 3 the
Aj;, as the isomorphic image of M,(C), obey a further decomposition into mutually quasi-
orthogonal Abelian subalgebras. Since ¢ was assumed to be a prime power, we can apply
Example 1.2.2 to the algebras M,(C). In M,(C) we can find my; = ¢ + 1 complementary
maximal Abelian subalgebras, and the decomposition of the algebras A; is obtained from
the isomorphic images of this subalgebras. This subalgebras are not maximal Abelian in
M, (C), from (1.25) we can see that their minimal projections are of rank r = ¢*~1. Thus
we obtain a decomposition of M (C) into m = my;m, homogenous Abelian subalgebras.

In [17] a detailed treatise of M3 ® Mj can be found. The dimension of the traceless

subspace in this case is n> — 1 = 80. It has ten subalgebras A, ..., Ajp ~ M3(C). In
(k)

the algebras A; we can find complementary Abelian subalgebras A, generated by the

projections {Pi(k) 3, (1 <4 < 4), where the Pi(k) are isomorphic images of minimal

projections on M3(C) and have rk‘(Pi(k)) =3. O

1.3 Composite Systems

The composite of two quantum systems with Hilbert spaces H and Hp, is described by
the algebra B(H) = B(Ha) ® B(Hg) on the Hilbert space H = H4 ® Hp. Then B(H)

contains B(H4) ® Ip and 14 ® B(Hp) as subalgebras and these are associated with the
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subsystems A and B. The state of the subsystem A is described by the restriction of the
state as a linear functional on the algebra B(H) to the subalgebra B(H4) ® Ip ~ B(Ha4).
In this case the system A can be described by the reduced density operator ps € B(H4)
given by the partial trace:

pa="Tr p(p). (1.31)

Any subalgebra A of the composite system B(H) that is isomorphic to B(H.4) can be

identified with the subsystem A after an appropriate unitary conjugation such that
B(Hs) @ Ip = WAW™. (1.32)

For a physical system the unitary W can be realized through the evolution of the system
under an appropriate time independent Hamilton operator H: The dynamic of the system

is described by the von Neumann equation

dp i
—=—=|H 1.33

where the commutator is given by [A, B] = AB — BA. The solution to this equation is

given by the unitary evolution
p(t) = e (¢ = 0)e/h (1.34)

and we can choose H and t such that W = ¢~/
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Chapter 2

State Estimation

In classical statistics, as well as in quantum theory, observations are not always predictable
but they are distributed at random. In estimation theory one aims to guess the underlying
distribution of a random observations from statistical data. In particular, we are interested
in the situation when we can parameterize the possible true distributions by a some pa-
rameter 8 from a set © and we try to find a single value é, i.e. a point estimate, that gives
a good approximation for the true value 6. In this chapter we give a short introduction
to classical estimation theory followed by an introduction to the problem in the quantum
case. We give a brief overview of results from quantum estimation theory that can be
found in the literature. Furthermore we give a detailed description of the scheme we use

for estimation of a quantum state in the thesis.

2.1 Classical Parameter Estimation

A statistical space (X, S, P) consists of a set X together with a o-algebra S of subsets

of X and a family of probability distributions P = {FPp : 8 € O} that is parameterized
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by a parameter @ such that (X, S, Pp) are probability spaces. We will assume that the
parameterization is identifiable, i.e. it is a one-to-one map between © and P. We will
consider © C R™ and we will assume that P is dominated by a finite measure p, i.e. Py
is absolutely continuous with respect to p for all values of the parameter . Furthermore
let us consider in this section only the case when the probability distributions in P obey
either a probability density fg(x) or a probability mass function pg(i). In the following we
discuss the discrete case. The formulas in the continuous case are obtained by replacing
po(i) by fo(x).

In the typical case in estimation theory we look at a sequence X = (Xq,Xg,...,Xy) of N
i.i.d. random variables, called a sample of size N, where the X, are distributed according
to a distribution Py € P. We infer about the true value @ from the realization of the
random sequence X. The outcome space of the sample is the Cartesian product x4, X.
Since the X*) are independent and identically distributed, the probability mass function of
X is the product of the probability mass functions pg of the X®*) and it is called likelihood

function

Le(x) := Hpg(xz-) )

A statistic T is a measurable function from the outcome space of the random sequences

X into the parameter space R™. It is called sufficient if
Prob(X = x|T(x) = t) is independent of 6. (2.1)

Heuristically, in this case it contains all information about the parameter 8. By the

Neyman-Fisher factorization theorem (see e.g. [13]) this is the case if

Lo(z) = go(T(z)) (). (2.2)
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A statistic is called complete if

Eo[g(T(X))] =0 VO € © = Probg(g(T(z)) =0)=0 vV0€O (2.3)

for real valued measurable functions g.

Of particular interest is the case when the statistics T is used as an estimate of 6.
Then it is natural to require some further properties of T such that the estimate gives
values close to the true value of the parameter with high probability. An estimate is called

unbiased if its expectation equals the true value of the parameter:

E,[T] = 9. (2.4)

It is called asymptotically unbiased if we have a sequence of statistics T on samples
of size N estimating @ such that limy .. Eg[Ty] = 0. As a measure of efficiency of an

estimate the mean quadratic error matrix

Vo(T) = Ee[(T —-0)(T - H)t} (2.5)

is used, and if the estimate is unbiased, this is identical with its variance. An estimate T,

is called more efficient than an estimate Ty if

Vo(T1) < Vo(Ts) VO €O (2.6)

where the inequality is to be understood in the matrix sense, i.e. A > Bif A— B > 0.
An estimate with uniformly (i.e. for all @) minimal mean quadratic error matrix does not
always exist. Nevertheless, if there exists a sufficient and complete statistics T, then by the

Rao-Blackwell theorem (see e.g. [13]) there exists a unique unbiased estimate T of uniform
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minimal variance and it is a function of T’. For an unbiased estimate the following lower
bound on the mean quadratic error matrix can be found: Suppose that the probability
mass functions in P have common support, supp(pg) = C for all @ € O, where C' is a
bounded set in X. Further Vglogpe exists and is finite on supp(pg), where Vg denotes

the gradient with respect to 8. Then the Cramer-Rao inequality (see e.g. [13])

(9Eo[T))”

Vo(T) > 7(0)

(2.7)

holds, where the matrix I(0) = E4[Vglog Lg(X)][Velog Le(X)]* is the Fisher information.
From the observation that the Fisher information has the form of a variance and the
observables X, are independent, it is easy to see that it grows proportional to the sample
size: Iy = NI where I1(0) = Eg[Vglog pe(X)][Velogpe(X)]'. For the special case of an
unbiased estimate additionally (9gE[T])? = 1.

An important case are so called exponential families P whose elements have likeli-

hood functions

Lo(@) = exp (Y- n(6)Tu(x) - B(6) ) h(a) (2.8)

with respect to some common measure. Here 7; and T; are real valued functions and the
7; are called natural parameters of the family. An exponential family is called of full
rank if the parameter set © C R contains a open set of R™. By the Neyman-Fisher
theorem T = (Ty, To,...T,) is a sufficient statistics and if additionally the family is of full
rank, T is complete. In this case T attains the Cramer-Rao bound, and in particular if T
is unbiased it is of uniform minimal variance (see e.g. [13]).

Finally a sequence of estimates Ty is called weakly consistent, if Ty — 6 in probabi-
lity. If the mean quadratic error matrix of a sequence of asymptotically unbiased estimates
Ty goes to zero asymptotically, this implies weak consistency of Ty. This follows if we

apply Chebyshev’s inequality Prob(|X — E[X]| > a) < Var(X)/a? for a real valued random
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variable X to the components of Ty.

Example 2.1.1 As an example consider a statistical space over a finite set X = {1, 2, ...,
m} with the family P of all discrete probability distributions with mass function pg,
supp(pe) = X. Let us denote p := (p1, pa, - .., Pm) as the vector containing the pro-

bability p; := Prob(i) that i appears. Then P is the interior of the probability simplex

Q= {p=(Pr.p2 o p0) 1 20,3 pi=1} CR™ (2.9)

Due to the condition ) . p; = 1 we can parameterize P by the first (m — 1) components of

p and the parameter set is given by

O,, = {0 = (pl,pg, c ,pmfl) TP > O,sz < 1} C R™ 1, (210)

Given a sample of length NV, i.e. a sequence of N i.i.d. random variables X ~ pg
(1 <k < N), let us denote the number of occurrences of the value i in a outcome sequence

by n;. The likelihood functions Lg(x) of the sample form an exponential family (see e.g.

[13]):
-—
Lg(X:(:vl,xz,..., —exp(zﬁ og——logpm) Io(ni,ngy ..oy ) (2.11)
where Iq(nq,na, ..., ny) is the indicator function on the set {nZ eN:Y " n; = N}. This

family is dominated by the counting measure and it is identifiable. The natural parameter

is given by
Py Py N
( log log ., log Pm-1

Pm Pm

) e R™L. (2.12)

Since © contains an open set of R™~! it is an exponential family of full rank. Thus

Nm—1

v(z1, o, ..., on) = (5, %, ..., ~5+) is a complete and sufficient statistics and it is called
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the empirical distribution of the X;. The components v; := & of v are called relative
frequencies of the outcomes i. The vector v is by (2.19) an unbiased estimate for 8 and
it is the the uniform minimum variance unbiased estimate on the interior of the probability
simplex (2.9) as discussed in the previous section.

The numbers n; of the occurrences of the outcome ¢ in a realization of the sample are
random variables as well, nevertheless by the condition ), n; = N they are not indepen-
dent. In the following we derive the marginal distributions, expectations and variances of
the n;: The number of realizations of X that contain i exactly n; times is given by the

multinomial coefficient

N N
- (2.13)
Ny Ny ... Ny, nilng! .. nyy,!

and thus the n; follow a multinomial or polynomial distribution with probability mass

function

N
R I Tpg? i Ig(ng,noy .oy Ny) 2.14
polnsnac o) = (N Yoy o). 210

Let us define the Bernoulli variables ng) ~ (pi, 1 — p;) on the sample space defined by

1 if Xp=1
B = (2.15)
0 if Xp#i
Then we can write the n; as the sum of i.i.d. random variables: n; = ]kvzl ng). It is

immediate by considering the multinomial distribution for the sequence of random variables
B instead of X; that the marginal distributions of (2.14) for the n; are given by the

7

binomial distribution

polr) = @V) Py (1= pi) N (2.16)
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The binomial distribution has expectation E[n;] = Np; and variance Var(n;) = N (p; — p?).

To calculate the covariances we use

n N N N
_ } : (k) } : ORI E : (k) (k) 2 : (k) ()
k=1 =1 k=1

k£l

The first sum on the right hand side of this equation is always zero by the definition of
the ng). Since k£ # [, in the second sum we have the products of independent random

variables. Thus

Cov(ni,n;) = E[nyn,] — E[ni Elng] = > E[BM]E[BY] — E[n;] E[n,]

)

P (2.18)

= (N? = N)pip; — N*pip; = =N pip; .

Altogether we get

E[ni] = Np;,
Var(n;) = N (p; — p?), (2.19)
Cov(n;,nj) = —N pip; (i # )

2.2 Quantum State Estimation

In quantum statistics we consider a family R = {pg : @ € ©} of density operators param-
eterized by a parameter from a set © C R¥. As in the classical case the aim of estimation
theory is to find an estimate of the parameter @ from the outcome of observations of the
system. For this purpose we consider a sample of N identical copies of an unknown state

pe € B(H) of the quantum system. In order to obtain experimental data we need to specify
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a set of measurements we perform on the sample. From the statistical data obtained from
the outcome of the measurements we form an estimate of the true state of the system.

Thus a quantum estimation scheme consist usually from the following steps:

pe: 60e€0O Parameterization
1 N copies of py
measurements on the copies
1 Measurement Scheme
Data (a1, as,...)

l

Estimate 6 Estimate

To compare the quality of an estimation scheme a measure of quality of the estimate needs
to be chosen. Additionally to the influence factors discussed for a classical estimate the
efficiency of a quantum estimation scheme depends on the chosen set of measurements.
Quantum state estimation is an active field of research. Let us mention in the following
some results from this field: One of the main questions is the optimal choice of the mea-
surement in an estimation scheme. The measurements on the sample can be categorized
by their correlations into collective, separable and separate measurements'. For the prob-
lem discussed in the thesis the restriction to separate measurement is adequate, however,
it is known that in some situations a collective measurement on the sample is superior
to separable measurements [16, 6], and that separable, but correlated measurements in

the form of adaptive measurement schemes can perform better than comparable separated

L A collective measurement is a POVM on the composite system of the available copies of the state. If
the operators in a measurement can be written in the form E; = 37, B}, ® Ef; ® --- @ E}Y with Ej; >0
(1 <k < N), ameasurement is called separable. Separate measurements are defined in (2.24).
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measurements [6, 11].

For the qubit case (dim(H) = 2) several estimation schemes using separate measure-
ments can be found in the literature. Besides the so called standard scheme using the spin
observables S; (see example 2.2.2), a minimal estimation scheme with the single POVM of
example 1.1.1 [11], schemes estimating the orientation and length of the Bloch vector [1]
and even continuous POVM [27] have been studied. For the construction of an estimate
from the statistical data, the procedure of inverting the linear relationship between the
state and the outcome probabilities in a measurement, as used in the present work, is con-
sidered standard [21, 1, 11]. Alternatively the concepts of maximum likelihood estimation
[10] as well as Bayesian estimation [1, 15| have been studied in the quantum setting.

As measures for the quality of the estimation scheme we use the determinant of the mean
quadratic error matrix, also known as generalized variance (see e.g [12]). This measure was
used in [21]. In [28] the average information gain was used, which is asymptotically related
to the determinant of the mean quadratic error matrix. Commonly also the trace of the
mean quadratic error matrix [11, 27] or the quantum fidelity between the estimate and the
true state is used [1]. Let us also mention that different bounds on the mean quadratic
error matrix similar to the classical Cramer-Rao bound have been derived in the quantum
case [9, 6, 7] and asymptotical attainability was shown for some of them [6, 7, 1].

In the following we discuss the setting of the state estimation schemes considered in
this thesis. In particular, the individual steps of the estimation scheme are described in

detail. .

2.2.1 State space and parameterization

Recall that a density operator or state p € B(H) is defined by the conditions p > 0 and

Tr p = 1. By the condition of unit trace the component of p in the span of the identity is

31



constant and the state is entirely described by its component in the traceless subspace S:
1

p=—-1+6, where 6 € S. (2.20)
n

We will call the Bloch vector @ of p the state vector? of the system and we will denote by
T C S the set of state vectors. As mentioned in section 1.2.1 with the choice of a selfadjoint
basis in B(H), the state vector @ can be written as a vector with real components. Thus it

can serve as a parameterization of the state and 7 = ©  R" ! is the set of parameters.

Example 2.2.1 In the qubit case, i.e. dim(H) = 2, the Pauli matrices

01 = s 09 = , 03 = (221)

10 i 0 0 —1
together with the identity form a standard basis of M;(C). The state vector 8 can be
written as a vector in R? and up to a normalization constant it is the well-known Bloch
vector of the state. The set of state vectors is the Bloch ball 7 = {6 : 8 € R?, ||0]]* <

(n=1)/ 2} (see below). &

Due to the positivity condition imposed on the states, the structure of the set 7 is difficult
to describe in the case dim(H) > 2. In the following we summarize some of the properties
of 7: The set 7 is a convex set and by choosing a basis of H in which a given p is
diagonal, it is easy to see that p is the convex combination of rank one projections. Thus
the extremal points of this set are the pure states. Since a self-adjoint operator is non-
positive if it has some negative eigenvalues, it follows also that the boundary of 7 is given

by states that have at least one eigenvalue equal to zero. This are the states that have

2 Also the notion generalized Bloch vector or coherence vector are common
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non-invertible density matrices. Conversely invertible states are in the interior of 7. We
can conclude the following bounds on the set of states: The eigenvalues A; of p can be

written in the form \; = 1/, + A; where A; are the eigenvalues of @ and sum up to zero.

With ||0]]> = (0,0) = '/, >, A? it follows that

nTr(p?) — 1
n? '

161" = (2.22)

For a pure state Tr (p?) = 1, thus the Bloch vector of a pure state has length ||@]]* =
(n=1)/,2. In general Tr(p?) is smaller than one, thus all state vectors are contained in a
ball of radius v»=1/,, in R™ 1. On the other hand, if all A; are smaller than /5 in absolute
value, p will be positive. This is ensured if 7, A? < /2, thus a ball of radius ||@]| < n~"2
is surely contained in 7.

In general the pure states form only a subset of a sphere in R™~!. For a description of
this subset we note that the unitary group U(n) acts on the set of states by conjugation:
(U, p) — UpU* where U € U(n). This action defines also an action of U(n) on the set 7°
by (U, 8) — UBU*. The set 7 can be described by the orbit manifolds under this action
of U(n). Especially, the action is transitive on the set {8 € 7 : |@]*> = (»=1/ >} of pure
state vectors and this set is described by the orbit manifold of pure state vectors. It is
homeomorphic to a sphere in R”*~! only in the case of dim(H) = 2 [26]. In this case it is

the Bloch ball defined in Example 2.2.2.

2.2.2 Measurement

To obtain experimental data from a sample of quantum states we need to perform a
measurement. A sample of IV identical copies of a quantum state is described by a density

operator

N
ps" =) pe € B(H®Y). (2.23)

k=1
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where H®V := @Y ,H. A measurement is described by a set of positive operators in
B(H®N) that form a partition of the identity. In the thesis we will consider only so called
separate measurements. They correspond to the situation when each copy of the sample
is measured separately without any correlations between this measurements. This is the

case if the operators F; € M in a measurement M are of the form
E,=E/QE ® - QK (2.24)

By Tr (p®NE;) = [, Tr (pEF) we may simply forget about the tensor product structure
and instead of a measurement of the composite system we may consider M as a collection
of measurements M*) defined on the individual systems B(H). Thus we call a set M :=
{M® .1 < k < m} of m different measurements a measurement scheme®. In an
estimation scheme we perform the measurement M®*) on N®) copies of the state, where
St N® = N, A measurement M*) and the family R of states induce a classical
statistical space (X®) P®), & on the outcome set X ¥ of the measurement. Therefore
from a measurement scheme we get a collection of m different classical statistical spaces
(XE PEY .

For our calculations we will use the expansion of the operators E; in the basis {1, 0; :

1<i<n?-—1}:
_TI'EZ
N n

In the following we will use w; synonymously to Ej, if there is no ambiguity?. Condi-

tion (1.9) implies that the components of E; in the traceless subspace S sum up to zero.

3 We collect only different measurements in M, so if the same measurement M) is performed on
several copies of p, it appears only once in M. Therfore in general m is smaller than N.

4 For example speaking about a measurement M%) we may sometimes refer to the set {uy,ua, ..., uq}
instead of {E1, Ea, ... Eq} if is clear from the context what are the E;.
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Therefore
d

Zui =0 and ZTr E,=n (2.26)

i=1

is equivalent to the second condition in (1.9). If the vectors

(k)
n

linearly span the whole space S, we call the measurement scheme informationally com-
plete. This notion is commonly also used for POVMs [25] which span the whole algebra
B(H). From (2.29) it is easy to see that informational completeness is a necessary con-
dition if we want to estimate the parameter @: The measurement probabilities will not
depend on the component of @ in the orthogonal complement of the subspace spanned by

the operators in the measurement and we obtain no information about this component of

0.

Example 2.2.2 For a quantum system with dim(H) = 2 the measurement of a non-
degenerate observable A; consists of two minimal projections My, = {'»I £+ u;}. This two
projections are characterized completely by the Bloch vectors w; € 7. An informational
complete measurement scheme using such observables consists of A; (1 < ¢ < 3) such
that the vectors w; are linearly independent in R®. As a special case let us consider the
spin observables S; := ¢; (1 < ¢ < 3), where the o; are the Pauli matrices. They have
eigenprojections Mg, = {!4(I &+ 0;)} and they are mutually complementary observables
on My(C). Since the Pauli matrices form a basis of S, the measurement scheme M =

{Ms,, Msg,, Mg,} defines an informationally complete measurement scheme. &

Example 2.2.3 The POVM described in example (1.1.1) provides an informational com-

plete measurement scheme for a quantum system with dim(H) = 2 consisting of a single

POVM. &
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In general, the vectors ugk) that belong to some measurement M *) will not span the whole
space S but only a subspace S*) = span{ugk) 11 <4 <d®}. Quasi-orthogonality of two
measurements M®*) and M® | as defined in section 1.2.2, corresponds to the case when the

subspaces S*) and S® are orthogonal in S with respect to the inner product (1.4).

2.2.3 Construction of the estimate

Suppose now we are given an ensemble of N identical copies of a quantum system in the
state @ which is not known to us. To estimate the state we apply the following strategy:
We choose an informationally complete measurement scheme M consisting of elements

MW® 1 <k < m, which have cardinality #(M®)) = d* and we require

> (d® —1)=n*—1. (2.28)

k=1
Furthermore we divide the ensemble into subensembles of size N*). On the individual

copies in kth subensemble we perform the measurement M®*. We will find that there is a

linear relation between the probabilities pgk) of the measurement outcomes and the state
vector @. We use this relation to construct an estimate 6 of the state vector from a classical
estimate v of the probabilities.

The probability of an individual outcome to appear in a particular measurement is

Tr EP
PV =TepE® = =" hn@w® e)  (1<k<mi<i<d®-1)  (229)
and
d®) —1
b =1-3 p"  (a<k<m). (2.30)
j=1

Thus the probabilities pgk) and the state vector 6 are related by the (n?—1) linear equations

(2.29). Let us, with the abbreviation r* := Tr E® | introduce the (n2—1) x (n?—1) matrix
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T and the vectors p, r as

k k
7() (ug )) t p® pg )
T = , TV = . P= . P = :
T (“(2) ) ! p™ p(%
R T @2
r r%k)
r= ,or® =
m (k)
rim a0
where (ugk))t denotes the transposed of the vector ugk). Using this notation we can

represent the system (2.29) in a matrix form

1
n-T0=p——r. (2.32)
n

Since we chose the measurement scheme to be informationally complete and we required
(2.28), the rows u ) of T® form a set of linear independent vectors in the subspace S*)

and the matrix 7" is quadratic and of full rank. Thus we can invert equation (2.32) to

0 = - T 'p— - r). (2.33)

Given an estimate v for the classical probabilities in p from the measured data we obtain

an unconstrained estimate 0 as

r). (2.34)

>
I
|
K
<
|
S|

The vectors p®) parameterize discrete probability distributions as discussed in Chapter

2.1.1. They take values from the parameter set © x) = {p(k) ) > 0, Zd( -1 (k < 1}
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of a probability simplex as defined in (2.10). Thus (2.32) and (2.33) define an affine
transformation that maps the set of state vectors 7 C S into a subset 7g C XX ;04 of
the Cartesian product of the parameter sets O u). The notion unconstrained results from
the fact, that the estimate v of the vector p may fall outside the image 7g of 7 under the
above transformation (2.32) and thus it can happen that 0 is not a state.

We can obtain a constrained estimate éc from @ that fulfills the constraint éc eT

by adding a appropriate correction

~ ~

0.(v)=0w)+A(w) suchthat 6,7 and A(w)=0if O(v)eT (2.35)

One possibility to correct the unconstrained estimate, proposed in [21], is to take the state

in 7 closest to the unconstrained estimate in the Hilbert Schmidt norm:

~ ~

0. := argmin Tr (0 — w)?) . (2.36)

The minimum in (2.36) can be calculated in the eigenbasis of 0 by the following algorithm:
If O falls outside the set 7 the estimated density operator p = Y, I +6 violates the positivity
condition imposed on states and it will have negative eigenvalues. If A\, XAo;... A < 0

denote the non positive eigenvalues of p, we replace the eigenvalues \; by

A
itk <i<n, (2.37)

k
N=0 if1<i<k and &:AWZ
j=1

If we repeat this procedure until A; > 0 for all 4, the minimizer of (2.36) is obtained by
p= Y I+ 0. = Diag(\, Az, . .., An) in the eigenbasis of 6. An other possibility to correct
the unconstrained estimate is to consider the cases when ¢ T as cases of error and use
a trivial correction A(v) = —0if 6 ¢ 7.

Nevertheless if the true state @ is not on the boundary of 7', which is the case if it has
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strictly positive eigenvalues, the probability of the unconstraint estimate to fall outside
the set 7 goes exponentially to zero with increasing Ny, = ming{ N®}. As a slight

modification of Sanov’s theorem the rate of convergence can be bounded as (see appendix)

limsup —— log (Probg(é ¢7))

Niin—00 min

< —D(v*||p) < liminf

Nmin—W)O max

log (Probe(0 ¢ T)) (2.38)
where Ny = maxp{ N®)},

D(v[lp) =>_ D(¥®|p®)

k

is the relative entropy D(v®|p®)) = Zfﬁf ¥ (log vk logp(k)) and

v’ = argmin,, ¢z, D (v||p)

is the v ¢ 7 closest to p in relative entropy. Note that the rate of convergence depends
on the true state 8 as well as on the chosen measurements scheme M.

As a consequence of (2.38) the constrained estimate is asymptotically unbiased if
we use an unbiased estimate, Ey[v] = p, for the classical probabilities and the true state
is in the interior of 7°:

lim Egf0]= T '(Efw]— ~7) + lim EJA]=6 VoelInt(T)  (2.39)

where the last equality follows from the fact that A is bounded and Prob (A(l/) > 0) —0

5 This implies D(v*||p) > 0.
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as N, — 00.
The most natural example of an estimate v are the relative frequencies discussed in

Example 2.1.1:

ey n{® /N®
v = ;v = : : (2.40)
m k
V( ) né(z)fl/N(k)

(k)

where n;”’ is the number of times a specific outcome appears among the observed outcomes
of the measurement M®) . If the true state is in the interior of 7, the pgk) will be in the
interior of the sets © ) . This corresponds to the situation discussed in Chapter 2.1.1 and
the relative frequencies are the minimum variance unbiased estimate for the probability

vector p if @ € Int(T).

2.2.4 Efficiency of the estimate
Mean quadratic error matrix

Given the true state @, we describe the error of an estimate 6 by the mean quadratic

error matrix

~ ~

Vo(0) = Ey[(0 — 0)(6 — 6)1]. (2.41)

The unconstrained estimate 6 (2.34) as a random vector is a linear transformation of the
random vector v and in this case the matrix Vg(é) depends on the mean quadratic error

matrix Wy(v) = Ey[(v — p)(v — p)’] of the classical estimate v by

V() = % T ' We(v)(T™H). (2.42)

Here both Vp and Wy depend by (2.29) as well on the state € as on the particular mea-

surement scheme M.
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Since the individual measurements are statistically independent, Wy is a block diagonal

matrix where the blocks Wg(k) are related to the measurements M)

wo 0
Wo = oo (2.43)

0o ... Wwm

If we use the relative frequencies (2.40) as a classical estimate, the matrix elements of W *)

are given as (see Chapter 2.1.1)

k 1 k k) (k .
W =~ (6™ =) G <k<mi1<i g <a® -, (2.44)

The mean quadratic error matrix of the constrained estimate is given by
Vo(6 + A) = Vo(8) + Eg[AAY] + E4[A(0 — 0)' + (6 — ) A'] (2.45)

Since 6 and A are bounded and A = 0if @ ¢ T, by (2.38) the mean quadratic error matrix
of the constrained estimate 6., approaches the one of the unconstrained 0 exponentially
fast on the interior Int(7). Using the formula E4[X] = Prob(A)Eg[X|A] + Prob(A)Es[X|A]

for a random variable X we get
1Va(6.) — Vo(B)[| < Probe(8 ¢ T) M (2.46)

where M is a constant. If estimate v is (weakly) consistent, i.e. lim, ., We(v) = 0, it

follows from (2.42) that the same holds for 8 as well as for 6,.
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Information gain

An other way, used in [28], to quantify the quality of an estimation scheme can be obtained
from an information theoretic point of view: For this purpose we define the differential
entropy of a random variables X with density f(X) and support supp(f) = S as h(X) =
— [ f ¢ f(x)In f(x)dx. The entropy can be interpreted as a measure of uncertainty of a
random variable (see e.g. [4]). Assume we know that the true states 6 are distributed
according to a prior probability measure g on 7 with density fo(x), supp(fo) = 7. Then
we can define the information gain 7 in an estimation scheme by the difference of the
entropy of the prior distribution, related to the uncertainty about the true state before
the estimation, and the entropy of the estimate 0 given 6, related to the uncertainty after
inferring about the state:

To(0) = h(8) — h(6]0) (2.47)

where h(0) = — [ fo(x)In fo(x) dz is the entropy of the prior distribution and h(6)0) =
fT fo(x 0\0 = ) dx is the conditional entropy of 0 given 0. Let us remark that this
definition requires an estimate 6 that has an absolutely continuous distribution. This is
not the case for the estimates we discussed in the previous section. Therefore either a
modified definition of the information gain or a modified estimate has to be used. This
problem is discussed in the remark at the end of the section. According to [28], for a
uniform prior distribution the information gain is equal to the mutual information 7 (é :
6) = h(8) — h(6]6). The mutual information measures the information that @ contains
about 0 [14].

The information gain can be related to the mean quadratic error matrix in the limit of
large sample sizes: For simplicity let us consider the relative frequencies v as an estimate
for p and let us discuss the case of equal sample sizes, i.e. Ny = Npae only. By the

central limit theorem, for large N the distribution of the relative frequency vector vy (as
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the sum of the appearances of the specific outcomes) given p = p converges to a normal

distribution:
1 D —
—(vnlp=p) = N(p,W 2.48
\/N( N ’p p) (p ) ( )
where D denotes convergence in distribution and W = Wik, is the mean quadratic

error matrix of v for N*) = 1. The density function of the normal distribution A/(0, V)

for a r-dimensional random variable is given by

1 1 -1
= T h@VTe) 2.49
In(®) = Gy h Der(v) ¢ (2:49)

Since the map 7' is a linear transformation, the distribution of the estimates Oy given the

true state @ = 0 converge also to a normal distribution:

Oy|0 =0) 2 N6, Vp). (2.50)

-

For a normal distributed r-dimensional random variable X ~ N (0, V) the differential en-

tropy depends on the covariance matrix V' only and is given by
1
h(X) = 3 In ((2me)" Det(V)) . (2.51)

For a sequence of random variables Xy that converge to X ~ N(0,V), their entropies
converge to h(X) if h(Xy) is finite for some N [2]. If the @y fulfill this conditionS, the

conditional entropy tends to

N 1 1 1
h(016 = 0) — SlnVe + 5 In(2me)” ! — SN (2.52)

6See the remark at the end of the section.
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in the limit of large N, where we used the formula h(aX) = h(X) 4 In |a|. The uncertainty
of a normal distributed random variable can be illustrated by defining the uncertainty
volume of the distribution A/(0, V') as the volume of the set for which the density fy of

N(0,V) exceeds !/, times its maximum value [28]
]_ TL271 71/
v, = Vol({a: () = = @m) V| 2}) . (2.53)

This region corresponds to the ellipsoid enclosed by the hypersurface on which the argument
of the exponential function in (2.49) is constant one. For the limiting distribution of the

estimate @ this is given as
. Lo s
<(0—0),ET W'T0 —0)) =1. (2.54)
This ellipsoid is the image of a n? — 1 dimensional sphere of radius n? under the linear map
(T*WIT) =" = (T 'W(T*)~1)*2 (2.55)

which is well defined as here the covariance matrix is positive definite. Denoting the volume

enclosed in this sphere by V], we get the uncertainty volume to be

_ 11 Det (W) 72 [], Det(W*))"
Ve:VODGtGT W] >:V’ Det(T) " : Det(T)

(2.56)

In the last step we used that the error matrix W is a block diagonal matrix and thus its
determinant is the product of the determinants of the blocks W ®*),

In the case that the true states of the system are distributed uniformly with respect
to the Lebesgue measure on 7, the entropy h(0) of the prior distribution is the logarithm

of the volume Vj := Vol(7') and for large N the entropy of 6 given a certain value 6 of 0
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tends to

. 1 1
h(0]6 = 6) — In (E) + -In(27e)” ' —=InV,— =In N (2.57)
Vo) 2 2

From the average of (2.57) over the possible true states with respect to the prior distribution
we get for the information gain
. v, 1 1
Z0) - —(In( =) )= =In2re)” '+ IV, + =In N (2.58)
Vo 2 2
This expression was, up to a normalization constant, used in [28] to define the information

gain. Rewritten in terms of the mean quadratic error matrix of this reads as

7 — —% ; <1n (Det(W(k)))> +1n (Det(T)) — %111(2#6)"2_1 +1In (Vo) + %IHN (2.59)

Remark 1 Let us remark that the definition (2.47) is not proper in the case when the
distribution of @y is not absolutely continuous with respect to the prior distribution. In
particular, this is the case when Oy is a point estimate based on the relative frequencies
1/5\]?), which are discrete random variables” that take values in the set { /5 : 0 < < N}.
There are two ways to resolve this problem:

Instead of (2.47) in [28] the right hand side of (2.57) was used to define the information
gain. The uncertainty volume for a discrete distribution can be defined as

v, = Vol({x : Prob(z) > é m}e{mx(Prob(m))}) (2.60)

7 The differential entropy of a discrete random variable X is sometimes defined to be —oo, however in
this case, while X converges to a continuous normal distributed random variable X, the entropy h(X) does
not converge to h(X) [2], nor does its entropy.
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and with this definition convergence of the distribution function leads to (2.57) and (2.59).

Alternatively, instead of using a point estimate we can construct an estimate 0 ~ that
obeys a density function. It can be constructed in a similar way as a histogram in the case
of a one dimensional random variable: For a given N we partition the interval [—Y/any, 1+
Yon] into intervals [i — Yon), i + Yon)) (0 < i < N). Each of this intervals contains
exactly one possible value of the relative frequencies v»®). This induces a set C D 7T in
R™*~! that contains the possibles estimates Oy and a partition of C into cells C} of volume
A such that each cell contains exactly one of the possible values of 0. Then an estimate

. ~(k
05 is constructed by putting the weight equal to the probability Probg(ag )) to the cell Cy,

if C), contains 6 (™). Then 632 has the density
f(0% = a) = Probg(Oy : Oy € Cj and x € Cy) A™! (2.61)

In this case Oy is a quantization of the random variable @ ~ - Under a quantization of a
random variable X we understand the following (see e.g. [4], chapter 9.3.): Let f(x) be
the density of X with supp(f) contained in some compact set C. Then we partition C' of

Xinto N cells C}, of Volume A and there is an z; in each cell such that

pi = f(z;) A= f(z)dz (2.62)

Ck

and we define the quantized random variable X2 as
XA =, if XeG (2.63)
and zero else. Then the limit of the entropy H(X2) = — 3, p;Inp; as A is given by
H(X®) +1In A — h(X) (2.64)
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The random variable 85 converges to a normal distributed random variable as its

quantization does. Its differential entropy h(60x |@ = 6) given the true state 6 is finite for

all NV and it converges to the entropy of the limiting normal distribution.
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Chapter 3

Complementarity and State

Estimation

In this chapter we study complementarity in the context of state estimation. In the case
of an estimation scheme M = {M K. 1<i< m} using different separated measurements
M®) we can compare the situation when the M®*) are pairwise quasi-orthogonal measure-
ments to the case when they are not. In [28] this problem was studied for measurement
schemes that use observables with non-degenerate spectrum. It was shown that the comple-
mentary observables obtain asymptotically the maximum information gain. In the present
work we show that also for general measurements, as defined in Chapter 1.2.2, quasi-
orthogonality leads to maximal efficiency among comparable state estimation schemes. As
an efficency measure of the estimation scheme we average the mean quadratic error matrix
of the estimate with respect to a prior distribution of the unknown state. We compare
the performance of measurement schemes by means of the determinant of this average. In
case of the unconstrained estimate the obtained result applies for finite sample sizes while

for the constrained estimate quasi-orthogonal measurements are shown to be asymptotic
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optimal. Furthermore, we discuss the relation to the result in [28] and show that it can
be extended to general quasi-orthogonal measurements as well. In Chapter 3.2.4 the cases
where the existence of quasi-orthogonal measurements is known, mainly in the context of
quasi-orthogonal subalgebras of B(H), are discussed in detail.

In the end of the chapter, we give an explicit calculation of the average mean quadratic
error matrix and its determinant in the case of von Neumann measurements related to
homogenous Abelian subalgebras and a specific prior distribution of the true states. From

the result the performance of all such measurement schemes can be compared.

3.1 Preliminaries

In the following we consider the situation when the unknown state originates from the
whole set 7 of possible states, i.e. R = 7. As described in Chapter 2.2.1 we parameterize
this set by the Bloch vector of the state. We will additionally assume that the possible
states are distributed with respect to a prior probability measure g on 7. The main

condition we impose on the measure y is that it is unitarily invariant:

[ @ity = [ fwine) wa [ ae =1 G

for integrable functions f on 7 and measurable subsets A C 7. We denote the average with
respect to p by (). Since unitary conjugation corresponds to an orthogonal transformation
of the state vectors @, an example for such a measure is the normalized Lebesgue measure

on 7 C R™~1_ Another example is given in Chapter 3.3.
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3.1.1 Quality of an estimation scheme

In Chapter 2.2.4 we discussed the mean quadratic error matrix as measure of efficiency of

an estimate given a certain true state p. To evaluate the quality of an estimation scheme

we use the average of this measure with respect to the prior distribution p on the set 7.
If we use the mean quadratic error matrix of the estimate given the true state, the

average mean quadratic error matrix is given as

(Va) :/Tvedﬂ(‘q)

where the W®) are the mean quadratic error matrices of the classical estimates v®*)

and T was defined in (2.31). Since for two different measurement schemes the average
mean quadratic error matrices are not necessarily comparable by positive semi-definiteness.

Therefore we use, analog to [21],
1
Det ((Ve)) = — Det((Wg)) Det(T) > (3.3)

to compare the quality of different measurement schemes.

This quantity is similar to the generalized variance, which is defined as the determinant
of the mean quadratic error matrix. It provides single number that can be used to compare
different measurement schemes. The generalized variance can be interpreted as a volume
related to the scatter of a random variable (see e.g. [12]). Thus a smaller value of the

generalized variance (3.12) means better efficiency of the estimation scheme.
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3.1.2 Compared estimation schemes

If we want to compare measurement schemes with regard to quasi-orthogonality of the
measurements they use, we need to restrict us to certain families within this is meaningful.
For instance in the case of a qubit, from the view point of complementarity there is no
sense in comparing a measurement scheme using a single POVM, as described in Example
1.1.1, to the standard scheme that uses the measurement of the three complementary spin
observables (see Example 2.2.2). Since complementarity of two measurements is a geomet-
ric property between the subspaces their measurement operators span, we will compare
schemes which differ only in the orientation of this subspaces. For this purpose let us

consider unitarily conjugated measurements M *) and M®)
M® =uMPU = (UEPU* . EY e M®)} (3.4)

where U € U,(C). Unitary conjugation of the operators Ei(k) results in an orthogonal

(k)

transformation their Bloch vectors w; ’ (2.25). Thus unitary conjugation of the measure-

ment M®* results in a rotation of the subspace S*), while the geometrical configuration

(k

of the vectors u, ) and ﬁgk) =U 'u,gk)U * remains the same.

Example 3.1.1 As an example of two unitarily conjugated measurements consider two
observables A and B with non-degenerate spectrum of eigenvalues. The measurements
they define are the sets of projections {PZ-(A) :1 <i<n}and {Pi(B) : 1 <i < n} on the
one dimensional spans of their eigenvectors. The eigenbasis of A is related to the one of
B by some unitary transformation U, and {PZ.(B) : 1 <i < n} can be obtained by unitary

conjugation of the set {Pi(A) 1<i<n}byU. O

We will compare measurement schemes within the following families: Given an informa-

tional complete measurement scheme M = {M® M@ M1 we define the family
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U(M) as the set of all measurement schemes whose elements are unitarily conjugated to

the elements of M:

UM) = {M = {UMOU;, ... U M™U:Y s
M’ informationally complete and U® e U,(C)}

This means that the subspaces S® spanned by the individual measurements M®) are
rotated in S. In the next section we will show that if such a family contains a measurement

scheme of quasi-orthogonal measurements, it is the scheme with the highest efficiency.

3.2 Optimality of Quasi-orthogonal Measurements

In this section we compare estimation schemes as described in Chapter 2 within the families
defined in the previous section. We discuss the unconstrained and constrained estimate
and compare the estimation schemes by means of the determinant of the average mean

quadratic error matrix as well as the average information gain.

3.2.1 Unconstrained estimate

The unconstrained estimate of a state was defined in (2.34) as
R . 1
0=-T"(v——r). (3.6)
n

where v was an estimate for the classical measurement probabilities. For an estimation
scheme using a measurement scheme using m different separate measurements on a finite
number of N identical quantum states as described in Chapter 2.2.2, we obtain the following

theorem :

Theorem 1 Let the possible true states of the system be distributed according to a unitarily
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invariant probability measure v on T and let My = {Mél), Méz) e Mém)} be a measure-
ment scheme consisting of pairwise quasi-orthogonal measurements Mék), 1<k<m. Let
M, = {UlMél)Uf, UQMéQ)UQ* ce UmMém)U;’;} € U(My) be another measurement scheme

obtained by unitaries from Mgy. Then
Det((V**(8))) < Det((V*"1(8)))

Thus My is optimal within the family U(M,).

Proof: For the proof we first show that the average mean quadratic error matrix (Wpg) of
the classical estimate is the same for both M, and M; and only the matrix 7, as defined
in (2.31), depends on the particular choice of the measurement scheme. To see this we
(k
i

notice, that the blocks W(gk) are functions of the probabilities p ) of the kth measurement

only, and as such they are functions of p and M®):
k k) (k k
Wy =w® " p L pl ) = W (o, MB), (3.7)

By our assumption every measurement M *) ;= UkMO(k)U,j in M is unitarily conjugated
to some Mék). Consequently an element Ei(k) € MW" is unitarily conjugated to the element

Eéi-) € Mék). From (1.10) and the cyclic invariance of the trace we get
) =Tr (pB) = Tr (p (URESUR) ) = T (U pUs) ESY) (3.8)

This allows us to move the unitarily conjugation between the arguments of (3.7) and we

get the relation

W® (p, MPY = W® (p, UMPUE) = WE (U pUy, M) . (3.9)
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By our assumption on the measure y substituting U;pUy, — p will not change the value of

the integrals of the blocks W®*):

(Wey = /T W (p, MP) dp(p)

= [ WOV M) dil) = | WO, 34 dulp). . (3.10)
T T

Thus for M, and M; the average mean quadratic error matrix (W) of the estimate v
of the classical probabilities is identical and we get for the average mean quadratic error

matrix of 0:
V') = = Tnie(Wo) (Tag)' = 5 Tag | 1 - 1 | (T (3.11)

for i = 0,1 with some constant matrices A%) := <Wék)).
Thus for all measurement schemes from the family U(M,) the mean quadratic error

matrix (V) depends on the transformation matrix 7" only. By
1 —
Det((Vo)) = — Det({We)) Det(T) ? (3.12)

it is enough to show that for all measurement schemes M € U(M,) the Det(T') is maximal
for My. Det(T) corresponds to the volume of the parallelepiped Par{uz(»k) 1 < <
(d* —1),1 < k < m} spanned by the row vectors in 7. To calculate this volume for a
given T we apply the Gram-Schmidt orthogonalization method (without normalization) on
its row vectors: We can perform the orthogonalization first in the subspaces S*) spanned

by the vectors {ugk) 1 <4< (d® — 1)} independently. We start with ugk) =: '&gk) and
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obtain recursively

@ =u® — P_ju (3.13)

where P;_; is the orthogonal projection on spcm{'agk), '&ék), ce &55)1} in B(H). The volume
of the parallelepiped spanned by the resulting vectors remains invariant in this procedure
since (3.13) are elementary row operations on T. If the S®) are already orthogonal, or-

thogonalization in the subspaces S*) is sufficient and

Det(T) = Vol(Par{u!” : 1 <i < (d® —1), 1 <k <m})
= Vol(Par{a" : 1 <i < (d® —1),1 <k <m})
m dF)—1
=11 II =" (3.14)
k=1 =1

Otherwise we have to continue the orthogonalization procedure. In this case first note that
for measurements M® and M ® unitarily conjugated by some U the Gram-Schmidt pro-
cedure gives a geometrically equal result in the subspaces S®) and S®), Orthogonalization

and unitary conjugation can be interchanged and the following diagram commutes:

M® (k) G-8 (k) (k) (k)
{u1 7u2 a-‘wud(k),l} —  {u; ""7ﬁd(k)71}
Ul Ul (3.15)
(k . G- - k - (k) N
M(k) U{ul ,'u,2),... d(k) 1}U U{'u,( ) 'u,(2),... il(k> 1}U

In particular, since unitary conjugation by U results in a orthogonal rotation of the Bloch

(k)

vectors u; ~, we have Hu H | Uﬁgk)U*H.

If we need to continue the orthogonalization procedure, this will decrease the length

(k)

of the vectors @, ', and by (3.14) this results in a smaller volume of Par{ugk) 1 <i <

(d*® —1),1 < k < m}. Thus T has maximal determinant, if (and actually only if) the
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S®) are orthogonal. O

3.2.2 Constrained estimate

Since the unconstrained estimate may fall outside the set of states, a constrained estimate

was constructed from the classical estimate v in (2.35) by adding a correction A(v) as

~ ~

0.(v)=6(v)+A(v) suchthat 6,eT and A(v)=0if Ov)eT. (3.16)

For the constrained estimate éc already the explicit calculation of the mean quadratic
error matrix is much more complicated since 6. is not a simple linear transformation of the
classical estimate v anymore. Nevertheless, we know that for large sample sizes 6. is with
high probability equal to 6. Therefore the optimality of quasi-orthogonal measurement
schemes can be shown for the constrained estimate in the limit when the number of available

copies of the unknown state tends to infinity. This is stated by the following

Theorem 2 Let the possible true states of the system be distributed according to a unitarily
invariant probability measure p on T with u(07) = 0. Let the measurement scheme
My = {M(gl),Mé2) .. .,Mém)} consist of pairwise quasi-orthogonal measurements MW",
1<k <m, and let My = {UMUr, U,MP U3 . UM U} € U(M,) be another
measurement scheme obtained by unitaries from My. If 6. € T is an estimate of the form

(3.16), then the inequality
Det((VM(8.))) < Det((V*(8.)))

holds if Ny = min{ N®)} is large enough.

Proof: Since the estimates of 8 we constructed in the previous chapter are consistent

for any informationally complete measurement scheme, in all cases the mean quadratic
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error matrix will asymptotically go to zero. Thus for the proof of the theorem we show
that for the two measurement schemes M and M the error of the constrained estimates
approaches the error of the unconstrained ones faster than the difference between the errors
of the unconstrained estimators of the two schemes goes to zero. For this it is sufficient to

show
| Det(Vg(6:)) — Det(Vy(624))]
| Det(Vg(6M0)) — Det(Vo(6M1))|

— 0  for bothi=0,1 (3.17)

as Npin — 00. To ensure that the denominator is different from zero, we need to exclude
the case when the average mean quadratic error matrix of M; has the same determinant
as the one of M. By the proof of Theorem 1 this implies that M consists of pairwise
quasi-orthogonal measurements as well and we can find a single unitary U such that M; =
UMyU*. In this case, however, we obtain equality in Theorem 2.

For the proof of (3.17) let us consider closed sets 7. that are contained in the interior

of 7 and have probability (1 — €) with respect to the prior distribution u:
7. C Int(T), 7. closed, w(Z)=1—e (3.18)

This is possible since we assumed that ;(07) = 0. Then we can evaluate the nominator

in (3.17) under the condition that the true state is from the set 7: and we show first that

| Det(Vo(6M)|T.) — Det(Ve(624)|T,)]
| Det(Vo(84:)) — Det(Ve(6M2))]

— 0 for both i =0, 1 (3.19)

as Npin — 00. By Weyl’s Perturbation theorem (see e.g. [3]) for self-adjoint matrices
A and B of the same size, the maximum difference between the eigenvalues )\f(A) of A,

ordered in descending order, and the )\f(B) of B is smaller then the operator norm! of their

! For a self-adjoint operator A the operator norm is defined as |A| = max{|\;(A)

Ai(A) is an eigenvalue of A}. Let us also note that in finite dimensions all norms are equivalent.
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difference

max IAL(A) = M\(B)| < |A-B| (3.20)

Since the determinant of a positive? matrix is the product of the eigenvalues, Det(A) =

IT i )\;(A), the difference of the determinants of A and B is bounded by
Det(A) — Det(B) < |A—Bl|lci + |A—B||? ca+ -+ ||A— B||" ca (3.21)

with coefficients ¢; depending on the spectrum of A.

We can apply the above to the average mean quadratic error matrices of the con-
T) — (Vo(6M)
H’];> holds®, the following is sufficient for (3.19):

strained and unconstrained estimate. Since additionally ||(Ve (@)

(IVa(01) — Vo(6)

)| <

(|[Vo(021) — Vo (62)]|| T.)
| Det(Vg(6M1)) — Det(Vp(6M2))|

— 0  for bothi=0,1 (3.22)

as Npin — 00. To show (3.22) we look at the asymptotic behavior of the denominator and
nominator:

Since the Fisher information grows proportional to the sample size, by the Cramer-
Rao inequality (2.7) the elements of the mean quadratic error matrices of the optimal
classical estimate tend to zero proportional to the inverse of the sample sizes N®): W*) =

ﬁszfk()k):l =: N%W(’“). Consequently, taking into account (3.12), we get for two different

2Let us assume that A and B are positive, since this is the case for the mean quadratic error matrix.
Note that a positive operator is self-adjoint.

3 The norm is a convex function and therefore this follows from Jensen’s inequality
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measurement schemes M, and M,

| Det(Vo(6)) — Det(Vo(62))]

1
n?

Det(Tu,) "2 J] Det(W{y) — Det(Tui,) ™2 ] Det(W))
k=1 k=1

(3.23)

1 m /\ m N
— ﬁ‘ Det (T, )2 H Det<ﬁW/(\’fl)l> — Det(Th,) 2 H Det<ﬁwﬁﬁi>
k=1 Pl

G
=1

with some constant C; depending on the choice of M; and M. For the last equality
recall that the W® are (d® — 1) x (d® — 1) matrices and therefore Det (s (W(k)» =

Det (W ®)).

1
N k) (@®) -1

In calculating the mean of the differences of the quadratic error matrices of in the
nominator of (3.22) only values of v contribute where 6, is different from 6. Thus with

the formula Ey[X] = Prob(A)E, [X|A] + Prob(A)Ey [X‘/_l] we get for the denominator

IVo(6.) — Va(0)]| = [[E[AA" + A6 — 0)' + (6 — 6) A"
= Prob(0 # 8,) |[Es[AA' + A0 — ) + (6 — 0)A'|6 £ 6.]|| (3-24)

< Prob(0 ¢ T) C,

where we chose some constant and finite Cy such that this holds for both M; and M.
According to Sanov’s theorem (2.38) the right hand side vanishes exponentially fast with

growing Ny, if @ € Int(7). Consequently, in the limit of large N we can bound the
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quotient of the left hand sides of (3.24) and (3.23) by

T [Ve(0:) ~ Vo(0)]
mmm\ Det(Vp(6M1)) — Det(Vp(6M2))]

m (k) _ R
< Cy limsup [ N®“" ™ Prob(d ¢ T) (3.25)
]Vmin_>C>O k=1
. T () (@9-1)
< (5 limsup H N

A]Vmin_>oO k=1

exp ( — Nuin (D(v7*[|p) — 5)) :

for all § > 0 and a constant C3. On 7. we have D(v*||p) > D, > 0. If additionally the

size of the largest sample does not grow in N, exponentially, i.e. Ny.. < N/ . for some

min

r € N, the limit in the last line equals zero for all 8 € 7, and

1Va(8.) — Va(0)||
| Det(Vg(6M1)) — Det(Vp(6M2))|

(3.26)

as Ny, — 00 on 7. Since D, > 0 convergence in (3.26) is uniform on 7; and (3.22) holds
for the average of the expression in (3.26) and for all € > 0.

To complete the proof of the original inequality (3.17), we note that the contribution
of the set 7\7Z; to the average of the mean quadratic error matrix is small: Again by the
formula Ey[X] = Prob(A)Eg[X|A] + Prob(A)Es[X|A] we have

(IVa(62) — Vo(8*)]) = <||Vo(é?“) — Vo(6™)

7)

+e((IVa(82%) — V(8

— {(||Va(8M7) — Vp(6M)

7)) (327)

and therefore

*

(IIVo(82) - <é >> _ 1+6(<||ve<é£4> V(0

(||[Va(82") — V(6 ([[Vo(62") — Vo (6

~1] (3.28
)
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By the Cramer-Rao inequality the mean quadratic error matrix is proportional to the
inverse of the sample size for the unconstrained estimate as well as for the constrained
estimate. Thus the nominator and denominator of the term (x) vanish equally fast and

this term can be bounded by a constant C} for all N. Thus

(IVe(62) —Va(0*)II)  (IVa(62") — Vo(6™)[| Tc)
| Det(Vo(0M1)) — Det(Vp(6M2))| | Det(Vo(6M1)) — et<V9(0M2)>| (3.20)
(IVa(02") — Vo(6 )
“+e€ (04 — 1)
| Det(Vp(6M1)) — Det<V9 6M2))|
and taking the limit of NV in the last equation gives the desired result. O

3.2.3 Average information gain

In the previous section we studied the efficiency of measurement schemes based on the mean
quadratic error matrix. As an alternative measure of the efficiency of an estimation scheme
the information gain Z(@) was discussed in Chapter 2.2.4. In [28] it was shown that among
estimation schemes using observables with non-degenerate spectrum Z (é) is maximal in
the case when they are complementary. As discussed in Chapter 2.2.4 the information gain
is asymptotically related to the mean quadratic error matrix of 6. Therefore we can extend
this result to general measurements (POVMs) as well and for the unconstrained estimate

we get the following

Theorem 3 Let the possible true states of the system be distributed according to a unitarily

2

invariant probability measure p on T and let My = {Mo(l), M, .,Mém)} be a measure-

ment scheme consisting of pairwise quasi-orthogonal measurements Mék), 1<k<m. Let

My = {U M, UI,U2]\4(2)U2 U M U*} € U(M,) be another measurement scheme
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obtained by unitaries from M. Then

lim I™M0(@) —InN > lim () —In N

N—oo N—oo

and My is asymptotically optimal within the family U(My).

The proof follows closely the reasoning of Theorem 1. In (2.52) it was shown that in the

limit of large N the average information gain tends to

7(0) — _% >~ (In(Det (WH*))) + In (Det(T)) + % In N — %ln(Qwe)”Ll +h(0) (3.30)

The average of the information gain depends on the averages of the individual blocks of
the mean quadratic error matrix W of the classical estimate v. In the same way as in the
proof of Theorem 1 it follows from (3.9), analog to (3.10), that for a unitarily invariant

measure

/T tn (WO (o, M9)) dpu(p) = / - tn W ((p, UMPU7) ) dia(p) (3.31)

and the averages (In (Det(W*)))) are constant within the families 2/(M,). Then the
theorem follows from the maximality of the determinant of 1" for M. O

In case of the unconstrained estimate we draw our attention again to the modifications
of the remark in Chapter 2.2.4. In case we define the information gain Z through the
uncertainty volume (2.60), it is immediate that the previous theorem holds equally true

for the constrained estimate since Prob(é’C # é) tends to zero.

63



3.2.4 Examples

Let us discuss some examples where the existence of quasi-orthogonal measurements is
known. These examples are mostly related to the cases where the existence of a complete set
of complementary subalgebras is known. The relation of measurements to subalgebras A C
M,,(C) can be understood in the following sense: Similar to the definition of measurement
schemes on the whole algebra M,,(C) in Chapter 2.2.2, we can define them on a subalgebra
A C M, (C) only:

My = {M®: 1<k<m, M(k)C.A} (3.32)

On the other hand the operators {Efk) : EZ-(k) € M® M® ¢ My} contained in some
M 4 generate a certain subalgebra A of M, (C). If the operators used in the measurements
in M 4 at the same time span and generate the algebra A we can speak about a relation
between the subalgebra A and the measurement scheme M 4. Then M, is also informa-
tionally complete on the subalgebra A. Furthermore we can join measurement schemes
on different subalgebras A; as M = U;M 4, in order to get a measurement scheme on the
whole algebra B(H). This situation applies to the most common cases: A measurement
scheme using von Neumann measurements is related to a collection of Abelian subalgebras
of B(H). A measurement scheme built up from measurements on subsystems is related to
a collection of matrix subalgebras of B(H).

A measurement scheme M 4 defined on a certain subalgebra A naturally transfers to
a measurement scheme on a subalgebra UAU* by taking the unitary conjugate of the
measurement, operators in My as Myp+ := UMU*. To apply the above theorems in
this setting we compare estimation schemes that are related to subalgebras isomorphic to
each other by unitary conjugation. More precisely, suppose there exists a complete set of

complementary subalgebras 4; (1 < i < m) and measurement schemes M 4, on them such
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that My = U" ;M 4, is informational complete. Then we consider the family

UM,) = {M = U UM 4 U : M informational complete and U e Un((C)} :
i=1
Each of the measurement schemes* M in U (M) is related to a set of subalgebras { Uy AU} :
1 < i < m}. The family U(M,) is a subset of the families we defined in (3.5) as we
conjugate all the measurements in M, with the same unitary U®. We can apply the
results from the previous sections: For any particular choice of measurement schemes
M 4, the estimation scheme is optimal within the family ¢/ (M) in the sense of the above
theorems if the measurements in M are related to the complementary subalgebras A;.

The cases where existence of a complete set of quasi-orthogonal subalgebras is known
was discussed in Chapter 1.2.3. In the following we will discuss this examples in the context
of state estimation schemes:

First we will look at commutative subalgebras: A von Neumann measurement M®*) =
{Pl(k), . ,chk)} of an observable Aj is related to the Abelian subalgebra A, generated
by its eigenprojections. Clearly M*) is informationally compete on the subalgebra Aj.
For simplicity we shall restrict ourselves to examples of homogenous Abelian algebras
generated by projections of rank ?"k(Pi(k)) = r. This corresponds to the measurement of an
observable Ay with % distinct eigenvalues of multiplicity . The projections Pi(k) generate
a homogenous subalgebra A; which is isomorphic to the algebra A4y of n x n diagonal

matrices with entries of multiplicity » by unitary conjugation:

A = U AUy, (3.33)

4 note again that UM 4U* is related to the algebra UAU*.
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for some unitary operators U®). In this setting we need m = TEZQ__T;) such measurements
each of them consisting of d = = positive operators in order to get an informational

complete measurement scheme on B(H). We get the two extremal cases:

Example 3.2.1 The measurement of observables A, with a non degenerate spectrum of
eigenvalues is related to maximal Abelian subalgebras Ay of M, (C). In this case the Pi(k)

are minimal projections of B(H) and in our measurement schemes we have m = n + 1

(k

measurements M), each of which consist of d*¥) = n elements of the form

1
P = =14+ (1<i<n)

n

and the matrix T takes the form

71 ugk) ¢
T— Tk , (3.34)
T(n+1) ugf_)l t

It is known in the cases where n is a prime power that a complete set of complementary

maximal Abelian subalgebras exists [28]. &

Example 3.2.2 In the case of n = 27, j € N, we can consider subalgebras generated
by projections of rank n/2, which corresponds to the measurement of observables with
two distinct eigenvalues of multiplicity n/2. Then every measurement gives information
about only one parameter and thus we consider measurement schemes M that consist of

m = n? — 1 measurements M*) = {PJ(rk), P¥} where

1
PP = o E u® (3.35)
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The matrix T takes the form

T = : (3.36)

&

In the case of von Neumann measurements associated with homogenous subalgebras,
all the measurements used are unitarily conjugate to a single M, = {PZ-(O) 1 <i<m}
where m = n/r and M, is the measurement associated with the algebra 4, in (3.33).

Within the families
U= {./\/l = {U;MoU; - 1 <i<m}: M informational complete, U® € Un((C)}

the case when the subalgebras related to the U; MyU; are complementary is optimal under

the condition that they exists.

Example 3.2.3 If we replace in Example 3.2.2 the Bloch vectors u® of the measurement
operators by Bloch vectors such that the eigenvalues of the u(®) are smaller than Uy we
can always obtain an informational complete set of quasi-orthogonal measurements. The

measurement operators
1
Eik):§liu§k) (1<i<n®-1)

are always positive for [|[u®|| < '/, and we can find quasi-orthogonal measurements by

choosing the vectors u®) orthogonal. &

In the following we present examples that are related to measurement schemes on non-
commutative subalgebras corresponding to physical subsystems:

Let us consider the composite of £ quantum systems with Hilbert spaces H; with
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dim(H;) = n;. It is described by the tensor product algebra

B(H) = ® B(H,) = @ M,,(C) (3.37)

in a suitable chosen basis of H = ®;H;. Let us consider subalgebras A ~ B(H;) that are
isomorphic to the algebra of one of the subsystems. A measurement M C A contained
in the subalgebra A can be experimentally realized by a measurement on the physical
subsystem B(H;) in the following way: We can choose a unitary W such that WAW* =
B(H;) ® I and W can be implemented by the time evolution of the system under some
suitable Hamiltonian H as W~ = e'#*/" Under this time evolution a given state p € B(H)
evolves to W1p(W=1)* and performing the conjugate measurement W MTWW*, contained
in B(H;), on W=tp(W=1)* is equivalent to performing M on p. Suppose there is a set
of subalgebras {A; : A; ~ B(H,,) for some j;, 1 < i < m} such that span{A4; : 1 <
i < m} = B(H). Then a measurement scheme M on the composite system can be
constructed as the union of informational complete schemes M 4, on the subalgebras A4;
where the measurements in M 4, are performed as described above with some W; such
that W, AW} = B(H;,) ® I. The measurement scheme M corresponds to a collection
of measurement schemes on the physical subsystems B(H;,) and unitary time evolutions
W; = e'liti/h In case there exists a complete set of complementary subalgebras A; ~

B(H;,) for some j;, we can apply the results of the previous sections to the families
UMo) = {M = U",U;M4U; : M informational complete, U € U, (C)}

for some M, = U, M4, with informationally complete M 4, on A;. For any particular
form of the M 4, it is optimal if we choose the measurement scheme M, associated with

the complementary subalgebras A;.
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Example 3.2.4 In the case of k copies of a r level system with Hilbert space H 4, dim(H,4) =

r, the algebra of the composite system is given by

In the case when 7 = p' is the power of prime p > 3 there exists a complete set of m =
(r** —1)/(r?* —1) complementary A; ~ M, (C). We can construct informationally complete
My, on A; from a single informationally complete measurement scheme M, ¢y on M, (C)
and unitaries W; such that W; A4,V = M,.(C)® . In other words in the estimation scheme
we perform the same measurements from M, () on one of the subsystem after exposing

the composite system to different time evolutions W;. Within the families

U={M=U" WMy, cyW; : M informational complete, W; € U,(C)} (3.38)

The choice of the W; is optimal in the sense of Chapter 3 if the subalgebras A; =
W; (M, (C) @ I)(W;")* are complementary. &

2

Example 3.2.5 In the case of two qubits, i.e. =2 and k=2 in the previous example, it
was shown in [23] that the upper bound of 5 quasi-orthogonal subalgebras A ~ My(C)
can not be achieved. However it is possible to choose four quasi-orthogonal subalgebras
A; ~ My(C) (1 < i < 4) and the remaining orthogonal complement in S together with
the identity forms a maximal Abelian subalgebra A of My(C) ® My(C) [18]. Thus we
can construct a measurement scheme on B(H) from an informationally complete measure-
ment scheme My, ) on the subsystem M>(C) ® I together with unitaries W; such that
W, AW = My(C) ® I for 1 < i < 4 and the measurement M, of a non-degenerate ob-

servables on Ms(C) ® Ms(C) related to As. This measurement scheme is optimal within
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the family
U= {M=U_ WMy, W UWs{M4}W : informational complete, W; € Us(C)} (3.39)

%

As a last example we specify additionally the measurement schemes on the subalgebras:

Example 3.2.6 In the context of the previous two examples, we can further specify the
form of the measurement schemes My, ) on the subsystem B(H4). Since r was assumed
to be a prime power, there exists a complete set {A4;, 1 < i < r + 1} of complementary
maximal Abelian subalgebras of the subsystem B(H,4), or equivalently, a complete set of

(r+1) complementary observables on the subsystem H 4. Together with optimal choice of

the W; (where 1 < i < T::__ll) that obtained complementary subalgebras of B(’H) isomorphic
to B(H.) we get a complete set of complementary subalgebras A;, = W; (A, ® )W}, Note
that this are not maximal Abelian subalgebras of B(H). The A;; are generated by the
isomorphic image of minimal projections in the algebras M, (C) ® I. Since I denotes here

the r*~! dimensional identity, this projections are not minimal projections in M,«(C) but

k—1)

they are of rank r*~Y. Thus the subalgebras A, are homogenous Abelian subalgebras

and the correspond to von Neumann measurements M 4., of r rank =1 projections. We

r2k_1 2k _q

obtain a measurement scheme M = {My, : 1 <i < m} withm = (r + 1) = ==

measurements. Let us remark, that alternatively to the procedure of measuring non-
degenerate observables on the subsystem after exposing the system to some time evolution,

the measurement M 4, can be performed directly on the composite system B(H) as well.

%

In all the examples above we can use the relative frequencies v as a classical estimate
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for the probabilities and we estimate the state by (2.34)

o- L1 %r) (3.40)

n
The mean quadratic error matrix is given by

1
Vo=— T'W(T ) (3.41)

where W is block-diagonal with blocks of the form

o
n_
1 T
k) — _—
w N (3.42)
k k k k) 2
p(%)_lpg ) e p(%)_l - p(%)—l

3.3 Evaluation of von Neumann Measurements

In this section we return to measurement schemes that use von Neumann measurements
associated with homogenous Abelian subalgebras of B(H). Such measurements correspond
to the measurement of observables with eigenvalues of multiplicity » and the measurement
operators are projections of rank r. As discussed in Chapter 3.2.4 a measurement scheme
consists of % measurements of such observables. From the results of Chapter 3.2 for a
fixed r it is optimal to choose this observables complementary. In this section we evaluate
the average mean quadratic error matrix and its determinant for the complementary case.
In the calculations we choose a specific prior distribution for which the boundary of the
set of states has measure zero. The result allows us to show that measurement schemes
using observables with non-degenerate spectrum have maximal efficiency.

To evaluate the average we first specify the measure u we will use on the set 7 of

states. Therefore note that we can generate the set 7 from diagonal matrices by unitary
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conjugation. Let us denote = {A = Diag(A1,...,\n) : Ay > 0,>_\; = 1} as the set of
all diagonal matrices with an n-dimensional probability vector on the diagonal. On the

Cartesian product Ug(n) x © we can define a function
g:Uc(n)xQ—1T: g(U,AN) =UANU*=UAU" =p (3.43)

Uc(n) x © can be equipped with the normalized product measure of the Haar measure
on Ug(n) and the Lebesgue measure on 2. The push-forward measure p by g, denoted as

pg~t, is a unitarily invariant measure on 7 :

/T F(p) dug™(p) = /U U ) @) x dua)

- / F(g(VU, A)) dp(U) x dp(A) = / FVAV*) dug™ () (3.44)
Uc(n)xQ T

where the equality (*) represents the invariance of the Haar measure and holds for all
V € Ug(n). Let us remark that this measure is different from the normalized Lebesgue
measure on 7 C R~ which requires a different measure on €.
In order to evaluate the integral of (3.42) we first calculate the explicit form of the
probabilities
PP =Tr (pPM) = Tv (UAU* P = Tv (AU PP (3.45)

related to the projection Pl-(k) (we use the notation of Examples 3.2.1 and 3.2.2). By the

(k)

invariance condition (3.44) of the Haar measure we can assume that the P, are diagonal

in the same basis as A and of block diagonal form

72



I,

where each block is of size r x r such that the ith block contains the r-dimensional
identity and all other blocks are zero. The matrix elements of the product U *Pz-(k)U are
given by

(U Z Uy (P _Usy (3.47)

In the basis where A is diagonal left multiplication of a matrix by A multiplies the pth row

with A,. Evaluating the trace gives

* p(k)
Tr (AU*PPU) ([;A U (P th]pq 1)
(3.48)
= ZA UspUsy (P Z)\ Uy (P
D,8,t

where in the last step we used the diagonal form (3.46) of the Pi(k). Especially in the last
sum, (Pi(k))SS # 0 only for (i — 1)r +1 < s < ir. Since changing the index i is the same

than permuting the diagonal blocks of Pl-(k) in (3.46) by some unitary conjugation, it is

enough to consider ¢ = 1,2 and we get

= PV = Z Z il Uil® (3.49)

i=1 k=1

pp = pp ZZZ Z MNX|UPlUG P (6 # 5) (3.50)

i=1 j=1 k=1 Il=r+1

All diagonal elements of the blocks (W ®)) will be identical after taking the average as well
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as all off diagonal elements and we get

a b b
1 b a
(WH)Y = 0 (3.51)
b
b b a

Furthermore all the blocks of (W) will be the same since also all measurements we use
are unitarily conjugated to each other. Thus it is enough if we calculate the averages

2
a= <p§k) — pgk) > and b = < — pgk)pgk)>. We get

k k)2 .
az/fpﬁ)—pﬁ) dpg™(p) =

ZZ/QA,@M(A)/U(

=1 k=1 (o]

)IUMIQdMU) -> > / Ay dp(A) / )|Um|2|Ulj|2dﬂ<U>

ij=1 k=1 Uc(

for the diagonal elements and

r

n 2r
b = —/Tpgk)pék)dug_l(m = —ZZ Z /Q)\Z-)\jdlu(/\)/ )‘Uki’2|Ulj‘2d,[L(U)

ij=1 k=1 l=r+1 Uc(

for off diagonal elements. The appearing integrals and sums are evaluated in appendix A

and we get the result

_ 2 -1 _ r(n+2) 2 (n+2)
o= [ m-rtap ) = - (352)
b= [ mdng () = % (3:53)

To evaluate the determinant of (V') we need to calculate the determinant of (W) and T

74



We will use the following formula for our calculations: The determinant of a k x k matrix

B with elements B;; = 6;;(a — b) + b is obtained by

a b b
b a -+ b

Det(B) = | N e (e b)* Y (a+ (K —1)b) (3.54)
b b - a

This formula can be derived by carrying B into upper triangular form by first subtract-

ing the last line each other ones and then canceling the off-diagonal elements in the last line:

a=b 0 b—a a=b 0 b—a
0 ab 0 - b-a 0 a=b 0 - b-a
Det(B)y=Det | ¢ o -~ -~ = | =Det| : o -~ -~ (3.55)
P b—a : b—a
b b b a | 0 0 - 0at(n-1)b |

Since the matrix on the right hand side is upper triangular, the determinant is the
product of the diagonal entries and we obtain (3.54).
In our case additionally the elements are the form a = ay + b and (3.54) simplifies to

Det(A) = af*(ao + kb). Together with (3.52) and (3.53) we obtain

m

Daumo):[I]R%a

k=1

("/r-1) ("r—1)m
2 n
[(n+)] " m (3.56)

(n+1)2 "

To calculate the determinant of 1" we recall the geometrical configuration of the row

vectors of T'. The inner product between two such vectors is given by

<’U,-k), ’U,(»l)> _ - TI‘(P(k)P(l)) _ E (357)

Thus the vectors have length |u§k)]2 = 2 (1 — =) and the inner product between any two
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of them is (ugk), ugk)) = _:Tz' The product 77T contains the inner products between the

(k)

vectors u,;’ as elements. For the optimal measurement we can assume the subspaces & (k)

to be orthogonal and 7" becomes block-diagonal with
(3.58)

The blocks are of size ("/,—1)) x ("/»—1)) and again we can use formula (3.54) to evaluate

the determinant
("/r—2) :
Det (T4 (7)) = (Z) (Z _ (E _ 1) 7“_>
(r)("/r—Q) nr—(n-—r)r\ (r)n/r
n n? \n

Since the values (3.58) of the inner products are identical for all &, all blocks have the same

determinant and their product becomes

Det(T)? = Det(TT*) =n~ /rmy"/rm. (3.60)

Putting (3.56) and (3.60) together we get

. m ("/r—1) nin (n2-1)
Det (V) = sy Doy = e [H 1>] {M} (3.61)

n2(?=1) Det(T)2  n20*-1) P N (n+1)2

where ) , N (k) = N. For fixed r this expression becomes minimal if we choose all N*¥) = %
Then

o) - (3] [t ] oo

which is minimal if we choose r = 1. The case r = 1 corresponds to the measurement

of observables with non-degenerate spectrum and measurement schemes consisting of such
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observables are optimal in the above setting.

77



78



Conclusion

In the thesis we considered the problem of estimating an unknown quantum state by sep-
arate measurements on identical copies of the state. The following setting was considered
for the state estimation problem: It was assumed that the unknown state originates from
the set 7 of all possibles states of the system and a priory knowledge is reflected by a prior
probability measure on 7. For the estimation of the state N identical copies of the state
are at hand and the following estimation scheme is carried out: To obtain statistical data
a set of measurements (or a measurement scheme) M = {M® M@ M} is chosen.
The ensemble of the given states is divided into m subensembles and the measurements
M®) are performed separately on the copies of the subensembles. To form a point esti-
mate for the unknown state the set 7 is parameterized by the generalized Bloch vector 6.
An unconstrained estimate @ of 6 is obtained from the empirical distribution (or relative
frequencies) of the measurement outcomes by linear inversion of the relation between the
measurement probabilities and the Bloch vector. Since the unconstrained estimate may
take values outside the set of states, additionally an estimate 6. constrained onto the set
T is considered. The efficiency of an estimation scheme is evaluated by the average of the
mean quadratic error matrix, where the average is taken with respect to the prior distri-
bution on the true states. To compare different measurement schemes the determinant of

this matrix is used.
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The thesis studied the role of complementary measurements in the above state estima-
tion problem. The main result showed that if a measurement scheme /\/loz{Mél) , MéQ), e
Mém)} consists of complementary measurements, it performs better than any measurement
scheme of the form M'={UMWOU* U,M? U3, ... U, M™U*} obtained with unitaries
Ui € Uc(n) (1 <k <m). In other words, M, is optimal within the family ¢/ (M,) formed

by the M’. This was stated in

e Theorem 1 for the unconstrained estimate: The necessary condition for the theorem
is that the prior probability measure is invariant under unitary conjugation: pu(py) =
w(UpoU*) (U € Uc(n)). The theorem holds for finite numbers of available copies of

the unknown state.

e Theorem 2 for the constrained estimate: The main conditions for the theorem are that
the prior probability measure is unitarily invariant and vanishes on the boundary of
the set of states: u(97) = 0. Furthermore it is assumed that the constrained estimate
differs from the unconstrained only if the unconstrained estimate falls outside the set
7T . The theorem is shown in the asymptotic case when the number of available states

tends to infinity.

Additionally in Theorem 3 the relation of the results to the work in [28], where a simi-
lar optimality result for complementary observables with non-degenerate spectrum with
respect to the information gain was shown, is discussed.

By means of examples where the existence of complete sets of complementary subalge-
bras is known, the relation of the families U(M,) to subalgebras is discussed: A subsystem
of a quantum system is described by a subalgebra A C B(H) and in general a measurement
M®) is contained in a subsystem. If we are given two subsystem A and UAU* related by
unitary conjugation, a measurement M®* C A performed on the subsystem A given the

true state p is equivalent to performing UM®U* ¢ UAU* on the subsystem UAU* given
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the true state UpU*. By the results shown in the thesis, if the true states are unitarily
invariant distributed, it is on average optimal to choose the subsystems complementary:

(k) performed on complementary subsystems A®*) perform better than

Measurements M
equivalent measurements UM U* on the subsystems UA® U*.

Finally an example of a unitary invariant prior distribution on 7 is constructed from
the Haar measure on Ug(n) and the Lebesgue measure on the probability simplex. For
this prior distribution the determinant of the average mean quadratic error matrix was
evaluated explicitly for measurement schemes using von Neumann measurements associated
with homogenous Abelian subalgebras generated by projections of the same rank r. It was

shown that the case of maximal Abelian subalgebras, which is related to measurements of

observables with non-degenerate spectrum, is optimal.

81



82



Appendix A

Some Integrals

A.1 Integration on the Probability Simplex

The set of discrete probability distributions on a set of n different outcomes can be param-

eterized as the n — 1 dimensional simplex
Qo ={A= (A Ao A) T A > 0,) N =1} CR™ (A1)

which is a n — 1 dimensional manifold in R”. We change to the cumulative probabilities

by the coordinate transformation

A €Tr; — Z )\z and A_l . )\Z =T; — Tj—1 (A2)
k=1
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Since we have )\, = 1 we get a chart ¢ : R"! > U — R” for ,_; from the set U = {z:

0<z;<ay<--<m,; <1} CR" ! to R" by .

<Mw>=zy*(f)

Integration of a function f : ) — R is given by

‘AMQ:AﬂM@

)\ Det G (x) dzy . . . dx,,

(A.4)

where G,, = (D¢)'D¢ is the measure tensor of ¢ and Det GG, is the Gram’s determinant.

The derivative of ¢ and the measure tensor are given by

(n-1)
N
-
\
1 0 0
-1 1 o0 :
0 -1 1
n?
RS 0
; 0 -1 1
0 o -1/ )

(n—1)
N\
75 N\
2 -1 0 0
1 2 -1 .
G, = 0 -1
2 -1
0 12

By expanding the determinant along the first row we can get the recursive formula

DetG), = 2DetG,—1) — DetG(,—2). By induction on n it is easy to see from this formula

that DetG = n.

We will use the following integral formula

With (A.5) the hyperarea of €, becomes

/dQ:
Q

/ \/ﬁdlEl Ce dl‘n—l
u

1 Tp—1 x3 x2
/ / . / / \/ﬁdﬂfldaﬁg R dZL’n,denfl = \/ﬁ R
0o Jo 0o Jo (n—1)!

a Tk xr3 €2 1
/ / .. / / dridzy .. .dx_1dx, = P ak .
o Jo o Jo k!
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Integrating A, on €2

/Q MdQ = /u (1= 2 )Wrde, .. doy (A3)

1 Tp—1 z3 T2
= / (1 —xp1) / . / / Vndridxy ... dr,_odr,_,  (A.9)
0 Jo o Jo )

n—2terms

"l (n—2)

!
1
= / x(nfl)idxn,l _vn (A.11)
0 (n

1

- / (1—zp) 2l Vi dr, (A.10)

0
" (n—1)! !

where the last line follows from integration by parts. Similar, integration of A2 on Q

/ )\idQ = /(1 — $n71)2\/ﬁdﬂfl Ce d.fEnfl (A12)
Q u
1 . \/ﬁ
= /0 (1 —2,_1)? xi_f) o) dx, 1 (A.13)

1
= /sz_l\/—ﬁdxnlz Vi (A.14)
0

n! (n+ 1)!

Integration of mixed terms A\, \,_; on 2 becomes

/ )\ndQ = /(1 — In,1)<$n,1 — $n72>\/ﬁd$1 c. dil?nfl
Q u

1 Tp—1 Tp—2 xo
= / / (1 — l‘n_l)(l‘n_l — $n_2) / .. / \/ﬁdl’l Ce dQTn_g d$n_2dl‘n_1
0 0 JO 0

n—3terms
1 Tn—1 \/ﬁ
= 1=, n—1 7 dn— ) — 0 d n—
/0/0 (1 = @p—1)(@n-1 — Tn—2)Ty_y (n—3)! Tn—1
NG

(n+1)!

where the last step follows after a lengthy calculation with integrals of the above type.

Normalizing the measure on €2 and using the symmetry of the indices finally results in the
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integrals

//\i a - L (A.15)
QO n
9 B 2
/Q)\Z. a9 = s (A.16)
1 .,

A.2 Integration on the Unitary Group

Consider some U = (Uy;)7;=; in the complex unitary group Uc(n), and denote by u the

normalized Haar measure on Ug(n), then:

/ Ul du@) = (A.18)
Uc(n) n

/Ucm Ul ) = oSy (A.19)
/Uc(n) Ui | Ul? du(U) = m .y (A.20)
/Ucm) R S 1)1(n+ 0 kAl (A21)

This moments can be calculated without explicit formulation of the Haar measure and we
will replicate the proof given in [8]:

The first step in the proof is to notice that the elements of a matrix can permuted by
some unitaries V' and W such that Uz, = (VUW),;; where 7 and o are permutations.

Then for a measurable function f the invariance condition of the Haar measure gives

/ [ Ustinotsy Untirot) dia(U) = / J Uy, Ust) du(U) (A.22)
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and it is mostly enough to consider the indices i, j, k,[ = 1, 2.
The first equation (A.18) follows simply from >, |U;;|* = 1 and the equality of the
integrals [ |Uy;|? du(U) for all 1 <4, j < n as mentioned in (A.22).

For the next step we superpose the elements U7 and U5 with help of the unitary matrix

cosf sinf
V= D1, o (A.23)

—sinf cos6

Using again the invariance condition of the Haar measure we get the identity

/|U11|4d,u(U) = / (VU) | du(U) = / |U11 cos @ + Uy sin * du(U)
2
— / (|U11\2 cos® 0 + |Uy |* sin® 0 + (U1 Uy, + Uy Uy cos 0 sin 9) du(U)
= / |U11]* cos® 0 + |Usy|* sin® 6 + 4|Uy, |*|Ua1 |* cos? § sin? 0 (A.24)

+ (UnUs; + U Usy) (|Un1|? cos® 0sin 6 + |Usy |* sin® 6 cos 6)

+ ((UnUs))* + (Uf,U2)?) sin® G cos® 6 dp(U)

By multiplying U with the unitary matrix diag(e’®,e?? 1,...,1) we get for terms that con-
tain products of the form Uy, U, or their complex conjugate the identity [ U U3, ... du(U) =
e @ [U1U3, ... du(U) for all ¢. Therefore the terms in the last two lines of (A.24) vanish.
Setting additionally § = /4 together with [ |Uy|*dp(U) = [ |Usa|* du(U) gives

[ 1vnttauw) =2 [ 0nPonf aue) =2 [ 0P 0P an@) - (a2)

Using the normality condition on the rows of a unitary we get 3=,  [Ui;|*|Us;|*> = 1. Split-
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ting up the sum gives together with (A.25)

[ = [ (1ol + 3w ) an)
i#k

= [l anw) + M ot ag) (A.26)

ey I

which proofs (A.19) and (A.20). Finally equation (A.21) follows in a similar way from
> ik [Uij)*|Un|? = 1 using (A.20).

A.3 Summation

To obtain (3.52) and (3.53) we need to calculate the sums in (3.49) and (3.50):

= ZZ/Adu /|Uk112du<> nre o=t (A.27)

i=1 k=1 Uc(n)

3
3|

The square of the probability

n T

k:)2 ZZ/)‘ dpu(A / U2 dpa( )ZZ/)\ du(A / Uy* du(U)

i=1 k=1 j=1 1=1 /% Uc(n)
- Z/“ dp(A Z/ U2 U2 dp(U)

i,j=1 k,l=1

(A.28)

:Z/)\?dm\ <Z/ |Usil® !Um|2d/w+z |U,ﬂ] |Uil? d/m)

i=j 78 - k21 ¥ Uc(

+Z/)\>\ dpen (Z/ |Uil® \UkanMUﬂLZ \U,“| |Uly\2dMU>

1#£j k#£l Uc(
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For pairs (i,j) with 1 < 4,5 < k there are k pairs where i = j and n(n — 1) pairs where

1% j, we get

(k)2 . 2 2 B 1
h _”Mn+1>oﬁm+ﬂ>+dr 1)n(n+1>)

+n(n—1) ! <rn(1 +r(r—1) : )

n(n+1) n+1) (n—1)(n+1)
) ' ’n 4 2) (A.29)
9 9 - r re(n +
- n(n+1)2(r+r )+n(n+1)2<nT —r) = nn+1)2  n(n+1)32
T <1+r(n—|—2)>
n (n+1)2

and (A.27) minus (A.29) gives the desired result:

(n+2)  , (n+2)
n+1)? " nn+1)2 (4-30)

a= / p—pidugt(p) =r
T

For the off diagonal elements (3.53) we get:

r 2r

SUOED 95 9) 9 D RENIISY AN

i=1 j=1 k=1 I=r+1 n)

n r 2r
=3[R S [ P )
i=j=1"7% k=1 i1=r+1"Uc(n)

r 2r

+Z/Q)W\j d'u(A)Z Z / \Uril?| U1 dp(U) (A.31)

i#j k=1 1=r+1“ Uc(n)
2, 1 1, 1
=n r +n(n—1 r
nn+1) nn+1) ( ) nn+1) (n—1)(n+1)
5 N +2
=r'—
n(n+ 1)2
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Appendix B

Sanov’s Theorem for Unequal Sample

Sizes

We consider the problem of drawing samples of sizes N*) from m different discrete proba-
bility distributions p* € Q) (1 < k < m) and derive bounds to the probability that the
relative frequency vector (or the empirical distributions) v of the samples fall into some

set A C x;gn:1Qd(k>-

Theorem 4 Let X*) ~ p*) be independent discrete random variables and the vectors p

and v defined as in (2.31). Let A C x}*1Quum be a set that is the closure of its interior.

Then
lim sup log (Prob(v ¢ A)) <
Npin—0o0 {Ymin
—Dp) <
jlvmiglofo log (Prob(r ¢ A)) (B.1)

max

91



where Ny, = ming {N(k)}, Nppax = maxg {N(k)} and
(vlp) = Z D(v™|p")
is the relative entropy D(v®|p™) =3, v, (k )(log y k) logpgk)) and

vt = argminy¢TQD(V\\p)

15 the v closest to p in relative entropy.

The proof of (B.1) follows similar ideas as the proof of the usual version of Sanov’s
theorem (see e.g. [4]): Let us introduce the notation of types or empirical distributions
as the set of probability vectors with rational components Py = Q3 N Q%. Let us denote
the set of distributions where all probabilities have the common denominator N as PY.
In the context of our estimation problem, we defined a map from the set of states into
the Cartesian product of probability simplexes p € X}, , while our estimates v €
Xy PY, (k) " (Here we defined the vector p (respectively v) similar to (2.31)).

For a sample of size N*) drawn from a distribution p®), the probability to get v*)

731\([,5)) for the empirical distribution of the sample is given by

1

(N(k) ~ 1)d(k> 2—N<k)D(u<k)||p<k)) < Prob(l/(k)) < 2—N<k)D(u(k>||p(k>) (B.Z)

The maximum number of different empirical distributions with denominator N®) is bounded

by
#(PXS) < (N + )2 (B.3)
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The bounds corresponding to (B.2) and (B.3) for v and XP]\(’,E)> follow from

Prob(v H Prob(v and < ]\[,i?)) H #( 77]\([,5?) (B.4)

In the following we derive bounds on the probability for v € X?leé\([’:f> to fall into a well

behaved set A C XL, if we take samples of size N®) from the distributions p®).

An upper bound can be derived from the upper bounds on the probability of v and the

number of different v in A:

Prob <>k§73]\([;£)) N A) = Z Prob(v)

vexPNIna

< Z H 2,N(k)D(V(k)Hp(k))

vexpNFna b

< Y o mimes DNODEOp)

vex PNE) 4

a(h)
(B.5)
< Y g minvea T NainDOOlp)
vexPNIna
< E 2_NminD(V*Hp)
ve XPN(k)mA

d(k)

k=1

Therefore we get the limit

lim sup

Ninin —00 min

log Prob (xP2 N 4) <

log(N +1) .
lefgoozd N D*|p) (B.6)
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Since the bound (%) is weak if the N®) differ a lot, we get don’t get convergence of the
right hand side in (B.6) if Nyax grows exponentially in Ny,;,. However, we can establish
further bounds: For a sequences of samples sizes with N, — 0o consider a subsequence

{]\/Z-(k)}}ﬁ”:1 such that min,{N"} < mink{Ni(jf)l}. Analog to (B.5)
(H(N(k) 4 1)d<k>) 9= T NOD@ MpM) 5 prop (f?%if) " A) (B.7)

where v} = argmin,.,( — >, Ni(k)D(u(k)Hp(k))). Since the Q is dense in R we can find
min (k) . .- .

a sequence of v, € >k<73d(k)k{N’ Y1 A with v, —vi|| — 0if i — co. We obtain a lower

bound for the case when all sample sizes are equal, Ni(k) = mink{Ni(k)} for all k, by the

probability of the single v;:

min (k) 1 — N )
Prob ()prd(mk{]vl }OA> > (Vo + 1)md<k)2 Nmin D(vi||p) (B.8)

Already if the difference between Ny, and Ny, grows linearly, for big enough N, the

right hand side of (B.8) grows atop of the left hand side of equation (B.7)! and the con-
. (k)

vergence of Prob(fP;;;?k{Ni }) follows from ordinary Sanov’s theorem.

On the other hand, if v* is an accumulation point of the set A we can find a sequence

of v; — v* in A and the probability of v to fall in A can be bounded by the probability of

as the
maximum of the Ni(k) with nonzero D(V(k)Hp(k)). In the case if Ny does not grow linearly in Ny,;, but
N/ .« does, (B.5) still holds.

max

L'it may happen that D(V*gk) [p*)) = 0 for Npax, however in this case one may consider N/
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Prob (fpﬁ,if) N A) > Prob(v;)
1

> 9= 2, N D(vi|p)
~ TL(N® 4 1)d®
1 (B.9)

> ol e
k max

> 1 9NmaxD(wi |p)

7 (Naax + 1)mdini

which gives the second inequality in (B.1) by

lim inf —— log Prob (x P2}’ N 4) >

Nmin_’oo

max

lim  md®) —log(NmaX +1)

max
Nin—00 Nmax

— D(v*|lp) (B.10)
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