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Introduction

The concept of eigenvalue is basically related to linear algebra or matriz theory but it can be
extended to differential operators. The study of eigenvalues has received much attention from many
mathematicians throughout the years. We just remember that Euler, Lagrange, Cauchy, Hermite,

Hilbert, Weierstrass, Fourier, Poincaré examined, among others, different eigenvalue problems.

In this thesis we will study eigenvalue problems associated with some elliptic partial differential
operators. In a very general framework the model equations that will be considered here have one of
the forms

—div(e(x, Vu)) = A f(z,u) (0.1)
or
N
=Y Ou(pilw, Opu) = Af (2, u), (0.2)
i=1
where in the left-hand side we consider elliptic differential operators that can be linear or nonlinear,
homogeneous or nonhomogeneous, while in the right-hand side A is a real number and f is a given
function. In this context, the concept of eigenvalue reads as follows: \ is an eigenvalue of problem (0.1)
(or (0.2)) if the problem possesses a non-trivial solution u (here, solutions are understood in the sense
of distributions).

Regarding the differential operators in the left-hand side of equations (0.1), (0.2), several important
particular cases are included, such as: the Laplace operator (obtained if we take p(z, Vu) = Vu in
(0.1)), the p-Laplace operator (obtained if we take ¢(x, Vu) = |Vul[P~2Vu in (0.1) with p € (1,00), a
given real number), the p(z)-Laplace operator (obtained if we take p(z, Vu) = |Vu[P®) =2V in (0.1)

with p(z) > 1, a given continuous function) or anisotropic operators given by equation (0.2).

A short description of this thesis is presented in what follows. The thesis is divided into five chapters.

The first chapter is entitled “Function spaces”. The goal of this chapter is to offer a description
of the variable exponent Lebesgue-Sobolev spaces and Orlicz-Sobolev spaces which are needed in the

study of different eigenvalue problems that will be presented in the subsequent chapters.

The second chapter, entitled “Eigenvalue problems involving the Laplace operator”, comprises three
sections. In the first section (based on paper [60]) an eigenvalue problem with a homogeneous Dirichlet
boundary condition is analyzed. More exactly, in this section we highlight the case of an eigenvalue
problem involving the Laplace operator which possesses, on the one hand, a continuous family of
eigenvalues and, on the other hand, at least one more eigenvalue which is isolated in the set of eigenvalues
of that problem. The second section (based on paper [50]) is devoted to the study of an eigenvalue
problem on a bounded domain for the Laplace operator with a nonlinear Robin-like boundary condition.

For that problem the existence, isolation and simplicity of the first two eigenvalues are proved. In the
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third section (based on paper [47]) we study an eigenvalue problem, involving a homogeneous Neumann
boundary condition, in a smooth bounded domain. We show that the problem possesses, on the one
hand, a continuous family of eigenvalues and, on the other hand, exactly one more eigenvalue which is

isolated in the set of eigenvalues of the problem.

The third chapter is entitled “Figenvalue problems involving variable exponent growth conditions”
and comprises seven sections. The first part of section one remembers some known facts (obtained by
X. Fan, Q. Zhang and D. Zhao in [30]) on the eigenvalue problem

— Ay = NulP® =2y in Q,

p(z)

u=20 on 012,

where Q C R” is a bounded domain with smooth boundary 99, p : @ — (1,00) is a continuous
function, A, yu = div(|Vu[P®)=2Vy) stands for the p(x)-Laplace operator and X is a real number.
The results in [30] are supplemented in the second part of this section by some new advances based on

paper [63]. The second section of this chapter points out some known results on the eigenvalue problem

—Ap(z)u:)\|u\q(x)*2u in €,

u =0 on 082,

where Q € RY is a bounded domain with smooth boundary 9%, p, ¢ : Q — (1,00) are two continuous
functions (p # ¢q). The third section (based on paper [65]) discusses an eigenvalue problem involving
the p(z)-Laplace operator plus a non-local term. In this section the existence of a continuous family
(an interval) of eigenvalues at the right of the origin is established. The forth section of this chapter
is based on the results in [55]. More exactly, in this section the following boundary value problem is
studied

—div((|Vu|Pr@®)=2 4 |Vu|P2@)=2)Vy) = Mu|f® 2y in Q,

u=20 on 0f),
where € is a bounded domain in RY with smooth boundary, A is a positive real number, and the
. : . N
continuous functions p1, p2, and g satisfy 1 < pa(z) < ¢(2) < p1(z) < N and max, 5 q(y) < N_p;;fi)

for any € . The main result of this section establishes the existence of two positive constants Ao
and A\; with A9 < A; such that any A € [\, 00) is an eigenvalue, while no A € (0, \g) is an eigenvalue
of the above problem. Next, in section five, an optimization result is presented in connection with a
class of eigenvalue problems for which the problem in section four is a particular case. The results in
section five are based on paper [61]. In section six an eigenvalue problem involving variable exponents
is studied on an unbounded domain. The results in section six are based on paper [57]. The last section
of chapter three is devoted to the study of some anisotropic eigenvalue problems involving variable
growth conditions. The results therein are based on papers [53], [54], [49], [48].
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The fourth chapter is entitled “Figenvalue problems in Orlicz-Sobolev spaces” and is divided into

four sections. In the first section the nonlinear eigenvalue problem

—div(a(|Vu)Vu) = Nul?®) =2y in Q,
u=20 on 0f2

is examined, where € is a bounded open set in R" with smooth boundary, ¢ is a continuous function,
and a is a nonhomogeneous potential. Sufficient conditions on a and ¢ are established such that the
above nonhomogeneous quasilinear problem has continuous families of eigenvalues. The abstract results
of this section are illustrated by the cases a(t) = t*?~2log(1 + t") and a(t) = t*~2[log(1 + t)]~!. The
results of this section are based on paper [59]. The second section of chapter four is devoted to the

study of the boundary value problem

—div((a1(|Vu| + a2(|Vu|) Vu) = Mul?®~2y in Q,
u=20 on 0f),

where © is a bounded domain in RY (N > 3) with smooth boundary, X is a positive real number, ¢
is a continuous function and a1, ag are two mappings such that a;(|t|)¢, a2(|t|)t are increasing homeo-
morphisms from R to R. Sufficient conditions on a1, a2 and ¢ are established such that for the above
nonhomogeneous quasilinear problem there exist two positive real constants A\g and A; with Ay < Ay
such that every A € [A1, 00) is an eigenvalue of the above problem, while no A € (0, \g) is an eigenvalue
of the same problem. The results of this section are based on paper [58]. Next, in section three, an
optimization result is presented in connection with a class of eigenvalue problems for which the problem
in section two is a particular case. The results in section three are based on paper [62]. Finally, in sec-
tion four we consider a class of anisotropic eigenvalue problems involving an elliptic, nonhomogeneous
differential operator on a bounded domain of RY with smooth boundary. Some results regarding the
existence or non-existence of eigenvalues are obtained. In each case the competition between the growth
rates of the anisotropic coefficients plays an essential role in the description of the set of eigenvalues.
This section is based on the results in [51] and [52].

Finally, chapter five of this thesis is entitled “Figenvalue problems for difference equations” and
comprises two sections. The first section is based on paper [45]. In this section an eigenvalue problem
is analyzed in the framework of difference equations. It is shown that there exist two positive constants
Ao and A; verifying A9 < A; such that no A € (0,)) is an eigenvalue of the problem, while every
A € [A1,00) is an eigenvalue of the problem. Some estimates for \g and A; are also given. The second
section of chapter five presents some results which are based on paper [64]. More exactly, in this section
the existence of a continuous spectrum for a family of anisotropic discrete boundary value problems is
established.
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Chapter 1

Function spaces

In this chapter we introduce the definitions and basic properties of variable exponent Lebesgue-Sobolev
spaces and Orlicz-Sobolev spaces. Even if both of these function spaces are particular cases of the so
called Orlicz-Musielak spaces we prefer to introduce them separately in order to facilitate an easier
understanding of their properties. For definitions and properties of Orlicz-Musielak spaces we refer to
J. Musielak’s [66] and M. Mihailescu & V. Radulescu’s paper [56]. The classical Lebesgue and Sobolev

spaces will be obtained as particular cases of the more general function spaces presented below.

1.1 Variable exponent Lebesgue-Sobolev spaces

In this section we provide a brief review of the basic properties of the variable exponent Lebesgue-
Sobolev spaces. For more details we refer to the book by J. Musielak [66] and the papers by D. E.
Edmunds et al. [21, 22, 23], O. Kovacik & J. Rakosnik [43], and S. Samko & B. Vakulov [74].

In the following, let 2 C RY be an open set and denote by |Q| the N-dimensional Lebesgue measure
of the set Q. For any Lipschitz continuous function p : © — (1, 00) we denote

p~ =essinfreop(r) and pT = ess sup,cop(z).

Usually it is assumed that p™ < +oo, since this condition is known to imply many desirable features
for the associated variable exponent Lebesgue space Lp(')(Q). This function space is defined by

P0(Q) = {u; u is a measurable real-valued function such that / lu(z)[P®) do < oo} .
Q

On this space we define a norm, the so-called Luzemburg norm, by the formula

p(z)
|u|p(_):inf{u>0; / ulz) dazgl}.
Q

1
The variable exponent Lebesgue space is a special case of an Orlicz-Musielak space. For constant

functions p, LP()(Q) reduces to the classical Lebesgue space LP(Q), endowed with the standard norm

1/p
oy = ( / \u(as)\pdx> .
Q
1
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We recall that variable exponent Lebesgue spaces are separable and reflexive Banach spaces. If 0 <
|©2] < oo and p;, p are variable exponents such that p;(z) < pa(z) everywhere in € then there exists
the continuous embedding LP2()(Q) — LP1()(Q).

We denote by Lp/(')(Q) the conjugate space of LP()(Q), where 1/p(z) + 1/p (z) = 1. For any
u € LPO)(Q) and v € Lp/(')(Q) the Holder type inequality

1 1
uv dx| < +,_>u Aol s 1.1
/Q <p_ » Hp()| ‘p() ( )
holds true.

Moreover, if p1, pa, p3 : © — (1,00) are three Lipschitz continuous functions such that 1/pi(z) +
1/pa(z) + 1/ps(x) = 1 then for any u € LPO)(Q), v € LP20)(Q) and w € LP3)(Q) the following
inequality holds (see [28, Proposition 2.5])

/ uvw dx
Q

An important role in manipulating the generalized Lebesgue—Sobolev spaces is played by the modular
of the LP()(Q) space, which is the mapping Pp() : L*O)(Q) — R defined by

1 1 1
<|l—4+—+ _> [t () 10 () [W]pay - (1.2)
<p1 py | D3 p1(-) Yip2()) %ips(’)

(@) = [ Jula)P do.

Lebesgue-Sobolev spaces with p™ = +oco have been investigated in [21, 43]. In such a case we

denote Qoo = {z € Q; p(x) = +00} and define the modular by setting
Pp(y(u) = / u(z)[P@) da + ess SUp,eq. [u(z)|.
N\ Qoo

If (uy,), u € LPO)(Q) then the following relations hold true

- +
ulpey > 1 = ful)y < ppry(u) < July s, (1.3)
+ —
’u|P(') <l = |U‘Z(.) < pp(-)(u) < |u|z(.), (1.4)
[Un — Ulpz)y =0 & ppey(un —u) — 0. (1.5)

Next, we define the variable exponent Sobolev space
WwhrO(Q) = {u e LPO(Q) : |Vu| € LPV(Q)}.

On W10 (Q) we may consider one of the following equivalent norms

p(z)
de <1, ,

lullpey = Tulpey + [Vl

Jul Zinf{ﬂ>0; [ (\vim

or
p(z)

[t

7




1. FUNCTION SPACES 3
where, in the definition of |[ul|,.), [Vuly.) stands for the Luxemburg norm of [Vul.

We also define Wol’p(') (Q) as the closure of C§°(Q) in WP()(Q). Assuming p~ > 1, then the function
spaces WhP()(Q) and I/VO1 P (')(Q) are separable and reflexive Banach spaces. Set

0y (1) = /Q (IVa(@) P + Ju(z)P@) da.

For all (uy,), u € WO1 P (')(Q) the following relations hold

lull > 1 = Jul”” < gy (w) < Jul”", (1.6)
lull <1 = Jlull”” < gy (w) < [lufP”, (1.7)
|un —ull =0 & op)(un —u) — 0. (1.8)

We remember some embedding results regarding variable exponent Lebesgue—Sobolev spaces. If p, q :
Q — (1,00) are Lipschitz continuous and p* < N and p(z) < ¢(x) < p*(x) for any x € 2 where p*(x) =
Np(x)/(N — p(x)), then there exists a continuous embedding Wol’p(')(Q) — LIO)(Q). Furthermore,
assuming that g is a bounded subset of 2, then the embedding VVO1 P (')(QO) s LI0)(Qy) is continuous
and compact, provided that 1 < ¢(z) < p*(z) for any = € Q, where p*(z) = Np(x)/(N — p(x)) if
p(x) < N and p*(x) = oo if p(x) > N. Furthermore, in this last case on the Sobolev space Wol’p(')(ﬂo)
we can consider the equivalent norm

llullo = [Vuly.y -

Finally, we consider the case when Q@ C R is open and bounded. In this case we introduce a
natural generalization of the variable exponent Sobolev space WO1 P (')(Q) that will enable us to study
with sufficient accuracy problems involving anisotropic variable exponent operators. For this purpose,
let us denote by P : Q — RY the vectorial function p = (p1,...,pn), where p; : Q — (1,00) are
continuous functions for each ¢ € {1,..., N}. We define W&’E(’)(Q), the anisotropic variable exponent

Sobolev space, as the closure of C§°(€2) with respect to the norm
N
lulls = 3 0uul -
i=1

As it was pointed out in [54], I/VO1 ’;(')(Q) is a reflexive Banach space.

We also point out that in the case when p; : © — (1,00) are constant functions for any i €
{1,.., N} the resulting anisotropic Sobolev space is denoted by VVO1 ’E(Q), where 5 is the constant
vector (p1,...,pn). The theory of such spaces was developed in [32, 77, 69, 70, 76, 67].

On the other hand, in order to facilitate the manipulation of space VVO1 ’;(')(Q) we introduce ]3+,
]_3)_ e RY as

—

P+ = (p;r’ apE)v pP_= (p;a ap&)a



1. FUNCTION SPACES 4
and P, P*, P~ e R as

P_t = max{pf, ...,p}}, Pt = max{py,...,py}, P_ =min{p,....,py}-

Here we always assume that

Yo
> —>1, (1.9)
i=1 Pi
and define P* € RT and P_ o, € R" by
P = N# P_ o =max{P" P*}.
>im 1/py —1

We recall that if s : Q — (1,00) is continuous and satisfies 1 < s(x) < P_ o for all z € Q, then the
embedding Wol’p(')(Q) — L*0)(Q) is compact (see [54, Theorem 1] or [53]).

1.2 Orlicz-Sobolev spaces

We first recall some basic facts about Orlicz spaces. For more details we refer to the books by D. R.
Adams & L. L. Hedberg [4], R. Adams [3], J. Musielak [66] and M. M. Rao & Z. D. Ren [71] and the
papers by Ph. Clément et al. [18, 19], M. Garcid-Huidobro et al. [33] and J. P. Gossez [37].

In the following, let Q@ € R be an open and bounded set and denote by || the N-dimensional

Lebesgue measure of set 2. Assume ¢ : R — R is an odd, increasing homeomorphism from R onto R.
Define

(I)(t):/o o(s) ds, @*(t):/o 0 1(s) ds.

We observe that ® is a Young function, that is, ®(0) = 0, ® is convex, and lim; . ®(t) = +o0.
Furthermore, since ®(t) = 0 if and only if ¢t = 0, lim;_,0 ®(¢)/t = 0, and lim;_,o ®(¢)/t = +o0, then ®

is called an N —function. Function ®* is called the complementary function of &, and it satisfies
®*(t) = sup{st — ®(s); s > 0}, for allt > 0.
We also observe that ®* is also an N—function and Young’s inequality holds true
st < D(s) + D*(t), for all s,t>0.

The Orlicz space Ly (f2) defined by the N—function ® (see [4, 3, 18]) is the space of measurable

functions u :  — R such that
lullLy = sup {/ o dz; /(cp)*(|g|) dz < 1} < 0.
Q Q

Then (La(2), || - ||Ly) is a Banach space whose norm is equivalent to the Luxemburg norm

lullo ::inf{k>0; /Q‘I’<u(;f)> dxgl}.
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For Orlicz spaces Holder’s inequality reads as follows (see [71, Inequality 4, p. 79]):
/ wode < 2||u|| Ly [|V]] Lo for all u € Ly(2) and v € L+ ().
Q

We denote by W!Lg(€2) the Orlicz-Sobolev space defined by

0
WlLe(Q) := {u € Lo(9); al € Ls(Q), i=1, N} .
T
This is a Banach space with respect to the norm
lullie == llulle + [[Vulllo -

We also define the Orlicz-Sobolev space WiLg(f2) as the closure of C§°(Q) in WL (Q).

Lemma 5.7] we obtain that on Wi Lg () we may consider the equivalent norm

[uflo.e = l[[Vullle -

Moreover, it can be proved that the above norm is equivalent with the following norm

N
lullone = 10ulla, .
j=1

(see [52, Proposition 1] or [51]).

For an easier manipulation of Orlicz-Sobolev spaces we define

. tp(t) 0 to(t)
= inf —2% d = —_—2,
. I O B & 1)
We assume that we have to(t)
¥ 0
1 < 72 K t > .
< (p)o < (D) <(p)'<oo, Vt>0

The above relation implies that ® satisfies the As-condition, i.e.
O(2t) < K®(t), Vt>0,

where K is a positive constant (see [56, Proposition 2.3]).

Furthermore, we assume that function ® satisfies the following condition

the function [0, 00) > t — ®(v/1) is convex.

By [37,

(1.10)

(1.11)

(1.12)

Conditions (1.11) and (1.12) assure that the Orlicz space L (£2) is a uniformly convex space and, thus,

a reflexive Banach space (see [56, Proposition 2.2]). That fact implies that the Orlicz-Sobolev space

Wi La () is also a reflexive Banach space.

Examples. We point out certain examples of functions ¢ : R — R which are odd, increasing home-

omorphisms from R onto R and satisfy conditions (1.10) and (1.12). For more details the reader can

consult [19, Examples 1-3, p. 243].
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1) Let
o(t) = [t|P~%, YteR,

with p > 1. For this function it can be proved that

(P)o=(»)° =p.
2) Consider
p(t) =log(1+ [ttt VteR,

with p, r > 1. In this case it can be proved that

Po=p, ®°=p+r.

3) Let

=T a0 w0y =0
= T /1 . 2\ 1 ) = )
P o1+ 1) 7

with p > 2. In this case we have

Po=pr-1, ®°=p.

Finally, we introduce a natural generalization of the Orlicz-Sobolev space Wi Lg(£2) that will enable
us to study with sufficient accuracy problems involving anisotropic differential operators. For this
purpose, assume ¢; : R — R, i € {1,..., N}, are odd, increasing homeomorphisms from R onto R.
Define

t
B;(1) :/ pi(s)ds,  forallt € R, i€ {1,.. N},
0

and

g i) 0 teilt) N
i := inf d i = 5 1, ceey .
(pi)o %r>10 D,(t) and. (py) igg D,(t) ied }

Assume that ¢; and ®; satisfy conditions (1.10) and (1.12). Let us denote by ® : @ — R the
vectorial function ® = (®q,...,Py), where @;(t) = fg ©i(s) ds. We define W(}Lg(Q), the anisotropic

Orlicz-Sobolev space, as the closure of C§°(€2) with respect to the norm

N
lull; = 3 Bsul, -
=1

It is natural to endow space W&Lg(ﬂ) with the norm || - Hg since Proposition 1 in [52] is valid. In the
case when ®;(t) = |t|%, where 6; are constants for any i € {1,.., N} the resulting anisotropic Sobolev

space is denoted by VVO1 -9 (€2), where 6 is the constant vector (1, ...,60n). The theory of such spaces was

developed in [32, 77, 69, 70, 76, 67]. It was proved that VVO1 6 () is a reflexive Banach space for any 5 €
R” with §; > 1 for all i € {1,.., N}. This result can be easily extended to Wong(Q). Indeed, denoting
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by X = L, () x ... X Ly, (2) and considering operator T : Wong(Q) — X, defined by T'(u) = Vu,
it is clear that W&Lg(Q) and X are isometric by T, since ||Tullx = SN, Ojulg, = Hu”s Thus,
T (W&Lg(ﬂ)) is a closed subspace of X, which is a reflexive Banach space. By [13, Proposition II1.17]
it follows that T(W&Lg(Q)) is reflexive and, consequently, Wong(Q) is a reflexive Banach space too.

On the other hand, in order to facilitate the manipulation of space Wong(Q) we introduce P,
Py e RV as

PO = (01, o (o)), Bo = (p2)0s o (90 )0),

and (P°) ¢, (Py)+, (Po)- € Rt as

(P%)+ = max{(p1)°, ..., (pn)"},  (Ro)+ = max{(p1)o, .., (px)o}, (Fo)- = min{(p1)o, ... (px)o}-

We assume that
1

(pi)o

> 1, (1.13)

=1

and define P} € R™ and Py € RT by
N
S 1/ (pi)o— 1

Then, for any ¢ € C(Q) verifying

(Po)” =

Po,co = max{(F)+, (Fo)"}-

1<q(z) < Pyoo forallze

the embedding
WoL_(Q) — L(Q)

is compact (see, [52, Lemma 1] or [51]).



Chapter 2

Eigenvalue problems involving the
Laplace operator

In this chapter we study three eigenvalue problems on bounded domains associated with the Laplace
operator. We will assume that the first eigenvalue problem involves the Dirichlet homogeneous boundary
condition, the second problem involves a nonlinear Robin boundary condition while the third problem

involves the Neumann homogeneous boundary condition.

2.1 An eigenvalue problem for the Laplace operator with the Dirich-
let homogeneous boundary condition

Throughout this section we assume that Q € RY is a bounded domain with smooth boundary. By an
eigenvalue problem involving the Laplace operator with homogeneous boundary condition we under-

stand a problem of the type

—Au = \f(z,u), in Q (2.1)

u =0, on 0f),

where f: 2 x R — R is a given function and A € R is a real number. We say that A is an eigenvalue
of problem (2.1) if there exists u € Hg () \ {0} such that for any v € H}(Q),

/Vqudx—)\/f(x,u)vda::O.
Q Q

Moreover, if A is an eigenvalue of problem (2.1) then u € H{ () \ {0} given in the above definition
is called the eigenfunction corresponding to the eigenvalue A. We are interested in finding positive
eigenvalues for problems of type (2.1).

The study of eigenvalue problems involving the Laplace operator guides our mind back to a basic

result in the elementary theory of partial differential equations which asserts that the problem below
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(which represents a particular case of problem (2.1), obtained when f(z,u) = u)

—Au=Mu, in
(2.2)

u =0, on 0f),
possesses an unbounded sequence of eigenvalues 0 < Ay < Ao < ... < A, < .... This celebrated result
goes back to the Riesz-Fredholm theory of self-adjoint and compact operators on Hilbert spaces.

In what concerns Aj, the lowest eigenvalue of problem (2.2), we remember that it can be character-

ized from a variational point of view as the minimum of the Rayleigh quotient, that is,

/|Vu|2 dx
M= inf &

— (2.3)
ue H (2)\{0} / o2 de
Q

Moreover, it is known that A; is simple, that is, all the associated eigenfunctions are merely multiples
of each other (see, e.g. Gilbarg and Trudinger [35]). Furthermore, the corresponding eigenfunctions of
A1 never change signs in 2.

Going further, another type of eigenvalue problems involving the Laplace operator (obtained in the
case when we take in (2.1), f(x,u) = |u|P~2u) is given by the nonlinear model equation

—Au = AulP~2u, in Q
(2.4)

u =0, on 0f),

where p € (1,2%) \ {2} is a given real number and 2* denotes the critical Sobolev exponent, that is,

2N
— if N >
o _ N _3 itN >3
+00 if N e {1,2}.

Using a mountain-pass argument if p > 2 or the fact that the energy functional associated to problem
(2.4) has a nontrivial (global) minimum point for any positive A if p < 2, it can be proved that each
A > 0 is an eigenvalue of problem (2.4). Thus, in the case of problem (2.4) the set of eigenvalues consists
of a continuous family, namely the interval (0, c0).

Motivated by the above results on problems (2.2) and (2.4) which show that the eigenvalue problems
involving the Laplace operator can lead to a discrete spectrum (see the case of problem (2.2)) or a
continuous spectrum (see the case of problem (2.4) ) we consider it important to supplement the above
situations by studying a new eigenvalue problem involving the Laplace operator which possesses, on
the one hand, a continuous family of eigenvalues and, on the other hand, at least one more eigenvalue
which is isolated in the set of eigenvalues of that problem.

We study problem (2.1) in the case when

h(z,t), if t>0
f(z,t) = (2.5)
t, if t<0,
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where h : 2 x [0,00) — R is a Carathéodory function satisfying the following hypotheses
(H1) there exists a positive constant C' € (0,1) such that |h(z,t)| < Ct for any t > 0 and a.e. x € ;
(H2) there exists tg > 0 such that H(z,t) := (;50 h(z,s) ds > 0, for a.e. x €

(H3) lims—0o h(f’t) = 0, uniformly in x.

Examples. We point out certain examples of functions h which satisfy hypotheses (H1)-(H3):

1. h(z,t) = sin(t/2), for any ¢t > 0 and any z € Q;

2. h(x,t) = klog(l +1t), for any ¢t > 0 and any z € 2, where k € (0, 1) is a constant;

3. h(z,t) = g(x)(t?®-1 — @)= for any t > 0 and any x € Q, where p, ¢ : Q@ — (1,2) are
continuous functions satisfying maxg p < ming ¢, and g € L*°() satisfies 0 < infn g < supg g < 1.

The main result of this section establishes a striking property of eigenvalue problem (2.1), provided
that f is defined as in (2.5) and satisfies the above assumptions. More precisely, we prove that the
first eigenvalue of the Laplace operator in H{ () is an isolated eigenvalue of (2.1) and, moreover, any
A sufficiently large is an eigenvalue, while the interval (0, A1) does not contain any eigenvalue. This
shows that problem (2.1) has both isolated eigenvalues and a continuous spectrum in a neighbourhood
of +00.

Theorem 2.1. Assume that f is given by relation (2.5) and conditions (H1), (H2) and (H3) are
fulfilled. Then Ay defined in (2.3) is an isolated eigenvalue of problem (2.1) and the corresponding set
of eigenvectors is a cone. Moreover, any A € (0,1) is not an eigenvalue of problem (2.1) but there

exists p1 > A1 such that any A € (u1,00) is an eigenvalue of problem (2.1).

We notice that similar results as those given by Theorem 2.1 can be formulated for equations of type
(2.6) if we replace the Laplace operator Au by the p-Laplace operator, that is Ayu := div(|Vu[P~2Vu),
with 1 < p < oo. Certainly, in that case hypotheses (H1)-(H3) should be modified according to the new
situation. This statement is supported by the fact that the first eigenvalue of the p-Laplace operator
on bounded domains satisfies similar properties as the one obtained in the case of the Laplace operator
(see, e.g., [8]) combined with the remark that the results on problem (2.10) can be easily extended to

the case of the p-Laplace operator.

PROOF OF THEOREM 2.1. For any u € H}(Q) we denote
ut(z) = max{£u(x),0}, Vae.
Then uy, u— € H}(Q) and

0, if [u<0] 0, if [u>0]
Vuy = Vu_ =
Vu, if [u>0], Vu, if [u<0],

(see, e.g. [35, Theorem 7.6]). Thus, problem (2.1) with f given by relation (2.5) becomes
—Au = Ah(z,uy) —u_], in Q

(2.6)
u =0, on 0f),



2. EIGENVALUE PROBLEMS INVOLVING THE LAPLACE OPERATOR 11
and A > 0 is an eigenvalue of problem (2.6) if there exists u € H}(Q) \ {0} such that

/ Vuy Vo dr — / Vu_Vovdr — )\/ [h(z,uy) —u_]odr =0, (2.7)
Q Q Q

for any v € H(Q).
Lemma 2.1. Any A € (0, \1) is not an eigenvalue of problem (2.6).

Proof. Assume that A\ > 0 is an eigenvalue of problem (2.6) with the corresponding eigenfunction
u. Letting v = u4 and v = u_ in the definition of eigenvalue A we find that the following two relations
hold true

/Q \Vuy|? doe = )\/S)h(a:,u+)u+ dx (2.8)

/ \Vu_|? dr = )\/ u? dx. (2.9)
Q Q
In this context, hypothesis (H1) and relations (2.3), (2.8) and (2.9) imply

and

Al/ui d:cg/\Vu+\2 dx:)\/h(a:,u+)u+ dajg)\/ui dx
Q Q Q Q

Al/uzdxg/\Vu_\de:)\/UQ dz .
Q Q Q

If X is an eigenvalue of problem (2.6) then u # 0 and, thus, at least one of the functions u; and u_

and

is not the zero function. Thus, the last two inequalities show that A is an eigenvalue of problem (2.6)
only if A > Aq.

Lemma 2.2. \; is an eigenvalue of problem (2.6). Moreover, the set of eigenvectors corresponding to

A1 18 a cone.

Proof. Indeed, as we have already pointed out, A; is the lowest eigenvalue of problem (2.2), it is
simple, that is, all the associated eigenfunctions are merely multiples of each other (see, e.g., Gilbarg
and Trudinger [35]) and the corresponding eigenfunctions of A\; never change signs in 2. In other words,
there exists e; € HJ(Q) \ {0}, with e;(z) < 0 for any = € Q such that

/quyd:v—)\l/elvdx:(),
Q Q

for any v € H(Q). Thus, we have (e1)+ = 0 and (e1) = —e; and we deduce that relation (2.7) holds
true with u = e; € H}(Q) \ {0} and A = A\;. In other words, A1 is an eigenvalue of problem (2.6) and,
undoubtedly, the set of its corresponding eigenvectors lies in a cone of H&(Q) The proof of Lemma 2.2

is complete.

Lemma 2.3. A is isolated in the set of eigenvalues of problem (2.6).
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Proof. By Lemma 2.1 we know that in the interval (0, A1) there is no eigenvalue of problem (2.6). On
the other hand, hypothesis (H1) and relations (2.3) and (2.8) show that if A is an eigenvalue of problem
(2.6) for which the positive part of its corresponding eigenfunction, that is u,, is not identically zero
then

Al/ua_ dxﬁ/\Vm.z dsz/h(x7u+)u+ d:cg)\C'/uf_ dx,
Q Q Q Q

and, thus, since C € (0, 1) we infer A > % > A1 . We deduce that for any eigenvalue A € (0, A\1/C) of
problem (2.6) we must have uy = 0. It follows that if A € (0,A1/C) is an eigenvalue of problem (2.6)
then it is actually an eigenvalue of problem (2.2) with the corresponding eigenfunction negative in .
Yet, we have already noticed that the set of eigenvalues of problem (2.2) is discrete and A\; < 2. In
other words, taking § = min{\;/C, A2} we find that § > A\; and any A € (A1, 0) can not be an eigenvalue
of problem (2.2) and, consequently, any A € (A1,0) is not an eigenvalue of problem (2.6). We conclude
that A; is isolated in the set of eigenvalues of problem (2.6). The proof of Lemma 2.3 is complete.
Next, we show that there exists 1 > 0 such that any A € (u1,00) is an eigenvalue of problem (2.6).

With that end in view, we consider the eigenvalue problem

—Au = M(z,uy), in Q
(@ us) (2.10)

u =0, on 0f),

We say that A is an eigenvalue of problem (2.10) if there exists u € H}(Q2) \ {0} such that

/Vqu da;—)\/h(m,u+)vdx—0,
Q Q

for any v € H(Q).

We notice that if A is an eigenvalue for (2.10) with the corresponding eigenfunction u, then taking
v = u_ in the above relation we deduce that u_ = 0, and thus, we find v > 0. In other words, the
eigenvalues of problem (2.10) possess nonnegative corresponding eigenfunctions. Moreover, the above
discussion shows that an eigenvalue of problem (2.10) is an eigenvalue of problem (2.6).

For each A > 0 we define the energy functional associated to problem (2.10) by I, : H}(2) — R,

I)\(u,):;/Q\Vu]2 dm—)\/QH(ac,u+) dx,

where H(x,t) = f(f h(z,s) ds. Standard arguments show that Iy € C1(H}(Q),R) with the derivative
given by

(I3 (u),v) = / VuVv dx — /\/ h(z,us)v do,
Q Q

for any u, v € H} (). Thus, A > 0 is an eigenvalue of problem (2.10) if and only if there exists a critical

nontrivial point of functional Iy.

Lemma 2.4. Functional Iy is bounded from below and coercive.
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Proof. By hypothesis (H3) we deduce that

H
lim )
t—00 2

=0, uniformly in ).
Then for a given A > 0 there exists a positive constant C'y > 0 such that
A
NH (z,t) < th? +C\, V>0, a6 zeQ,

where \; is given by relation (2.3).
Thus, we find that for any u € H} () the following inequality holds true

/ﬁva /ﬁde—cam|>Wm2 C\Q],

where by | - || is denoted the norm on H(f), that is [[u] = ([ [Vu|? dz)'/2. This shows that I is

bounded from below and coercive. The proof of Lemma 2.4 is complete.
Lemma 2.5. There exists A* > 0 such that assuming that X > A* we have inf 1oy Ix < 0.
Proof. Hypothesis (H2) implies that there exists top > 0 such that
H(z,t)) >0 ae.z€Q.

Let Q1 C Q be a compact subset, sufficiently large, and ug € C}(Q) C Hg () such that ug(x) =t for
any x € 1 and 0 < up(z) < to for any z € Q \ Q.
Thus, by hypothesis (H1) we have

/ H(z,up) > H(x,tg) dox — Cul dx
1951 O\

> H(z,ty) de — Ct3|Q\ Q| > 0.
Q1
We conclude that I (ug) < 0 for A > 0 sufficiently large, and thus, inf a1 (@) Ir < 0. The proof of Lemma

2.5 is complete.

Lemmas 2.4 and 2.5 show that for any A > 0 large enough, functional I, possesses a negative global
minimum (see, [75, Theorem 1.2]), and, thus, any A > 0 large enough is an eigenvalue of problem (2.10)
and, consequently, of problem (2.6). Combining that fact with the results of Lemmas 2.1, 2.2 and 2.3

we conclude that Theorem 2.1 holds true.

2.2 An eigenvalue problem for the Laplace operator with a mixed
nonlinear boundary condition

2.2.1 Introduction and main result

Assume 2 C RY is a bounded domain with smooth boundary 9Q. We consider the following eigenvalue

problem

—Au=Mu in £,

_Ou = auy on 0.
v

(2.11)
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where A € R, 0u/Jv denotes the outward normal derivative of u and u(z) = max{u(x),0} for a.e.
x €.

The natural space for nonlinear eigenvalue problems of the type (2.11) is the Sobolev space H'(Q).
Recall that if u € HY(Q) then uy, u_ € H'(Q) and

0, if [u<0] 0, if [u>0]
VU+ = Vu_ =
Vu, if [u>0], Vu, if [u<0],

(see, e.g. [35, Theorem 7.6]), where uy(x) = max{tu(z),0} for a.e. € Q.
We will say that A € R is an eigenvalue of problem (2.11) if there exists u € H'(Q)\ {0} such that

/ VuVe dx + a/ utp do(zx) = )\/ up dx (2.12)
Q onN Q

for any ¢ € H'(2). Such a function u will be called an eigenfunction corresponding to the eigenvalue
A. In fact, u is more regular. Indeed, it is known (see [10, Proposition 2.9, p. 63]) that A = —A with
D(A) = {u € H*(Q); —0u/0v € B(u) a.a. z € 9N} is a maximal (cyclically) monotone operator in

L?(€2), and moreover there exist some constants C7, Cy > 0 such that
[0l g2y < Cillv — Avll 2 + C2, Vo € D(A).

Therefore, if u is an eigenfunction of problem (2.11) corresponding to some A, then it is easy to see
that the (unique) solution of equation v + Av = f, where f = (14 \)u, is v = u, thus u € H?(2), and

[l o) < Crl1 4 Al - Jlull L2 () + Co- (2.13)
Note that u satisfies problem (2.11) in a classical sense.

Define
/ |Vol? da + a/ v} do(z)
Al = inf Q 0% .

ve HYQ\{0}, [ v dz>0 /U2 da
Q

(2.14)

The main result of this section is given by the following theorem.

Theorem 2.2. Numbers Ao = 0 and A1 (defined by relation (2.14)) represent the first two eigenvalues
of problem (2.11), provided that o > 0 is small. They are isolated in the set of eigenvalues of problem
(2.11). Moreover, the sets of eigenfunctions corresponding to \g and A1 are positive cones (more

precisely, one-dimensional half-spaces) in H'(Q) .

The study of problem (2.11) is motivated by many applications. It is worth pointing out that we obtain
in the next section a Rayleigh type principle: for @ > 0 small the first nontrivial eigenvalue A; is a

minimum value of the Rayleigh quotient associated with the corresponding classical Robin problem.
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2.2.2 Proof of main result

Lemma 2.6. No A < 0 can be an eigenvalue of problem (2.11).

Proof. Assume A\ € R is an eigenvalue of problem (2.11) with the corresponding eigenfunction
u€ HY(Q)\ {0}. Taking ¢ = v in (2.12) we find

/|Vu]2 da:+a/ u? do(z)
\ = Jo o0 >0.

/u2 dz
Q

Lemma 2.7. \g = 0 is an eigenvalue of problem (2.11) and the set of its corresponding eigenfunctions

s giwen by all the negative real constants.

Proof. The first part of the lemma is obvious. Let us now consider v € H'(2)\ {0} an eigenfunction

corresponding to Ag. Taking ¢ = u in relation (2.12) we deduce that

/ |Vu|? dx + a/ u? do(z) =0.
Q o0

Therefore, [, |Vul? dz = [, u3 do(z) = 0. Consequently, u should be a negative real number.
Lemma 2.8. )\ is isolated in the set of eigenvalues of problem (2.11).

Proof. Assume by contradiction that Ag is not isolated. Then there exists a sequence of positive
eigenvalues of problem (2.11), say (), such that A,, \, 0. For each n we denote by w,, the corresponding
eigenfunction of A,. Since we deal with a homogeneous problem we can assume that for each n we have

|unllr2() = 1. Relation (2.12) implies that for each n we have

/ Vu,Vo dr + a/ (up)+p do(z) = )\n/ Unp dr | (2.15)
Q o0 Q

for any ¢ € H'(f2). Taking ¢ = u, in relation (2.15) we find

/ |Vun|? de + a/ (un)? do(z) = )\n/ ul de =\, . (2.16)
Q o0 Q

We deduce that (u,) is bounded in H*(Q2). In fact, by estimate (2.13) with A = \,, and u := uy,, it follows
that (u,) is bounded in H%(Q). Consequently, there exists u € H?(f2) such that, on a subsequence, u,
converges strongly to v in H'(Q) and in L?(9Q) as well. Furthermore, (u,); converges strongly to u
in L?(99).

The above pieces of information lead to

/ |Vul? dx—I—a/ u? do(z) = lim {/ |V |? dx—i—oz/ (un)2 da(x)} = lim A\, =0.
Q o0 Q i)

n—oo n—oo
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Thus, [o|Vul? do = 0 and [, u} do(z) = 0. It follows that u is a negative constant satisfying
|ullr2(q) = 1. More precisely, u = —1/|Q/2.
Turning back, relation (2.15) with ¢ = u implies

1
M [ upude = —a—— [ (un)s do(z) <0, foralln.
/Qu u dz a‘ml/Q /(m(u )+ do(x) or all n

It follows that
/ Uup dxr >0, forall n,
Q

/udeO.
Q

This contradicts the fact that u is a negative constant. Consequently, the result of Lemma 2.8 holds

which implies

true.

Remark 2.1. Let us assume that X > 0 is an eigenvalue of problem (2.11) with the corresponding
eigenfunction u. Taking ¢ = 1 in relation (2.12) it follows that

a/ u+da(x):>\/udx,
09 Q

/udazZO.
Q

Thus, the nonzero eigenvalues of problem (2.11) have the corresponding eigenfunctions in the cone

cz{weﬂl(g); /dexzo}.

Consequently, the definition of A1 given in relation (2.14) is natural (we will prove later that for a > 0

which implies that

small enough A1 is an eigenvalue of problem (2.11)).

Lemma 2.9. There exists u € C\ {0} such that

/]Vu\2 dx—i-a/ u? do(z)
A = 22 00 ‘

/u2 dzx
Q

Proof. Let (uy,) C C\ {0} be a minimizing sequence for A1, i.e.

/ |Vu,|? do + a/ (un)3 do(z)
Q 00

/ui dz
Q

as n — co. We can assume that [|u,||12(q) = 1 for all n. It follows that u, is bounded in H'(€2). Thus,

_7)\17

there exists u € H'(Q) such that (a subsequence of) u,, converges weakly to v in H'(f2) and strongly
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in L*(€2) and L?(9Q). It follows that |Ju|[2(q) = 1, i.e. u # 0, and [, u dz > 0. Thus, u € C\ {0}. The

above pieces of information combined with the weak lower semicontinuity of the L?-norm imply

/ |Vu)? dx—l—a/ u? do(r) < lim [/ |V, |? daz—}-a/ (un)2 da(x)] =)
Q o0 Q onN

n—oo

Since ||lul|z2() = 1 the above inequality and the definition of A\; show that the conclusion of Lemma
2.9 holds true.

Remark 2.2. We point out the fact that \; > 0. Indeed, assuming by contradiction that A1 = 0 then
by Lemma 2.9 there exists u € C\ {0} such that

/ |Vu|? dm—{—/ u? do(z) =0.
Q o0

It follows that u is a negative constant with fQu dx > 0, a contradiction. Consequently 0 = A\g < A1.

Moreover, it is trivial to see that no X € (0, 1) can be an eigenvalue of problem (2.11).

In the following we show that for o > 0 small enough A; is an eigenvalue of problem (2.11). In

order to do that we denote for o € (—e¢, 00), with € > 0 small enough,

/ |Vu|? dx+a/ u? do(x)
A (@) inf Z% o0 ,
ueC\{0} / o2 d
Q

and

/ |Vul|? dx + a/ u? do ()
w1 (a) = inf 2 o0 .

weHY(Q)\{0}, [qu dz=0 /u2 dx
Q

It is clear that for all & > 0 we have p1(a) > Ai(a), but, it is not obvious if either p;(a) > A () or

u1(a) = A1(«). However, we are able to prove the following result:
Lemma 2.10. For any a > 0 small enough we have pi(a) > Ai(a).

Proof. Obviously, for all @ > 0, both A1 («) and p1 (o) are finite. This property extends to a € (—¢, 0),
with € > 0, small enough. Indeed, for all v € H'(Q) with |ull2(q) = 1, we have (by the continuity of

/ u? do(z) < / u? do(z) < C (/ |Vu|? do + 1> ,
o0 o0 Q

where C is a positive constant. Therefore,

the trace operator)

/ Vul? do + a/ uj do(z) > (1+ aC)/ |Vu|* dz + aC > —€C,
Q o9 0

for all o € (—¢,0), u € H'(Q) with |Ju||12(q) = 1, provided that € > 0 satisfies 1 — eC' > 0. Thus, both
A1(a) and p;(«) are well defined for a € (—e, 00). (Moreover, a similar proof as the one used in Lemma
2.9 shows that both A;(a) and p1(«) are attained.)
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Now, let us point out the fact that functions A\i(«), pi(a) : (—¢,00) — R are concave functions.
Clearly, for any ¢ € C\ {0} function

—+

/902 dx
Q

is an affine function, consequently, a concave function. Since the infimum of a family of concave functions

(—€,00) >0 —

is a concave function, it follows that A;(«) is concave. Similarly, 11 () is also concave. Thus, we deduce
that A\i(a) and p;(a) are continuous functions for aw € (—e€,00). On the other hand, A;(0) = 0 and
p1(0) = A1, N, where 0 and A\ n are the first two eigenvalues of the Neumann problem (see, e.g. [34,
Chapter 4.2.1]), i.e.

—Au=Au in £,

0

8—3 =0 on 0f2.
It is well-known that A; y > 0 (see, [34, Proposition 4.2.2 and Proposition 4.2.3]). Thus, we found
A1(0) < w1(0). This inequality and the fact that Aj(a) and p1(«) are continuous functions for a €

(2.17)

(—€,00) imply that A; () < pi () for any o > 0, small enough. The proof of Lemma 2.10 is complete.

Lemma 2.11. Assume that u € C\ {0} is a minimizer for the infimum given by relation (2.14), with

fﬂu dx > 0. Then A1 is an eigenvalue of problem (2.11) and wu is an eigenfunction corresponding to

AL

Proof. Let ¢ € H'(Q) be fixed. Then for any e lying in a small neighborhood of the origin, we have
Jo(u+ep) dz >0, ie u+ep e C. Define function

[Vt drta | e dota)
_Jo o9

/Q(u +ep)? dx

f(€)

Clearly, f is well defined in a small neighborhood of the origin and possesses a minimum in € = 0.

Consequently,

or, by some simple computations,
/ VuV dx + a/ utp do(x) = )\1/ up dx .
Q o0 Q
Clearly the above equality holds true for any ¢ € H'(2). We deduce that u is an eigenfunction

corresponding to eigenvalue A1, and the proof of Lemma 2.11 is complete.

Proposition 2.1. Number \1, defined by relation (2.14), is an eigenvalue of problem (2.11), provided
that a > 0 is small enough.
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Proof. The conclusion of Proposition 2.1 is a simple consequence of Lemmas 2.9, 2.10 and 2.11.

Lemma 2.12. If \; is an eigenvalue of problem (2.11) and u € H'(Q) \ {0} is an eigenfunction
corresponding to A1, then u > 0 in  (thus, fQu dx >0).

Proof. Relation (2.12) shows that

/ VuVp dx + a/ uyp do(x) = )\1/ up dz, (2.18)
Q o0 Q

for every o € H'(Q). First, we claim that uy # 0. Indeed, assuming the contrary, we deduce that

/ Vu_Vodr = )\1/ u_p dz, (2.19)
Q Q

for every o € H'(Q). Taking ¢ = 1 we find

/u_dxzo,
Q

that means, u_ = 0 and, thus, u = 0, a contradiction. Consequently, uy # 0. Then, taking ¢ = u4 in
(2.18) we have
/ |Vuy | de + a/ u? do(z)
)\1 — JQ o0 .

/u?|r dx
Q

By Lemma 2.11 we infer that u4 is an eigenfunction corresponding to A;, or

/ Vuy Ve dr + a/ utp do(x) = )\1/ usp dx, (2.20)
Q o0 Q

for every ¢ € H'(2). Relations (2.18) and (2.20) imply that relation (2.19) holds true. Taking again
¢ = 1in (2.19) we find again [, u_ dz = 0 which leads to u_ = 0 in Q. The proof of Lemma 2.12 is

complete.

Remark 2.3. By Lemma 2.12, if \1 is an eigenvalue of problem (2.11), then it is the first eigenvalue
of the following Robin problem
—Au=Au in €,
0
“_au on 99,

ov

In the following we argue that fact in detail. It is well-known that number

/ |Vo|? dx + a/ v? do(z)
L= linf Q 0 7
veH(@)\{0} / 2 du
Q

(2.21)

known as the Rayleigh quotient, is positive and represents the first eigenvalue of problem (2.21). More-

over, 7, is simple, that means, all the associated eigenfunctions are merely multiples of each other. It
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is also known that these eigenfunctions belong to C(€2) N C1(Q) (see [14, Lemma 2.1]). Furthermore,
an eigenfunction of y; can be chosen with a single sign, particularly with positive sign (see, e.g. [36]).
The definitions of 7, and A; show that y; > A;. Actually, by Lemma 2.12 we have \; = =1, i.e. A1 is
the first eigenvalue of problem (2.21). Thus, the set of eigenfunctions corresponding to A; is a positive
cone in H'(£2). More precisely, if u is a positive eigenfunction for the Robin problem, associated with
71, then the set of eigenfunctions for problem (2.11), associated with A; (= 71), is the one dimensional
half-space {tu;t > 0}. Hence )\ is simple.

Finally, we focus our attention on proving that A\; is isolated. We will use a technique borrowed
from [8] that will be described in what follows.

Lemma 2.13. Assume A > 0 is an eigenvalue of problem (2.11) and u € H*(Q)\{0} is an eigenfunction
corresponding to X. Define Q_ = {z € Q; wu(z) <0}. If || > 0 then there exists a positive constant
C (independent of X\ and u) such that

(A+1)0) M2 <0 .

Proof. Recalling again relation (2.12) we have

/Vquod:c—l—a/ u+g0da(x):)\/u<pdm,
Q o0 Q

for every ¢ € H'(Q). Taking ¢ = u_ we find

/|Vu|2 da::)\/u% dz,
Q Q

or by taking into account that L?"(Q) is continuously embedded in L?(2), where 2* = 2N/(N — 2) is

the critical Sobolev exponent, we deduce by Hélder’s inequality
L9t [ ae= ) [0 de< 0 D gl 12
Q Q Q

Next, since H(Q) is continuously embedded in L?"(Q) we deduce that there exists a positive constant

C such that
||UH%2*(Q) <C </ |Vo|? da:—i—/ 02 dm) ,
Q Q

for any v € H'(2). The last two inequalities imply
1< (A+1DC|Q |V,
The proof of Lemma 2.13 is complete.

Lemma 2.14. )\ is isolated in the set of eigenvalues of problem (2.11).
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Proof. By Remark 2.2 it is clear that A; is isolated from the left. We show that it is also isolated
from the right. Assume by contradiction that this is not the case. Then there exists a sequence of
positive eigenvalues of problem (2.11), say (Ay), such that A\, \, A\;. For each n we denote by wu, an
eigenfunction corresponding to A,. Since we deal with a homogeneous problem we can assume that for

each n we have |[un[|r2(q) = 1. Relation (2.12) implies that for each n we have

/ Vu,Vo dr + a/ (un)+p do(z) = /\n/ upp dz (2.22)
Q o0 Q

for any p € H'(Q). Arguing as in the proof of Lemma 2.8, we deduce that (u,) is bounded in H?(2).
Consequently, there exists u € H?(2) such that u,, converges, on a subsequence, to u in H'(Q) and in
L?(09) as well. Furthermore, we also have (u,), converges strongly to u; in L?(99). Passing to the

limit as n — oo in (2.22) we get

/ VuV dr + a/ (u)4p do(z) = /\1/ wp dx (2.23)
Q o0 Q

for any ¢ € H'(Q). Since |Ju|[z2()=1 it follows that u # 0 and, thus, it is an eigenfunction cor-
responding to A;. By Lemma 2.12 we deduce that « > 0 in . In fact, according to Remark 2.3,
u € C(Q)NCHN) and u(z) > 0 for all x € Q. Let now € > 0 be arbitrary but fixed and let K C Q
be a compact such that |Q\ K| < €/2. Obviously, there exists a 6 > 0 (depending on K) such that
u(z) > >0 for every z € K.

On the other hand, it is clear that u, converges to u a.e. in €} and thus, in K. Consequently, by
Egorov’s Theorem (see, e.g. [78, Théoreme 2.37]) we deduce that for ¢ > 0 fixed above there exists
a measurable set w C K with |w| < €/2 such that w, converges uniformly to v on K \ w. Since
u >0 > 0in K we deduce that for any n large enough we have u,, > 0 on K \ w. For each n we define
() ={zx € Q; uy(z) < 0}. We can assume that for each n the fact that |(2,)_| > 0 holds true.
Indeed, otherwise, there exists a particular n for which we have u, > 0 (and w, # 0) in Q. Taking
¢ =wuin (2.22) and ¢ = u, in (2.23) we deduce that

/\n/unuda::)\l/uundx.
Q Q

Since fQ uu, dxr > 0 the above equality leads to A, = Ay which represents a contradiction with the
fact that A, > A;. Consequently, we should have [(€2,)_| > 0 for all n. It follows that for any n large
enough we have (Q,)— C wU (Q\ K). Using the above facts and Lemma 2.13 we have the following

inequalities which hold true
(A +1D)O) M2 < |(Qn)-| < | + 0\ K| <,
provided that n is large enough. Therefore,
(M +1DC) N2 <,

for all € > 0, which is impossible. Consequently, the conclusion of Lemma 2.14 holds true.
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2.2.3 Final comments

In this section we point out some facts that are direct consequences of the discussion presented in the
above sections.

First, we highlight the fact that for any a > 0, number 7, = 71 (), introduced in Remark 2.3 and
which represents the first eigenvalue of the Robin problem (that is problem (2.21)) is an eigenvalue of
problem (2.11). The above assertion is a consequence of the fact that there exists u € H'(2)\ {0} with
u > 0 a.e. in §2 such that

/Vqudw—l—a/ ugoda(x):fyl/wpdx,
Q o0 Q

for all p € H'(£). Since u > 0 a.e. in Q it follows that, actually, relation (2.12) is verified in the case
when A = ~;. The definitions of Aj(«) and 71 («) imply that for any o > 0 we have v (a) > A\ («).
Moreover, by Remark 2.3 we know that for a > 0 small enough we have v1(a) = A\1(«). However, we
cannot conclude that for any o > 0 we have v () = Ai ().

Second, we focus our attention on numbers Aj(a) and pj(«) defined in accordance with Remark
2.2. It is clear that for all o > 0 we have uj(a) > Ai(a). Moreover, for o > 0 small enough, by Lemma
2.10, we have that pi(a) > A\ (a) and A\j(«) is an eigenvalue of problem (2.11) (see, Lemma 2.11). On
the other hand, nothing is clear if a > 0 is far from the origin. At least theoretically it may happen
that for some a > 0 large we have p1(a) = Ai(a). In that case the reasoning from Lemma 2.11 does
not work and consequently we cannot state whether A;(«) is an eigenvalue or not. However, we can

show the following result which is undoubtedly connected with the above discussion:

Proposition 2.2. If there exists a > 0 for which any minimizer u € C\{0} of \i(«a) satisfies [ u dx =
0 then Ai(«) is not an eigenvalue of problem (2.11).

Proof. Assume, by contradiction, that A\;(«) is an eigenvalue of problem (2.11). Then, any eigen-
function u corresponding to Ai(c) is a minimizer with [, u dz = 0. On the other hand, by Lemma 2.12
we have fQ u dx > 0, a contradiction. The proof of Proposition 2.2 is complete.

Define

V ={uec H (Q); /ud:n:(]}.
Q

Clearly, H'(2) = V@R and V C C. It seems that for some o > 0 large \i(«) is attained on V| i.e.,
A1(a) = pi(@). In this case, by Proposition 2, A\j(«) is not an eigenvalue of problem (2.11). Since in
general A\; < 1, we would have in this case Aj(a) < 1 («).

A similar proof as the one of Lemma 2.9 shows that for each a > 0 there exists v, € V' \ {0} a

minimizer of pi(a). Moreover, as in Lemma 2.11 it can be proved that for v, given above we have
/ VooV dz + a/ (Va)+p do(x) = ,ul(oz)/ Vatp d (2.24)
Q 0 Q

for all ¢ € V. However, the above relation is not enough to state that p(«) is an eigenvalue of problem
(2.11) in the sense of the definition given by relation (2.12).
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In connection with the above discussion, let us introduce the following definition: we say that A > 0
is an extended eigenvalue of problem (2.11) if there exists u € C \ {0} such that

/QVUV(@ —u) dr + a/{m us(p —u) do(x) > )\/Qu(cp —u) dz, (2.25)

for all ¢ € C. It is obvious that the classical eigenvalues of problem (2.11) (given by relation (2.12))
are also extended eigenvalues. On the other hand, it is also clear that uj(«) is an extended eigenvalue
of problem (2.11), for any a > 0. Thus, relation (2.25) gives a connection between A;(«) and 1 (). In
fact, if u € C \ {0} is an extended eigenfunction corresponding to some extended eigenvalue A > 0 of
problem (2.11), then either u is an interior point of C (i.e., u = uj + ¢, for some u; € V and ¢ > 0) so

that A is a classical eigenvalue, or u € V' \ {0} and v = u satisfies (2.24).

It is also worth pointing out the fact that since problem (2.11) has a nonlinear boundary condition,
the study of the existence of other eigenvalues (different from A and Aj(«)) is more difficult than in
the case of problems involving linear boundary conditions. Methods which are usually used fail in this
case. In this context, we just notice that we cannot apply the Ljusternik-Schnirelman theory in this
case, since the Euler-Lagrange energetic functional associated with problem (2.11) is not even, a crucial
condition required by the application of the quoted method. However, in the one-dimensional case the
existence of infinitely many eigenvalues can be easily stated. Note that problem (2.11) with Q = (0, 1)

becomes

—u (t) = Au(t) for t € (0,1), (2.26)
w (0) = auy(0), —u'(1) = oauy(1).

On the other hand, it is known (see, e.g., [40, p. 10]) that the one-dimensional Neumann problem

—u'(t) = du(t)  forte(0,1), (2.27)

has the eigenvalues j, = k%72, k = 0, 1,..., with the corresponding eigenfunctions uy(t) = — cos(knt).
Simple computations show that for each k € Zy, por is an eigenvalue of problem (2.26) with the

corresponding eigenfunction wusgy.

Finally, let us point out that all the discussion on problem (2.11) presented above can be extended

(by using similar arguments) to the nonlinear eigenvalue problem

—Apu = AMuP~2u in Q,

—|Vu|p_2% = oul”! on 89Q,
v

where p € (1, N) is a real number and A, = div(|V - |P72V) stands for the p-Laplace operator.
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2.3 An eigenvalue problem for the Laplace operator with Neumann
boundary condition

2.3.1 Introduction and main results

Assume Q C RY (N > 2) is a bounded domain with smooth boundary 9€). Denote by v the outward

unit normal to 9N2. A classical result in the theory of eigenvalue problems assures that problem

—Au = Au in €, ( )
2.28

@ =0 on 0f2,

ov

possesses a sequence of non-negative eigenvalues (going to +00) and a sequence of corresponding eigen-
functions which define a Hilbert basis in L?(Q) (see, e.g. [40, Theorem 1.2.8]). Moreover, it is known
that the first eigenvalue of problem (2.28) is A = 0 and it is isolated and simple (see, e.g. [34, Propo-

sition 4.2.1]). Furthermore, the second eigenvalue is characterized from a variational point of view in

/ |Vul? d
AT inf SO

= in
weW2(Q\{0}, [, u dz=0 / W2 d
Q
Assume that p > 2 is a given real number and consider the eigenvalue problem

the following way

—Ap,u=Au in (),
ou_
o

(2.29)
0 on 0L},

where Apu := div(|Vu[P~2Vu) stands for the p-Laplace operator. Using a variational technique based
on the fact that the energy functional associated to this problem has a nontrivial minimum for any
positive A it is easy to show that the set of eigenvalues of problem (2.29) is exactly the interval [0, 00).
In other words, the set of eigenvalues in this case is a continuous family.

In this section we consider it is important to point out a new situation which can occur in the study
of eigenvalue problems for elliptic operators involving homogeneous Neumann boundary conditions.

More exactly, we analyze the following eigenvalue problem

—Apu —Au = Au in €,

gZ:O on 02,

(2.30)

where A € R and p > 2 is a real number. We will show that this problem possesses, on the one hand, a
continuous family of eigenvalues and, on the other hand, exactly one more eigenvalue, which is isolated
in the set of eigenvalues of problem (2.30). Since p > 2 (and consequently W1P(Q) ¢ Wi2(Q)) it is
natural to analyze equation (2.30) in the Sobolev space W1P(€)). Consequently, we will say that A € R
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is an eigenvalue of problem (2.30) if there exists uy € WHP(Q2) \ {0} such that

/(‘VUAP_2+1)VU)\V@ dx—)\/u,\go dr =0, (2.31)
Q Q

for all ¢ € W1P(€2). Such a function uy will be called an eigenfunction corresponding to eigenvalue A.

The first main result of this section is given by the following theorem.

Theorem 2.3. For each p > 2 define

1 1
/ |VulP dx—|—2/ |Vu|2 dx
. P Jo Q
o . . 2.32
1(p) uewl,p(ﬂ)\lﬂ]}, [ u dz=0 1/u2 da ( )
2 Jo

Then A\ (p) > 0 and for each p > 2 fized, the set of eigenvalues of problem (2.30) is given by

{0} U (A1(p), 00).

We point out the fact that a similar result with the one of Theorem 2.3 was obtained in [55] for a
problem of type (2.30) with a homogeneous Dirichlet boundary condition instead of the homogeneous
Neumann boundary condition considered in this section. However, in [55] only the existence of a con-
tinuous family of eigenvalues was established. Thus, the result of Theorem 2.3 here is more interesting
in this new case. Furthermore, Theorem 2.3 here describes completely the set of eigenvalues of problem
(2.30) while the result in [55] does not describe the entire set of eigenvalues of the problem studied
there. The existence of a continuous family of eigenvalues for problem (2.30) is a direct consequence
of the fact that we deal with a non-homogeneous eigenvalue problem while the presence of the isolated
eigenvalue \g = 0 is a consequence of the boundary condition considered in relation to problem (2.30).
On the other hand, we notice that the proofs in this new situation ask for a different framework than
the one used in [55] since we deal with another type of boundary condition.

Finally, we recall that results concerning a continuous family of eigenvalues plus one more isolated
point were also obtained for a different eigenvalue problem involving a homogeneous Dirichlet boundary

condition in [60].

Next, we define function \; : [2,00) — [AY,00) where A\1(p) is given by expression (2.32) from
Theorem 2.3 if p # 2 and A\1(2) = 2A\}, where A}’ stands for the second eigenvalue of problem (2.28).

Our second main result presents certain properties of function A1 defined above.

Theorem 2.4. a) Function \ : (2,00) — [AY, 00) is non-decreasing.

b) For each p € (2,00) we have

im A (s) < A < lim A\{(s).
lim 1(s) < 1(29)_8\]0 1(s)
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¢) Function A1 : [2,00) — [AY, 00) is bounded from above.

d) If )\{V > 2 then there exists py > 2 such that

A1(po) = po -

Remark 2.4. We note that hypotheses \YY > 2 can occur. For instance if ) is the ball of radius 1 and
centered in the origin in RN then )\{V > 72 > 2 (see, e.g. [40, Chapter 7, p.101] or L. Payne and H.
Weinberger [68]).

Remark 2.5. By Theorems 2.8 and 2.4 we deduce that there exists p > 2 for which the set of eigenvalues
of problem (2.30) is given by
{0} U (p, 00).

2.3.2 Proof of Theorem 2.3

Let p > 2 be arbitrary but fixed. The proof of Theorem 2.3 will follow as a direct consequence of the

lemmas proved in this section.

Lemma 2.15. a) \g = 0 is an eigenvalue of problem (2.50).
b) Any A < 0 is not an eigenvalue of problem (2.30).

Proof. a) The fact that Ao = 0 is an eigenvalue of problem (2.30) is obvious since it verifies relation

(2.31) with up equal to any real constant.

b) Assume that A € R is an eigenvalue of problem (2.30) with uy € W1P(2)\ {0} the corresponding

eigenfunction. Then, relation (2.31) with ¢ = u) implies

/\/ u3 dx = /(|Vu,\|p + [Vuy|?) dz > 0.
Q Q
Consequently, we obtain A > 0 and, thus, any A < 0 can not be an eigenvalue of problem (2.30).

Remark 2.6. In order to go further, let us remember that for each p > 1 we can define a (closed)
subspace of WHP(Q) by
V= {u € WP(Q); / udr=0}.
Q
It is well-known that
Wl,p(Q) —V,®R,
and the Poincaré-Wirtinger inequality holds true (see, e.g. [13, p. 194]), i.e. there exists a positive
constant Cy, such that

/Q|u|p dzx < CP/Q |[VulP de, YuelV,. (2.33)

Moreover, if 1 < g <p then V, C V.
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The above discussion shows that the positive eigenvalues of problem (2.30) should have the corre-
sponding eigenfunctions in V},. On the other hand, using the notations introduced in Remark 2.6 we

have that number A\ (p) defined in Theorem 2.3 can be characterized by the following relation

/|vu|p dr + = /|Vu|2 dz
)\1(]7) = inf

ueVp\{0} /u e
2 Ja

A first consequence of Remark 2.6 is the result of the following lemma.

Lemma 2.16. A\;(p) > 0.

Proof. Since 2 < p we deduce by Remark 2.6 that V,, C V5. Thus, relation (2.33) with p = 2 yields
/quxSCQ/ |Vu|? de, VueV,C V.
Q Q
Consequently, we find

1 1
/|Vu|pdx—|—/!Vu|2dm>/u dz, YuelV,,
PJo 2 Ja

or

A careful analysis of all the above ideas shows that in order to prove that every A € [A1(p),0) is
an eigenvalue of problem (2.30), it is enough to solve equation (2.30) in V,, (instead of W1P((2)). That
fact is mainly due to the remark that WHP(Q) =V, & R.

Lemma 2.17. For each A > 0 we have

lim ( /\Vu|pdx+ /!VU\Q dx — /u d:c) = o0,
llull 1, P(Q) 7 ueVp

Proof. Let A > 0 be arbitrary but fixed. Relation (2.33) yields

1 1 1 1

- Vupdx—i—/ Vul?dz > / Vupd:n+/ u|? dx

v de 5 [ 9 o |z e [

C(/ |Vu|pdm+/!u|pdfc>, VuelV,,
Q Q

where C' = mm{l 1/Cp} > 0 is a constant. The last inequality can be also written as

for each A > 0.

v

/ |VulP de + = / |Vu|? de > CHuHWlp(Q VuelV,. (2.34)
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Next, relation (2.33) with p = 2 implies the existence of a positive constant Co such that
/ u? dx < 02/ \Vul|? dz, YueVs. (2.35)
Q Q

Since 2 < p we can use Remark 2.6 in order to obtain V), C V5. Thus, inequality (2.35) holds true for
any u € Vp. On the other hand, u € V,, implies |Vu| € LP(Q2). Applying Holder’s inequality we obtain

2/p
/Q Vul? dz < |Q|P-2)/P </Q |VuP dx) < QPP ulfrpiy, VU € V. (2.36)
By inequalities (2.35) and (2.36) we get
/Qu2 dz < Dl[ullfyrpqy, Yu€Vy, (2.37)

where D > 0 is a constant. Finally, we notice that relations (2.34) and (2.37) lead to the following

inequality

1 1 A
The last inequality and p > 2 show that the conclusion of Lemma 2.17 holds true.
Lemma 2.18. Every A € (A1(p), ) is an eigenvalue of problem (2.30).

Proof. For each A > A\(p) define T\ : V, = R by

1 1 A
Ty\(u) = / \Vu|pdx+/ \Vul|* dx — / u? dz, Yu€V,.
pJa 2 Ja 2 Ja
Standard arguments show that Ty € C'!(V,,,R) with the derivative given by

<T)/\(u),g0> = /(!Vu|p_2 + |Vu|2_2)Vqu0 dx — )\/ wp dx
Q Q

for all u, ¢ € V).

Lemma 2.17 shows that T} is coercive in Vp, i.e.

Th(u) =o0.

1m
||u||wlyp(n)—”>ov ueVp

On the other hand, T is also inferior weakly semicontinuous on Vj,. Then we can apply [75, Theorem
1.2] in order to obtain the existence of a global minimum point of T, denoted by 0y € V), i.e. Tx(0)) =
miny, T). Using the definition of A;(p) we deduce that for any A > A;(p) there exists wy € V}, such that

T)\(w)\) < 0,

or
T/\(e)\) < TA(UJ)\) <0,
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that means, 6 # 0. In other words, 6, € V, \ {0} ¢ W!P(Q)\ {0}. On the other hand, standard
arguments show that the following relation is satisfied

(T\(6)),9) =0, YVpel,.

But the above equality also holds true if ¢ is a real constant (since 6y € V), and, thus, fQ 0y dz = 0).
Taking into account the fact that by Remark 2.6 we have W1?(Q) = V,, ® R we find that

(T7(02),0) =0, Vo e WP(Q),
with 0 € V,\ {0} ¢ WP(Q)\ {0}. Consequently, each A > A1(p) is an eigenvalue of problem (2.30).
Lemma 2.19. Fach A € (0, A1(p)) is not an eigenvalue of problem (2.30).

Proof. Indeed, assuming by contradiction that A € (0, A1(p)) is an eigenvalue of (2.30) with u) €
Vp \ {0} the corresponding eigenfunction by the definition of A;(p) and relation (2.31) with ¢ = uy we

A(p) — A 1 1 A
0<1<p>/u§dx < /\VUApda:—F/WUAde_/“idx
2 Q pJa 2 Ja 2 Ja

1 1
< / |Vuy P d:[:—{—/ |Vuy |2 da:—)\/ui dx
2 Jo 2 Ja 2 Jo

= 0.

get

Clearly, we obtained a contradiction which shows that the conclusion of Lemma 2.19 is valid.
Lemma 2.20. Number \1(p) defined in Theorem 2.3 is not an eigenvalue of problem (2.30).

Proof. In order to prove this lemma let us first define the quantity
N

/ ]Vu\Q dx
= inf 2
v (p) ueVp\ {0} / 2 d

Q

Note that 4V (p) is not the second eigenvalue of problem (2.28), namely A}, since in the above expression
the infimum is taken after u € V, \ {0} and not after v € V5 \ {0}. Since V,, C V5, we actually have

V{V(p)Z)\{V>O.

Next, notice that for each u € V, \ {0} and each ¢ > 0 real number we have

1 1
/ |V (tu)|P dx—i—/ IV (tu)|? dx
P Jo 2 Ja

A(p) <
;/Q(tu)2 dz

_ VulP dx /Vu2dx
o [ IVl da [ 9u |

+
p /u2 dx /u2 dx
Q Q
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Thus, for each u € V,, \ {0} fixed passing to the limit as t — 0 we find

/ \Vu|? dz
DAVEEE—
/u2 dr

Q

Since the above inequality holds true for each u € V}, \ {0}, passing to the infimum in the right-hand
side when u € V,, \ {0} we get

Ai(p) <

On the other hand, for each u € V), \ {0}, arbitrary but fixed, we have

1 1
/ |VulP d:B—I—Q/ |Vu|? dz /\Vu|2 dx
i 5 2 > 1} (p).
/u2 dx /u2 dx
2 Jo Q0

Passing to the infimum in the left-hand side when u € V,, \ {0} we get

>

Ai(p) > v (p).

Consequently, we find that
M(p) =11 ().

Finally, let us assume by contradiction that Aj(p) = vi¥(p) is an eigenvalue of problem (2.30) with

uy € V, \ {0} the corresponding eigenfunction. By the definition of Ai(p) and relation (2.31) with

© = uy we obtain

/!Vuﬂp dx—l—ufv(p)/ui dwﬁ/ |Vuyl? dw+/ |Vuy |2 da:zz\l(p)/ui dx .
Q Q Q Q Q

It follows that

/ |Vuy|P dz =0,
Q

and combining this with relation (2.33) we deduce that u) = 0, a contradiction.

The proof of Lemma 2.20 is complete.

2.3.3 Proof of Theorem 2.4

a) Following the first part of the proof of Lemma 2.20 we deduce that for each p > 2 we can characterize

/Vu|2 dx
M(p):= inf 29
1= o) / 2
Q

A1(p) as the following infimum
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Thus, it is obvious that for each p > 1 we have \i(p) > )\{V and since for each p > ¢ > 2 we have
Vp C Vi we deduce that
A(p) > Mi(g), Yp>q>2,

in other words, A; is non-decreasing on (2, c0).
b) Since by a) A; is monotone (non-decreasing) it follows that it has one-sided limits.

c¢) Let us introduce the distance function d : Q@ — R, by
d(z) = dist(z, 09) ,
for all z € Q. It is easy to observe that d is Lipschitz continuous and satisfies
|Vd(z)| =1, fora.e. z€Q.

Next, define ¢ : Q — R by
1
v(e) = (@)~ o /Q d(y) dy.

Obviously, 1 € V},, for any p > 2 and |, ¥? dx > 0. That facts and relation (2.32) yield

1 1
/ VP dx—i—/ V2 da
pJa 2 Ja
1 2
1/ |Vd|P d:r~|—1/ |Vd|? dx
P Jo 2 Jo 29

1 - 9
/¢2dx p/¢2dx
2 Jo Q

for every p > 2. Consequently, function A;(p) is bounded from above by the constant

A1(p)

IN

A = max 2NV (2.38)

2|92
p/ Y? dx
Q
for each p > 2.
d) By a) and c¢) we deduce that there exists A; € (A, A] such that

lim A(p) = sup \i(p) = Aq,

p—00 p>2
where A is given by relation (2.38). Next, we deduce that A; is a non-decreasing function satisfying
A ([2,A1]) € [MY,Aq] C [2,A1]. An elementary result in mathematical analysis asserts that such a
function possesses a fixed point.

Theorem 2.4 is completely proved.



Chapter 3

Dirichlet eigenvalue problems involving
variable exponent growth conditions

3.1 Eigenvalue problem —A,,yu = Au[f®@~2y

Elliptic equations involving variable exponent growth conditions have been intensively discussed in the
last decade. A strong motivation in studying such kind of problems is due to the fact that they can
model with high accuracy various phenomena which arise from the study of elastic mechanics (see, V.
Zhikov [81]), electrorheological fluids (see, E. Acerbi and G. Mingione [1, 2], L. Diening [20], T. C.
Halsey [38], M. Ruzicka [72, 73]) or image restoration (see, Y. Chen, S. Levine and R. Rao [17]). In
that context, eigenvalue problems involving variable exponent growth conditions represent a starting
point in analyzing more complicated equations. A first contribution in this sense is the paper of X.

Fan, Q. Zhang and D. Zhao [30] where the following eigenvalue problem has been considered

A pu = ANulP®2y in Q,
p()t = Alul (3.1)

u=20 on 0f),

where Q ¢ R” is a bounded domain with smooth boundary 99, p : @ — (1,00) is a continuous
function, A, yu = div(|Vu[P®)=2Vu) stands for the p(x)-Laplace operator and X is a real number.
The result in [30] establishes the existence of infinitely many eigenvalues for problem (3.1) by using
an argument based on the Ljusternik-Schnirelmann critical point theory. Denoting by A the set of all
nonnegative eigenvalues, the authors showed that sup A = 400 and they pointed out that only under
special conditions, which are somehow connected with a kind of monotony of function p(x), we have
inf A > 0 (this is in contrast with the case when p(z) is a constant; then, we always have inf A > 0).

We notice that the above discussion is in keeping with the fact that considering, the Rayleigh

/]Vu|p(m) dz
1= inf S8

ueCH (V\{0} / [P e
Q

quotient associated with problem (3.1), that is

)

32



3. DIRICHLET EIGENVALUE PROBLEMS INVOLVING VARIABLE EXPONENT GROWTH CONDITIONS 33

we often have p; = 0 for general p(x). An example in that sense is illustrated by X. Fan and D. Zhao
in [31], pages 444-445. More exactly, letting Q = (—2,2) C R and defining p(z) =3 if 0 < |z| < 1, and
p(x) =4—|x|if 1 < |z| < 21it can be proved that uy = 0 (see also [30, Theorem 3.1] for a more general
result when g = 0). On the other hand, a necessary and sufficient condition such that p > 0 has not
yet been obtained excepting the case when N = 1 (in that case, the infimum is positive if and only if
p(z) is a monotone function, see [30, Theorem 3.2]). However, the authors of [30] pointed out that in
the case N > 1 a sufficient condition to have u; > 0 is to exist a vector [ € R \ {0} such that, for
any x € 0, function f(t) = p(x + 1) is monotone, for ¢t € I, := {s; =+ sl € Q} (see [30, Theorem 3.3]).

Assuming p is of class C' the monotony of function f reads as follows: either
Vp(z+tl)-1>0, foralltel,, z€Q,

or
Vp(x +tl)-1<0, foralltel,, x € Q.

We can supplement the above results in a sense that will be described below.
Assume 2 € RY (N > 2) is an open, bounded and smooth set. For each z € Q, z = (1,...,zn)
and i € {1, ..., N} we denote

m; = inf x; M; =supx; .
e zeQ

For each i € {1,..., N} let a; : [m;, M;] — R be functions of class C*. Particularly, functions a; are

allowed to vanish.

Let @ : Q — RY be defined by
a(z) = (a1(z1), ...,an(zN)) -
We assume that there exists ag > 0 a constant such that
diva(z) >ap >0, VrxeQ. (3.2)
Next, we consider p: Q@ — (1, N) is a function of class C! satisfying
a(z)-Vp(r) =0, Vxe. (3.3)
We point out the following result which can be found in [63].

Theorem 3.1. Assume that @ (z) and p(x) are defined as above and satisfy conditions (3.2) and (3.3).

Then there exists a positive constant C' such that
/ |u(z)[P@) do < C / 1a () [P@ | Vu(x) P de, Vue Q). (3.4)
Q Q

Proof. The proof of Theorem 3.1 is inspired by the ideas in [78, Théoréme 20.7].
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Simple computations based on relation (3.3) show that for each u € C}(£2) the following equality
holds true

Al
div(u(@) "D @ @) = Y o (|ul@)PDalx)
i=1 "

N _9 ou op
+ Zai(%) [p(f)IU(x)lp(z) u@)g + () log(|u(z)) 3 -

()PP diva (@) + pla)|u(z)|P@ " 2u(z) Vu(z) - @ (z) +
u(2)[P™) log(|u(z)|)Vp(z) - @ (x)
(2) P diva (z) + p(a) lu(@) P ?u(@) Vu(z) - @ (2) .

= ‘ u

On the other hand, the flux-divergence theorem implies that for each u € C}(2) we have
/ div(|u(z)P@ 7 (2)) do = / () PO () - T do(z) = 0.
Q o0

Using the above pieces of information we infer that for each u € C3(€2) the following holds true

/ lu(z)|P@divd (z) dz < p* / lu(z)|P@ V()| (z)] do .
Q Q

Next, we recall that for each € > 0, for each = € © and for each A, B > 0 the following Young type
inequality holds true (see, e.g. [13, the footnote on p. 56])
1

fp(l’)_l

p(z)

p(x)
AB < eAr@@)-1 +

We fix € > 0 such that
p+€ <ap,

where ag is given by relation (3.2).

The above facts and relation (3.2) yield

p(z)—1
0 P do <7 !/ P e [ (2)7 @@
Q [¢) QO \ €

for any u € C}(9), or

(a0 — ep™) / () P dr <
Q

IS AN o
)+ () | [rE@remuer .
Q

for any u € C}(£2). The conclusion of Theorem 3.1 is now clear.
Example 1. We point out an example of functions @ (z) and p(z) satisfying conditions (3.2) and (3.3)

in the case when @ (x) can vanish in some points of 2. Let N > 3 and Q = B%(O), the ball centered
N

in the origin of radius \/% We define @ (z) : @ — RN by

@ (x) = (—z1,22,23, ..., TN_1,TN) ,
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(more exactly, function @ (z) is associated to a vector x € § the vector obtained from x by changing
in the first position z1 by —z; and keeping unchanged x; for i € {2,..., N}). Clearly, @ () is of class
C', @ (0) = 0 and we have

div(a(z))=N-2>1, YzeQ.

Thus, condition (3.2) is satisfied.
Next, we define p: Q — (1, N) by
p(x)=21(z2 +23+ ... +aNy_1+aN)+2, Vo eEQ.
It is easy to check that p is of class C'! and some elementary computations show that
Vp(z)- @ (x) = (v2 + ... +on)(—21) + 2129 + ... + 1128y =0, V2 Q.

It means that condition (3.3) is satisfied, too.

Example 2. We point out a second example, for N = 2. Taking Q = B_1_(0), a'(z) = (—x1,272)

31/3

and p(z) = 23z + 3 it is easy to check that relations (3.2) and (3.3) are fulfilled.

Remark. If N, a and p are as in Example 1 or Example 2 then the result of Theorem 3.1 reads as

follows: there exists a positive constant C' > 0 such that

/ () P@ de < C / 2P@ V()P dz, ¥ ue CLHQ). (3.5)
Q Q

3.2 Eigenvalue problem —A,u = |7 =2y,

Going further, another eigenvalue problem involving variable exponent growth conditions intensively
studied is the following
—-A

p(w)u:)\|u\q($)_2u in Q,

u =0 on 0f2,

(3.6)

where Q@ € RY (N > 3) is a bounded domain with smooth boundary 9, p, ¢ : & — (1,00) are
two continuous functions and A is a real number. In the case when p(x) # ¢(x) the competition
between the growth rates involved in equation (3.6) is essential in describing the set of eigenvalues of
this problem. Thus, in the case when min, g ¢(r) < min 5p(x) and g(z) has a subcritical growth
Ekeland’s variational principle can be used (see the paper, M. Mihailescu and V. Radulescu, On a
nonhomogeneous quasilinear eigenvalue problem in Sobolev spaces with variable exponent, Proceedings
Amer. Math. Soc. 135 (2007) 2929-2937.) in order to prove the existence of a continuous family of
eigenvalues which lies in a neighborhood of the origin. This result was later extended by X. Fan in
[27]. In the case when max, g p(z) < min, g q(z) and g(x) has a subcritical growth, a mountain-pass
argument, similar with that used by Fan and Zhang [29], can be applied in order to show that any

A > 0 is an eigenvalue of problem (3.6). Finally, in the case when max g q(7) < min g p(z) it can
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be proved that the energetic functional which can be associated with the eigenvalue problem has a
nontrivial minimum for any A > 0 (see, [29]).

For more information and connections regarding the study of eigenvalue problems involving variable
exponent growth conditions we also refer to [39], (see, the web-site of the Research group on variable

exponent Lebesque and Sobolev spaces, http://www.math.helsinki.fi/analysis/varsobgroup/).

3.3 An eigenvalue problem involving the p(z)-Laplace operator and
a non-local term

In this section we point out an eigenvalue problem involving variable exponent growth conditions and
a non-local term. With that end in view, let Q ¢ RV, (N > 3), be a bounded domain with smooth
boundary 0€). We analyze the eigenvalue problem

—nlu] - Ay = Af(x,u), for z€Q
n[u] p(z) (z,u) (3.7)
u =0, for x €09,

where p : Q — (1,00) is a continuous function, n[u] is a non-local term defined by the following relation

1 maxg p/ ming p—1 1 ming p/ maxg p—1
nu] =2+ (/ —— | Vu @ dx) + (/ —— | VuP® da;) ,
o p(z) o p(x)

A is a real number and f = f(x,t) : @ x R — R is given by relation

P =2¢ if |t <1
flx,t) =
@2, i ¢ > 1,

with 7 : Q — (1,00) a continuous function satisfying

7(1118%}(5;0)2 < minr < maxr < 7]\7 mir?ﬁp .
ming p Q Q N — ming p

For problem (3.7) we can prove the existence of a continuous set of eigenvalues in a neighborhood
at the right of the origin by using as main argument the mountain-pass theorem. We notice that
problem (3.7) is connected with problem (3.1) since near the origin f(z,t) = |t[?(*)=2¢ and also with
problem (3.6) since far from the origin f(z,t) = [t|"®)~2¢, with mingr > maxgp. On the other hand,
the presence of the non-local term nfu] balances the absence of homogeneity which occurs in the case
of variable exponent growth conditions. Particularly, the presence of n[u] will help us to formulate a
Poincaré type inequality which will be essential in the variational approach considered in order to study

problem (3.7) (see Proposition 3.1 below).

We develop the above ideas.
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Definition 3.1. We say u € Wol’p(')(Q) is a weak solution for problem (3.7) if
nlul - / |VuP® =2y dr — )\/ flz,u)vdx =0,
Q Q

for all v € Wol’p(')(Q). Moreover, we say that X\ € R is an eigenvalue of problem (5.7) if the weak

solution u defined above is not trivial.

Define
- pt/p” + p~/pt
2/ L a4+ 2 (/ L gup@ d:p) + 2 (/ L Tup@ daz)
— inf o p(x) p o p(x) p o p(T)
vy = In 1
ueE\{0} / |u’p(x) dr
o p(x)

where F = I/VO1 P (')(Q). A key result regarding v is given by the following proposition.
Proposition 3.1. Assume that p : Q — (1,00) is a continuous function. Then vy > 0.

Remark. In the particular case when p(x) is a constant function on Q, say p(x) = p > 1 for any = € Q,

then vy = 41, where A1 is defined by relation

/|Vup dx
Ap = inf S S

. (3.8)
uweWy P ()\{0} / ul? dz
Q

The main result on problem (3.7) is given by the following theorem.

Theorem 3.2. Assume (p7)?/p~ <r~ <r* < Np~/(N —p~). Then any X € (0,v1) is an eigenvalue
of problem (3.7).

In light of the above remark, we point out the following corollary which represents a particular case

of Theorem 3.2 obtained in the case when p(x) = p > 1 for any x € 2, where p is a constant.

Corollary 3.1. Assume p(z) = p > 1 for any x € Q, where p is a constant, p < r~ <rt < Np/(N —p)
and A is defined by relation (3.8). Then any X € (0,4\1) is an eigenvalue of problem (3.7).

Let A € (0,v1) be fixed. The energy functional corresponding to problem (3.7) is defined as J :
WQLP(')(Q) R,

1 p() p- 1 o o\
J(u) = 2/Vu‘”dw+</Vuzdw> +
) o p@) 7 \Un 2@ VY

+ p~/p*
1% </ L|Vu|p(z) d:c> - )\/ F(xz,u) dzx
p~ \Jo p(z) Q

where F(x,u) = [ f(z,t) dt.
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It is known that operator A : Wol’p(')(Q) — R,

1
Au :/ ——|VulP® dx
(v) Q p(x)‘ |
satisfies A € Cl(Wol’p(')(Q),R) with

/

(A (u),v) = / |VuP® =2y Vo d
Q

for all u, v € Wol’p(')(Q) (see e.g. [29]).
Defining Ay, Ay : Wo?"(Q) — R,

Ar(u) = < /Q p(lx)\wlp(””) d:c>p+/p and Ag(u) = ( /Q p(lmlw\p(m) da:)p/p

we observe that

4

A (u) = (A(u))er/p* and Ag(u) = (A(u»p*/pﬁ
Thus, it is easy to verify that A; € Cl(Wol’p(')(Q),R) and Ay € CO(WOLP(-)(Q) R) N Cl(W ’p()(Q) \

{0}, R) with
+ pt/p~ -1
/ p 1 _
A u),v) = — / up(z)dl') / up(x) 2 uVo dz
i) =22 ([ v [ [9up-2uy

, p- 1 p~/pt-1
(Ay(u),v) = </ —— [ VuP®) d:v) / \VuP@ =2 VuVy d
Q

pt \Jq p(z)
for all u € WP (Q)\ {0}, v € W“” ().
We deduce that .J € CO(W3"" (), R) n L (WP () \ {0}, R) with

and

(J (u),v) =nlu] - / VuP®)=2vuvo dr — )\/Qf(a:,u)v dz,

for all w € W), Le( ( )\ {0}, v e W Lp( )(Q) Thus, the weak solutions of (3.7) are exactly the critical
points of J. The basic idea to prove Theorem 3.2 is to apply a mountain-pass argument in order to
obtain a nontrivial weak solution for problem (3.7), and, thus, to show that A € (0,1) is an eigenvalue

of (3.7). Here we will present in detail just the result of a lemma which leads to the proof of Proposition
3.1.

Lemma 3.1. There exists a positive constant C' > 0 such that the following inequality holds true

/l\vuym do + 2 /1\W|p<x> )"
o p(x) pt \Ja p(x)

+ p~/pt
IL_ (/ L‘Vu’p(w) dx)
p o p(z)

/‘u|p(w) de < C-
Q

for any u € Wol’p(')(Q).
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Proof. Using relations (1.3) and (1.4) we deduce that for any u € Wol’p(')(Q) we have
p(x) pt P
/Q ') da < Jull, + - (3.9)

The Sobolev embedding of VVO1 #() (Q) into LP) (Q) guarantees the existence of a positive constant ¢; > 0
such that
|ulp(z) < cillullo (3.10)

for any u € Wol’p(')(ﬂ).
Relations (3.9) and (3.10) imply that there exists a positive constant ¢z > 0 such that

/Q\uV’@’ dr < es([ully” + [ull} ), Vue Wy (). (3.11)

On the other hand, using once again relations (1.3) and (1.4), we find that for any u € Wol’p(')(ﬂ)

1/pt 1/p~
full < ([ 1vap an) o ([ wur ar) (3.12)
Q Q

By (3.11) and (3.12) we have

1/pt 1/p~
/ wfP@ dz < cp- </ V@) dm) + </ |Vu[P(®) d:c)
Q Q Q

1/p* 1/p= 17
[(/ VP dx) + </ VP d:):) ]
Q Q
for any u € Wol’p(')(Q).

We remember that for any s > 0 there exists a positive constant ¢ > 0 such that

p+

+

(3.13)

(a4 0)° <ecs(a®+5%), YVa, 3>0.

Relation (3.13) and the above inequality assure that there exists a positive constant c¢s > 0 such that

pt/p”
/ P de < e 2/ |VuP®) dz + (/ |V [P(®) dx) +
Q Q Q

(/ VP d:r)p ’
Q

for any u € VVO1 P (')(Q). By the above inequality we conclude that Lemma 3.1 holds true.
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3.4 Eigenvalue problem —A, o yu— A, yu= A1) =2y,

p2(7)

We are concerned with the study of the eigenvalue problem

—Ap ()t — Bpyyu = Nul?@) =2y, for ze€Q

u =0, for x €99,

(3.14)

where Q ¢ RN (N > 3) is a bounded domain with smooth boundary, A is a positive real number, and
p1, P2, ¢ are continuous functions on .

We study problem (3.14) under the following assumptions:

1 < pa(x) < mingq(y) < maxq(y) < p1(x), Vore (3.15)
ye ye
and
maxq(y) < p3(z), VzeQ, (3.16)
ye
where p5(z) 1= ]\],V_p;é?;) if pa(z) < N and p5(z) = +oo if pa(z) > N.

Since p2(z) < p1(z) for any x € Q it follows that Wol’pl(') (€2) is continuously embedded in Wol’m(’) (Q).
Thus, a solution for a problem of type (3.14) will be sought in the variable exponent space VVO1 P 1(')(Q).
We say that A € R is an eigenvalue of problem (3.14) if there exists u € Wol’pl(')(Q) \ {0} such that

/(|Vu|p1($)_2 + |Vu[P2 =2\ TuV dr — )\/ u|9®) =24y dz = 0,
Q Q

for all v € Wol’pl(')(ﬂ). We point out that if X is an eigenvalue of problem (3.14) then the corresponding
eigenfunction u € Wol’pl(‘)(Q) \ {0} is a weak solution of problem (3.14).

Define 1 .
/ ( )|Vu]”1(x) dx +/ (@) )|Vu|p2(x) dx
A= inf Qe Q p2\% .

uewy P10 (Q)\ {0} / q(1$)|u|q(w) dx
Q

Our main result is given by the following theorem.

Theorem 3.3. Assume that conditions (3.15) and (3.16) are fulfilled. Then \y > 0. Moreover, any
A € [A1,00) is an eigenvalue of problem (3.14). Furthermore, there exists a positive constant Ay such
that Ao < A1 and any X € (0, \o) is not an eigenvalue of problem (3.14).

Proof. Let E denote the generalized Sobolev space I/VO1 P 1(‘)(Q). We denote by || - |0 the norm on
Wol’pl(')(Q) and by || - ||1 the norm on Wol’m(')(Q).
Define functionals J, I, Ji, I; : E — R by

1 1
J(u) = / VulPr @) de _|_/ VulP2@) dy,
) Qp1($)| | ng(x)| |
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I(v) :/ L‘u’q(w‘) de,
Q

q(x)
Ji(u) = / \VulPr @) de + / |VulP2®) dz,
Q Q

I(u) = / u|9®) dz.
Q
Standard arguments imply that J, I € C'(E,R) and for all u, v € E,

/

(J (u),v) = / (|VulPr® =2 4 |VuP2@) =2\ Ty Ve da,
Q

(I'(u),v) :/ [u|9®) =240 da.
Q

We split the proof of Theorem 3.3 into four steps.
e STEP 1. We show that A\ > 0.
Since for any x € Q we have p;(x) > ¢* > q(x) > ¢~ > pa(x) we deduce that for any u € E,

2(|Vu(@)["' ™) + [Vu(@) [P0 > |Vu(@)|*" + [Vu(@)|”

and
(@)1 + u(z)]9 > fu(z)]1@),

Integrating the above inequalities we find

2/(|vu|1’1(z> + |Vu[P?®)) do > /(|vuyq+ +|Vul? )dz, VuekE (3.17)
Q Q
and
/(|uyq+ Flul?) da > / 7@ 4y, YueE. (3.18)
Q Q
By Sobolev embeddings, there exist positive constants A,+ and A,- such that
/Q Vult de > A /Q W7 de, Vue W) (3.19)
and
/Q|vu|f dz > A\, /Q | dz,  Yue Wyl (Q). (3.20)

Using again the fact that ¢~ < ¢* < p(z) for any x € Q we deduce that E is continuously embedded
in I/Vol’q+ () and in Wy'? (). Thus, inequalities (3.19) and (3.20) hold true for any u € E.
Using inequalities (3.19), (3.20) and (3.18) it is clear that there exists a positive constant p such
that
/(|Vu\q+ + |Vul|? ) do > u/ |u|9®) da, Vu€ckE. (3.21)
Q Q

Next, inequalities (3.21) and (3.17) yield

/(|Vu]p1(‘r) + |VuP2®)) do > g/ )@ da, VuekE. (3.22)
Q Q
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By relation (3.22) we deduce that
J1(v)

Ao = inf >0 3.23
7 weBvo) Ti(v) (3.23)
and, thus,
Ji(u) > Aoli(u), VuekE. (3.24)
The above inequality yields
pi - J(uw) > Ji(u) > Noli(u) > Nl(u) Yu€eE. (3.25)

The last inequality assures that A\; > 0 and, thus, step 1 is verified.

e STEP 2. We show that A; is an eigenvalue of problem (3.14).

Lemma 3.2. The following relations hold true:

o
Wl Tla) (3.26)

and o
oo T(w) (3.27)

Proof. Since E is continuously embedded in Lo () it follows that there exist two positive constants
c1 and cg such that
ullo > c1 - |ulg+, YueFE (3.28)

and
||U”0 > - ‘u|q—’ Vue L. (329)

For any u € E with ||uljp > 1 by relations (1.3), (3.18), (3.28), (3.29) we infer

lullg! ullg’
Jw o et Pl
I(uw) = " a = —atyet o sy,
alZ + ulT T ullg ey [l
q- T

Since p; > ¢ > ¢, passing to the limit as ||u|lo — oo in the above inequality we deduce that relation
(3.26) holds true.

Next, let us remark that since p;(z) > po(z) for any = € Q, the space Wg P 1(')((2) is continuously
embedded in WOI’pQ(')(Q). Thus, if ||ulo — 0 then |Jul; — 0.

The above remarks enable us to affirm that for any v € E with [Jullp < 1 small enough we have
fully < 1.

On the other hand, since (3.16) holds true we deduce that VVO1 P 2(')(Q) is continuously embedded in
LT (Q). It follows that there exist two positive constants d; and ds such that

lully > di - Julge, ¥ ue Wy ™0 () (3.30)
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and
lully > do - July—, ¥ ueWy™(Q). (3.31)
Thus, for any v € E with [Jullp < 1 small enough, relations (1.4), (3.18), (3.30), (3.31) imply
Jo |Vl da d
J(u) 12 S 2]
Ta) =l o+l d full] +dy? ull]
q- q

Since pj < ¢~ < g%, passing to the limit as |lu|p — 0 (and thus, ||ul|; — 0) in the above inequality we
deduce that relation (3.27) holds true. The proof of Lemma 3.2 is complete.

Lemma 3.3. There exists u € E\ {0} such that % =\

Proof. Let {un} C E'\ {0} be a minimizing sequence for A;, that is,

. J(un)
1
w50 1(un)

=X > 0. (3.32)

By relation (3.26) it is clear that {u,} is bounded in E. Since FE is reflexive it follows that there exists
u € E such that, up to a subsequence, {u,} converges weakly to u in E. On the other hand, standard
arguments show that functional J is weakly lower semi-continuous. Thus, we find

liminf J(u,) > J(u). (3.33)

n—oo

By the compact embedding theorem for spaces with variable exponent and assumption 1 < max, o q(y) <
pi(x) for all z € Q (see (3.15)) it follows that F is compactly embedded in L4)(€). Thus, {u,} con-
verges strongly in L) (Q). Then, by relation (1.5) it follows that

lim I(u,) = I(u). (3.34)
Relations (3.33) and (3.34) imply that if u # 0 then
J(u)
LA/
I(w) ~

Thus, in order to conclude that the lemma holds true it is enough to show that u is not trivial. Assume
by contradiction the contrary. Then u, converges weakly to 0 in E and strongly in L¢()(Q). In other

words, we will have

lim I(u,)=0. (3.35)

n—oo

Letting € € (0, A1) be fixed by relation (3.32) we deduce that for n large enough we have
| (un) — M1 (up)| < €l(uy),

(A — )1 (up) < J(up) < (A1 + €)1 (uy).
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Passing to the limit in the above inequalities and taking into account that relation (3.35) holds true we
find

lim J(u,)=0.

n—00
That fact combined with relation (1.5) implies that actually w, converges strongly to 0 in F, i.e.

lim;, o ||un]|o = 0. By this information and relation (3.27) we get

J(un)

)

and this is a contradiction. Thus, v #Z 0. The proof of Lemma 3.3 is complete.
By Lemma 3.3 we conclude that there exists u € E'\ {0} such that

J(u) e J(w)
—— =\ = f  ——. 3.36
I(w) ~ ™7 web\oy T(w) (3.36)
Then, for any v € F we have
d J(u+ ev)
————|e=0=0.
de I(u + ev)

A simple computation yields
/(|Vu]p1(x)_2 + |VuP2 @2\ TuVo da - I(u) — J(u) - / u|f®~2yy de =0, VveE. (3.37)
Q Q

Relation (3.37) combined with the fact that J(u) = A\jI(u) and I(u) # 0 implies the fact that A\; is an
eigenvalue of problem (3.14). Thus, step 2 is verified.

e STEP 3. We show that any A € (A, 00) is an eigenvalue of problem (3.14).
Let A € (A1, 00) be arbitrary but fixed. Define T : E — R by

T\(u) = J(u) — M (u).

Clearly, T\ € C1(E,R) with

/ ’

(T (u),v) = (J (u),v) — MI (u),v), YueE.

Thus, A is an eigenvalue of problem (3.14) if and only if there exists uy € E \ {0} a critical point of T}.

With similar arguments as in the proof of relation (3.26) we can show that T) is coercive, i.e.
limyyg—oe TA(u) = 00. On the other hand, as we have already remarked, functional T) is weakly lower
semi-continuous. These two facts enable us to apply Theorem 1.2 in [75] in order to prove that there
exists uy € F a global minimum point of T and, thus, a critical point of 7. In order to conclude that
step 4 holds true it is enough to show that uy is not trivial. Indeed, since A; = inf cp\ (0} % and

A > )1 it follows that there exists vy € E such that
J(vx) < AL(va),

or
T)\(v,\) < 0.
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Thus,
infTy <0
E
and we conclude that u)y is a nontrivial critical point of Ty, or A is an eigenvalue of problem (3.14).

Thus, step 3 is verified.

e STEP 4. Any X € (0, \g), where )¢ is given by (3.23), is not an eigenvalue of problem (3.14).
Indeed, assuming by contradiction that there exists A € (0, o) an eigenvalue of problem (3.14) it
follows that there exists uy € E \ {0} such that

(J (uy),v) = MI (uy),v), VveE.

Thus, for v = u) we find

/

(T (ur), un) = AT (up), un),
that is,
Ji(uy) = A1 (uy).
The fact that uy € E'\ {0} assures that I;(uy) > 0. Since A < Ag, the above information yields
Ji(uy) > Aoli(uy) > M1 (uy) = Ji(uy).
Clearly, the above inequalities lead to a contradiction. Thus, step 4 is verified.

By steps 2, 3 and 4 we deduce that Ay < A;. The proof of Theorem 3.3 is now complete.

Remark 3.1. At this stage we are not able to deduce whether \g = A\ or A\g < A1. In the latter case

an interesting question concerns the existence of eigenvalues of problem (3.14) in the interval [Ag, \1).

3.5 An optimization result
In this section we are concerned with the study of the eigenvalue problem

—Ap () U — Apy(z)U + V(a:)|u]m(x)*2u = )\(]u\ql(x)*2 + |u!q2($)*2)u, for z€Q (3.38)

u =0, for x € 0Q,

where Q ¢ RY (N > 3) is a bounded domain with smooth boundary, X is a real number, V is an
indefinite sign-changing weight, and p1, p2, q1, g2, m are continuous functions on €. Problem (3.38)
can be placed in the context of the eigenvalue problem studied in the above section since in the particular
case when ¢;(x) = g2(z) = ¢(z) for any z € Q and V = 0 in Q it becomes problem (3.14). The form of
problem (3.38) becomes a natural extension of problem (3.14) with the presence of the potential V' in
the left-hand side of the equation and by considering that in the right-hand side we have q; # g2 on Q.

More exactly, we study problem (3.38) when p1, p2, q1, g2, m : Q© — (1, 00) are continuous functions
satisfying the following hypotheses:

maxpy < mings < maxge < minm < maxm < ming; < maxq; < minps , (3.39)
Q Q Q Q Q Q Q Q
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N
Npa(2) if po(x) < N
max q; < ps(x) := N = pa(z) (3.40)
¢ +0o0 if pa(x) > N.
We assume that the potential V :  — R satisfies
Ve L'O(Q), withr e C(Q)and r(z) > — Ve (3.41)
ming m

Condition (3.39) which describes the competition between the growth rates involved in equation (3.38)
represents the key of the present study since it establishes a balance between all the variable exponents
involved in the problem. Such a balance is essential since our setting assumes a non-homogeneous
eigenvalue problem for which a minimization technique based on the Lagrange multiplier theorem can
not be applied in order to find (principal) eigenvalues (unlike the case offered by the homogeneous
operators). Thus, in the case of nonlinear non-homogeneous eigenvalue problems the classical theory
used in the homogeneous case does not work entirely, but some of its ideas can still be useful and some
particular results can still be obtained in some aspects while in other aspects entirely new phenomena

can occur. To focus on our case, condition (3.39) together with conditions (3.40) and (3.41) imply

/ o7 d-’“/llw\”“) dx+/ Viz) Ju|™") dx
£ Q o m(z)

m p1(x) pa2(x) m(x e
Julyy ()0 / e gy / e gy
o q1() a ¢(z)
and ) ) v
/ IVulPr(®) dg —i—/ —— | Vu® dg +/ (@) lu|™@) dz
o pi(z) o p2() o m(z) - 5
g (o0 / L@ g +/ ELENNTACS
o q(z) a ¢2(2)

where || - ||, (. stands for the norm in the variable exponent Sobolev space WO1 P l(')(Q). In other words,
the absence of homogeneity is balanced by the behavior (actually, the blow-up) of the Rayleigh quotient
associated to problem (3.38) in the origin and at infinity. The consequences of the above remarks is

that the infimum of the Rayleigh quotient associated to problem (3.38) is a real number, i.e.

/ ! )\Vu]pl(x) d1‘+/ 1 |Vu‘p2(x) dx_|_/ Mw,m(l‘) dx
inf 0Pz 0 P2(2) o m(@) €ER, (3.42)

uewy 10 (@)\{0} / Ex),u‘ql(x) dx + / : %x)m,@(x) I
Q q1 Q 92

and it will be attained for a function ug € I/VO1 P 1(')(9) \ {0}. Moreover, the value in (3.42) represents
an eigenvalue of problem (3.38) with the corresponding eigenfunction ug. However, at this stage we
can not say if the eigenvalue described above is the lowest eigenvalue of problem (3.38) or not, even
if we are able to show that any A small enough is not an eigenvalue of (3.38). At the moment this

remains an open question. On the other hand, we can prove that any A larger than the value given by
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relation (3.42) is also an eigenvalue of problem (3.38). Thus, we conclude that problem (3.38) possesses
a continuous family of eigenvalues.

Related with the above ideas we will also discuss the optimization of the eigenvalues described by
relation (3.42) with respect to the potential V', providing that V' belongs to a bounded, closed and
convex subset of L'()(Q) (where 7(z) is given by relation (3.41)). By optimization we understand
the existence of some potentials V, and V* such that the eigenvalue described in relation (3.42) is
minimal or maximal with respect to the set where V lies. The results that we will obtain in the
context of optimization of eigenvalues are motivated by the above advances in this field in the case
of homogeneous (linear or nonlinear) eigenvalue problems. We refer mainly to the studies in M. S.
Asbaugh & E. M. Harrell [9], H. Egnell [24] and J. F. Bonder & L. M. Del Pezzo [12] where different
optimization problems of the principal eigenvalue of some homogeneous operators were studied.

Since po(z) < p1(z) for any x € Q it follows that Wol’pl(') (€) is continuously embedded in Wol’m(') (Q).
Thus, a solution for a problem of type (3.38) will be sought in the variable exponent space VVO1 P 1(')(Q).

We say that A € R is an eigenvalue of problem (3.38) if there exists u € Wol’pl(’)(Q) \ {0} such that

/(Vu|p1(x)_2+\Vu]pQ(x)_Q)Vqu d:):—i-/
Q

V() |u ™2 dx—)\/(]uql 24 ) 2@ =2y da = 0,
Q Q

for allv € VVO1 P 1(')(Q). We point out that if A is an eigenvalue of problem (3.38) then the corresponding
eigenfunction u € Wol’pl(’)(Q) \ {0} is a weak solution of problem (3.38).
For each potential V € L") (Q) we define

1
/ —— V| dx + / Va2 ) / ) @) g
o Pi1() QP2 ( ) m(z)

E(V):= inf ;
uewy 10 @)\ {0) / @ g+ / 2@ gy
o qi(z) Q @2(z)
and
|Vu\p1(x) dx—i—/ ’Vu|p2(a:) dx—i—/ V(x)\u|m(x) de
F(V):= inf Q Q Q
uEWOI’m(-)(Q)\{O} /|u|q1($) dl‘—l—/ ’u|q2(gc) dr
Q Q

Thus, we can define a function £ : L") (Q) — R.

The first result of this section is given by the following theorem.

Theorem 3.4. Assume that conditions (3.39), (3.40) and (3.41) are fulfilled. Then E(V') is an eigen-
value of problem (3.38). Moreover, there exists u € Wol’pl(gg)(

to eigenvalue E(V) such that

[tV do+ [ o gwu) do s+ [ D8 g
o Pi() a p2() o m(z)

1 1
u| 1@ dy —I—/ u|2@) dg
/9611(95)| | QQ2($)‘ |

Furthermore, F(V) < E(V), each A\ € (E(V),00) is an eigenvalue of problem (3.38), while each
A € (—o0, F(V)) is not an eigenvalue of problem (3.38).

Q) \ {0} an eigenfunction corresponding

E(V) =
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Next, we point out the case of convex, bounded and closed subsets of L’"(')(Q) where function F

defined above is bounded from below and attains its minimum. The result is the following:

Theorem 3.5. Assume that conditions (3.39), (3.40) and (3.41) are fulfilled. Assume that S is a
conver, bounded and closed subset of L"®)(Q)). Then there exists V, € S which minimizes E(V) on S,
i.e.

E(V.) = inf B(V).

Finally, we will focus our attention on the particular case when set S from Theorem 3.5 is a ball
in L")(Q). Thus, we will denote each closed ball centered in the origin of radius R from L") (Q) by
ER(O), ie.

Br(0) = {u e L"O(Q); [ul,) < R}.

By Theorem 3.5 we can define function E, : [0,00) — R by

E,(R)= min E(V).
VEBR(0)

Our result on function E, is given by the following theorem:

Theorem 3.6. a) Function E, is not constant and decreases monotonically.

b) Function E, is continuous.

On the other hand, we point out that similar results as those of Theorems 3.5 and 3.6 can be
obtained if we notice that on each convex, bounded and closed subset of L") (Q) function E defined in
Theorem 3.4 is also bounded from above and attains its maximum. It is also easy to remark that we

can define a function E* : [0,00) — R by

BY(R)= max E(V).
VeBR(0)

which has similar properties as FE,.

3.6 The case of unbounded domains

Consider the eigenvalue problem

_Ap(gﬁ)u + ’u|p(:c)72u + |u|q(x)72u _ )\g(x)|u|r(a:)—2u for =€

u=20 for x € 09,

(3.43)

where € is a smooth exterior domain in R (N > 3), that is, Q is the complement of a bounded
domain with Lipschitz boundary. Mappings p, ¢, 7 : @ — [2,00) are Lipschitz continuous functions
while g : @ — [0,00) is a measurable function for which there exists a nonempty set Qg C €2 such that

g(z) > 0 for any x € Qp, and A > 0 is a real number.
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Assume that functions p, ¢ and r satisfy hypotheses

2<p <p' <N, (3.44)

Nop—
ph<r  <rt<q <qt< N—pp*' (3.45)

Furthermore, we assume that function g(x) satisfies the hypothesis
g€ L=(Q) N LPO(Q), (3.46)

where po(z) = p*(z)/(p*(z) —r~) for any z € Q.
Obviously, the natural space where we should seek solutions for problem (3.43) is space I/VO1 P (’)(Q).
We say that A € R is an eigenvalue of problem (3.43) if there exists u € Wol’p(')(Q) \ {0} such that

/(]Vu|p(z)2Vqu + |ulP® 20 4 |u] @) 240) dx — )\/ g(x)|u|" ™2y da = 0,
Q Q

for all v € I/VO1 P (')(Q). We point out that if A is an eigenvalue of problem (3.43) then the corresponding
u € Wol’p(’)(Q) \ {0} is a weak solution of (3.43).

Define ) )
/ (ValP® + |uP®) da + / Lo gy

SR g9(x)

uewy " @)\ {0} / @ dg
o r(z)

and
/(\W|P<w>+|u|ﬁ<w>)dx+/ |7 dz
Ao = ) inf Q iy
wewy " @)\ (0} /Q (@)l @ da

Our main result on problem (3.43) is given by the following theorem.

Theorem 3.7. Let Q be an exterior domain with Lipschitz boundary in RY, where N > 3. Suppose
that p, q, v : Q — [2,00) are Lipschitz continuous functions and g : Q — [0,00) is a measurable function
for which there exists a nonempty set Qo C Q such that g > 0 in Qy. Assume conditions (3.44), (3.45),
and (3.46) are fulfilled.
Then
0< X <A1

Furthermore, each \ € [A1,00) is an eigenvalue of problem (3.43) while any A € (0,Ag) is not an
eigenvalue of problem (3.43).

At this stage we are not able to deduce whether Ag = A1 or Ay < A1. In the latter case an interesting

open problem concerns the existence of eigenvalues of problem (3.43) in the interval [\, A1).
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3.7 The anisotropic case

The purpose of this section is to analyze the nonhomogeneous anisotropic eigenvalue problem

N
=3 O (100”7 D) = N2 in
i=1 (3.47)

u =0 on 0,

where Q € RN (N > 3) is a bounded domain with smooth boundary, \ is a positive number, and p;, ¢
are continuous functions on 2 such that 2 < p;(x) < N and ¢(x) > 1 for any z € Q and i € {1, ..., N}.
The natural function space where problem (3.47) should be analyzed is the anisotropic variable
exponent Sobolev space WO1 ’;(')(Q). For definitions, notations and properties of anisotropic variable
exponent spaces we refer to Chapter 1.
We say that A € R is an eigenvalue of problem (3.47) if there exists u € Wol’;(')(Q) \ {0} such that

N
/ {Z |8:mu|pi(m)_2 axluaxlso - >\|U|q(m)_2Ug0} dr =20
€ Li=1

for all p € VVO1 P (')(Q). For A € R an eigenvalue of problem (3.47) function u from the above definition
will be called a weak solution of problem (3.47) corresponding to eigenvalue .

The main results on problem (3.47) are listed below:

Theorem 3.8. Assume that function q € C(S2) verifies hypothesis
P < ming(z) < maxq(z) < P*. (3.48)
z€N z€eQ)

Then for any X\ > 0 problem (3.47) possesses a nontrivial weak solution.

Theorem 3.9. If ¢ € C(Q) satisfies inequalities

1 < ming(z) < maxgq(z) < P_, (3.49)
z€Q z€Q

then for any X\ > 0 problem (3.47) possesses a nontrivial weak solution.

Theorem 3.10. If g € C(Q2), with

1 <ming(z) < P~ and maxgqg(x) < P_ , (3.50)
z€Q z€Q

then there exists \* > 0 such that for any X\ € (0,\*) problem (3.47) possesses a nontrivial weak
solution.

Remark 3.2. If g € C(Q) verifies (3.49) then it satisfies (3.50). On the other hand, we point out that
the result of Theorem 3.10 holds true in situations that extend relation (3.49) since in relation (3.50)
we could have

1 < ming(z) < P~ <maxgq(z) < P_ .
e e



3. DIRICHLET EIGENVALUE PROBLEMS INVOLVING VARIABLE EXPONENT GROWTH CONDITIONS ol

In order to enunciate the next result on problem (3.47) we consider the following assumptions on

functions p;, ¢:

(al) Assume that there exists j € {1,..., N} such that ¢(z) = ¢(x1,...,xj—1,2j41,....,zn) (le. ¢ is
independent of x;) and p;j(x) = ¢(x) for all x € Q.

(a2) Assume that there exists k € {1,..., N} (k # j with j given in (al)) such that

max ¢(z) < min p(z).
€2 zeQ

Define the Rayleigh type quotients Ao and A; associated with problem (3.47) by

N N
A Pi(2) / diu Pi(®) 1y
X o hZaw™
Ao = inf , AL = inf .

v - 1
uewy O (@)\{0} / |9 dz wewd? O @)\ {0} / m|u|q(z) du
L Q

Theorem 3.11. Assume conditions (al) and (a2) are fulfilled. Then 0 < Ao < A1 and every A € (A1, 00)
is an eigenvalue of problem (3.47), while no A € (0, ) can be an eigenvalue of problem (3.47).

Remark 3.3. At this stage we are not able to say whether \g = A1 or A\g < A\1. In the latter case an

interesting question concerns the existence of eigenvalues of problem (3.47) in the interval [Ag, \1].
We note that we can also obtain results of the type of those enunciated above by replacing operator

N
Z O, (\8miu|p i(2)=2 &ciu) in problem (3.47) with a more general one, namely an operator of the type
i=1

N
Z@mi (a;(z,0,,u)), where for each i € {1,..., N} we assume that a;(z,t) : Q x R — R is a continuous
=1

function. For each i € {1,..., N} define A;(x,t) : Q x R — R, a primitive with respect to variable ¢ of
ai(z,t), i.e. Aj(z,t) = fot a;(x,s) ds. The above results can be extended if we suppose that a; and A;
satisfy the following hypotheses:

(A1) There exists a positive constant ¢;; and a continuous function p;(x) : [Q N 2, 00) such that
Jai(z, 8)] < eri(1+ [P,

for all z € Q and t € R.
(A2) There exists k; > 0 such that

A (% ! ; S) < %Ai(l‘, t) + %Ai(az, s) — kq|t — s|Pi®)

for all z € Q and ¢, s € R, where p;(z) is given in (A2).
(A3) The following inequalities hold true

P (™) < a(2,t) - ¢ < pila) Az, ),
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for all z € Q and t € R, where p;(z) is given in (A1).

Examples.
1. Set Ai(l‘,t)
equation (3.47) with the term

ﬁwm(w)’ ai(z,t) = |t[Pi® =2t where p;j(x) > 2. Such a function contributes to

Oz, (‘a$iu‘p¢(x)f2axiu)'

2. Set Ai(z,t) = %[(1 +t2)Pi@)/2 1], a;(z,t) = (1+12)P@=2/2¢ where p;(x) > 2. Such a function

contributes to equation (3.47) with the term

Oz, (1 + ‘azz_u‘2)(pi(x)—2)/28$iu)_

2



Chapter 4

Dirichlet eigenvalue problems in
Orlicz-Sobolev spaces

4.1 Eigenvalue problem —div(a(|Vu|)Vu) = Au|1®) 2y
4.1.1 Introduction

Let  be a bounded domain in RY (N > 3) with smooth boundary 9. In this section we are concerned

with the following eigenvalue problem:

—div(a(|Vu|)Vu) = Nu|?®) =2y, for z€Q
(4.1)

u =0, for x € 9N.

We assume that function a : (0,00) — R is such that mapping ¢ : R — R defined by

a(|t))t, for t#0
o(t) =
0, for t=0,

is an odd, increasing homeomorphism from R onto R. We also suppose throughout this section that
A>0and q:Q — (1,00) is a continuous function.

Since the operator in the divergence form is nonhomogeneous we introduce an Orlicz-Sobolev space
setting for problems of this type (see Chapter 1 for definitions, notations and properties of Orlicz-

Sobolev spaces). Thus, the space where we analyze problem (4.1) is space W} Lo(Q2), where
¢
O(t) = / ©(s) ds, forallt e R.
0

Here, we assume that condition (1.10) is fulfilled and

) L o—1(s) ) b p1(s)
}g% t st<oo, and lim

P ) W dS = Q. (42)

53
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We say that A € R is an eigenvalue of problem (4.1) if there exists u € W} Lg(Q2) \ {0} such that
/ a(|Vu|)VuVv dx — /\/ |u|9® =2y da = 0,
Q Q

for all v € Wl Le(£2). We point out that if A is an eigenvalue of problem (4.1) then the corresponding
u € WiLe(2)\ {0} is a weak solution of (4.1), called an eigenvector of equation (4.1) corresponding to
eigenvalue A.

Our first main result shows that, under certain circumstances, any positive and sufficiently small A

is an eigenvalue of (4.1).

Theorem 4.1. Assume that relation (4.2) is fulfilled and furthermore
1<i 4.
< inf q(z) < (p)o, (4.3)
and .
lim i
t—oo O, (kt)
where @, stands for the Orlicz-Sobolev conjugate of ®, that is
t q)_l(s)
-1 .

Then there exists \* > 0 such that any X € (0, \*) is an eigenvalue of problem (4.1).

=0, forallk >0, (4.4)

The above result implies

/ O(|Vu|) dz
inf 2

02—
ueWg Lo (@)\{0} / ]9 g
Q

The second main result of this section asserts that in certain cases the set of eigenvalues may coincide

with the whole positive semiaxis.

Theorem 4.2. Assume that relations (4.2) and (4.4) are fulfilled and furthermore

sup ¢(z) < (p)o- (4.5)
€N

Then every A > 0 is an eigenvalue of problem (4.1). Moreover, for any A > 0 there exists a sequence
of eigenvectors {u,} C E such that lim, o u, =0 in W&L@(Q).

Remark 1. Relations (4.2) and (4.4) enable us to apply Theorem 2.2 in [33] (see also Theorem 8.33 in
[3]) in order to obtain that W Le(£) is compactly embedded in L9 (). This fact combined with the
continuous embedding of L4 () in L) (Q) ensures that W4 Ls(9) is compactly embedded in LI0)(Q).
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Remark 2. The conclusion of Theorems 4.1 and 4.2 still remains valid if we replace hypothesis (4.4)

in Theorems 4.1 and 4.2 by the following relation

N < (p)o < liminf w (4.6)

Indeed, using Lemma D.2 in [19], it follows that WL (Q) is continuously embedded in VVO1 P )O(Q).
On the other hand, since we assume (p)o > N, we deduce that VVO1 (Plo () is compactly embedded in
C(9Q). Thus, we obtain that W Le(Q) is compactly embedded in C(€2). Since Q is bounded it follows
that W3 Lg () is continuously embedded in L40)(Q).

4.1.2 Proof of Theorem 4.1

Let E denote the Orlicz-Sobolev space Wi La(€2).
For any A > 0 the energy functional Jy : E — R corresponding to problem (4.1) is defined by

1
I(u —/<IJ Vu dx—)\/uq(x)dx.
)= [ o) do-x [
Standard arguments imply that Jy, € C'(E,R) and

i) = [

a(|Vu|)VuVv dx — )\/ |u|1® 2y da,
Q Q

for all u, v € E. Thus the weak solutions of (4.1) coincide with the critical points of Jy. If such a weak

solution exists and is nontrivial then the corresponding A is an eigenvalue of problem (4.1).

Lemma 4.1. There is some \* > 0 such that for any A € (0,\*) there exist p, « > 0 such that
Jr(u) > a >0 for any u € E with ||ullo.e = p.

Proof. By the definition of (p)° and since L (7(P)0®(¢/7)) > 0 we obtain
O(t) > T(p)O(I)(t/T), Vt>0andT e (0,1],
(see page 44 in [18]). Combining this fact with Proposition 6 in [71, page 77] we find that

/ 3(|Vu(@)) de > [[ull %y, ¥ u e B with [ullos < 1. (4.7)
Q b

On the other hand, since E is continuously embedded in L4(*)(Q), there exists a positive constant
c1 such that
lulg(y < arllullo@, VueE. (4.8)

We fix p € (0,1) such that p < 1/c;. Then relation (4.8) implies

lulgy <1, Vu € E, with [uflos = p. (4.9)
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Furthermore, relation (1.4) yields

/Q [u*® da < [ul? ), Vue B, with [ufoe = p. (4.10)

Relations (4.8) and (4.10) imply
/ ™ dx < f ||ullfy, ¥ u € E, with[|ulloe = p. (4.11)
Q

Taking into account relations (4.7), (1.4) and (4.11) we deduce that for any u € E with ||ullo.e = p the

following inequalities hold true
A _ _ A
Iy = [l @ = 2 [ i do = pr <p<f’>°-q - = ) -
’ q Jo q
We point out that by relation (4.3) and the definition of (p)? we have ¢~ < I < (p)’. By the above

inequality we remark that if we define

-
- — 4.12
i (412)

0
then for any A € (0, \*) and any u € E with |luljo.e = p there exists o = % > 0 such that
Ia(u) > a > 0.
The proof of Lemma 4.1 is complete.

Lemma 4.2. There ezists ¢ € E such that ¢ >0, ¢ # 0 and J\(ty) <0, for t > 0 small enough.

Proof. Assumption (4.3) implies that ¢~ < (p)o. Let €9 > 0 be such that ¢~ 4+ eg < (p)o. On the
other hand, since ¢ € C() it follows that there exists an open set Qg C Q such that |g(x) — ¢ | < €
for all x € Qy. Thus, we conclude that ¢(z) < ¢~ + ¢y < (p)o for all = € Q.

Let 1 € C§°(€) be such that supp(y)) D Qq, ¥(z) =1 for all z € Qp and 0 < ¢ < 1 in Q.

We also point out that there exists tg € (0,1) such that for any ¢ € (0,¢p) we have

1E1Ve[lle = t][v

o0 < 1.

Taking into account all the above information and using Lemma C.9 in [19] we have

q(x)
N /Q 1|V (x)]) dx — A /Q Z(x)w“ﬂ) de

A . N
< /Q(I’(t\vlb(w)\)dx—(ﬁ/ﬂtq( )b[9®) dz
< /‘I’(t\vw(@\)dx—);/ QI

Q 7t Ja,
)\.tq7+€0
= t(p)OHwH((){)c)bo - T\QOL
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for any ¢t € (0,1), where |Qg| denotes the Lebesgue measure of €. Therefore
J)\(t@b) <0

for t < §1/((Po—a”—€0) ' where
2190l

0 < < min t()7 W
[ing

The proof of Lemma 4.2 is complete.

PROOF OF THEOREM 4.1. Let A* > 0 be defined as in (4.12) and A € (0, A*). By Lemma 4.1 it
follows that on the boundary of the ball centered at the origin and of radius p in E, denoted by B,(0),

we have

inf Jy > 0. 4.13
pinf (4.13)

On the other hand, by Lemma 4.2, there exists ¢ € E such that Jy(t¢) < 0 for all ¢ > 0 small enough.
Moreover, relations (4.7), (4.11) and (1.4) imply that for any u € B,(0) we have

0 A - —
Ta(w) = [|ull$) — = e
It follows that

—o0o < ¢:= inf Jy <O.
B,(0)

We let now 0 < € < infyp (o) Jx —infp, o) Jx. Applying Ekeland’s variational principle [25] to functional
Jx : By(0) — R, we find u. € B,(0) such that

Ian(ue) < inf Jy+e
B,(0)

Ia(ue) < I(u)+e-|lu—uclos, uFue.

Since

In(ue) < inf Jy+e< inf Jy+e< inf Jy,
B,(0) B,(0) 9B,(0)

we deduce that u. € B,(0). Now, we define Iy : B,(0) — R by In(u) = Jx(u) + € ||lu — ucllo,e. It is

clear that u¢ is a minimum point of I and, thus,

Iy(ue +t-v) — Iy(ue)

>0
; 2

for small ¢ > 0 and any v € B;(0). The above relation yields

J)\(ue +t- U) - J)x(ue)
t

+e-[lvfloe > 0.

Letting ¢ — 0 it follows that (J)(u.),v) + €~ [|[v]lo.o > 0 and we infer that [|.J; (uc)|| < e.
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We deduce that there exists a sequence {wy} C B,(0) such that
Ja(wn) — ¢ and  Jy(wy) — 0. (4.14)

It is clear that {w,} is bounded in E. Thus, there exists w € E such that, up to a subsequence, {w,}
converges weakly to w in E. By Remark 2 we deduce that E is compactly embeddded in L(*) (), hence
{w,} converges strongly to w in L) (Q). So, by relations (1.5) and Holder’s inequality for variable
exponent spaces (see e.g. [43]),

lim | |w,|?® da::/ |w|?®) dz and  lim / |wn |9 20,0 da::/ lw|?® 2wy da
Q Q n—oo Jq Q

n—oo

for any v € E.
We conclude that w is a nontrivial weak solution for problem (4.1) and, thus, any A € (0, \*) is
an eigenvalue of problem (4.1). Similar arguments as those used on page 50 in [18] imply that {w,}

converges strongly to w in E. So, by (4.14),
Ja(w)=¢<0 and Jy(w)=0. (4.15)
The proof of Theorem 4.1 is complete.

4.1.3 Proof of Theorem 4.2

We still denote by E the Orlicz-Sobolev space W} Lg(2). For any A > 0 let Jy be defined as in the
above section of the section.

In order to prove Theorem 4.2 we apply to functional Jy a symmetric version of the mountain pass
lemma, recently developed by Kajikia in [41]. Before presenting the result in [41] we remember the

following definition.

Definition 1. Let X be a real Banach space. We say that a subset A of X is symmetricif u € A implies
—u € A. For a closed symmetric set A which does not contain the origin, we define the genus y(A) of
A as the smallest integer k such that there exists an odd continuous mapping from A to R¥\ {0}. If
there does not exist such an integer k, we define v(A) = +o0o. Moreover, we set y(f)) = 0. Finally, we
denote by I'y the family

I'={ACX; 0 Aand~(A) > k}.

We state now the symmetric mountain pass lemma of Kajikia (see Theorem 1 in [41]).

Theorem 4.3. Assume X is an infinite dimensional Banach space and A € C'(X,R) satisfies condi-
tions (A1) and (A2) below.

(A1) A(u) is even, bounded from below, A(0) = 0 and A(u) satisfies the Palais-Smale condition (i.e.,
any sequence {uy} in X such that {A(up)} is bounded and A’ (u,) — 0 in X* asn — co has a convergent

subsequence);

(A2) For each k € N, there exists an Ay, € 'y such that sup,e 4, A(u) < 0.
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Under the above assumptions, either (i) or (ii) below hold true.
(i) There exists a sequence {u,} such that A (u,) =0, A(up) < 0 and {u,} converges to zero;
(ii) There exist two sequences {un} and {vy} such that A (up) = 0, A(un) = 0, up # 0, lim, o0 up = 0,

A (vp) =0, A(vy) =0, and v, converges to a non-zero limit.
In order to apply Theorem 4.3 to functional J) we prove two auxiliary results.
Lemma 4.3. Functional Jy satisfies condition (A1) from Theorem 4.3.

Proof. Clearly, Jy(u) = Jx(—u) for any u € E, i.e. Jy is even, and J)(0) = 0. On the other hand,

since by relation (4.7) we have

| @9u@)) do = [ullfy, Ve Buwith fullos <1,
while by Lemma C.9 in [19] we have

/QCD(]VU(:U)]) dz > [l T2, Ve E with [ullos > 1,

we deduce that
/ B(|Vu(2)]) dz > a(|ullos), ¥u e E, (4.16)
Q

where a1 [0,00) = R, a(t) = t®" if t <0 and a(t) = t@0 if ¢ > 1.
By Remark 1, space F is continuously embedded in e (). Thus, there exist two positive constants
d1 and ds such that

/ ul7" de < du[[ul] L, / Ut dz < dofjullS g, Ve E. (4.17)
Q Q

Combining relations (4.16) and (4.17) we get

di )\
Ja(u) > a((ullo.s) — q%nu

+ do -
g,(b — FHUHS,‘D’ V u e E

Since by relation (4.5) we have g7 < (p)g the above relation shows that Jy is bounded from below.
Next, we show that J) satisfies the Palais-Smale condition. Let {u,} be a sequence in E such that

{Jx(un)} is bounded and J'(u,) — 0 in E, as n — co. We show that {u,} is bounded in E. Assume

by contradiction the contrary. Then, passing eventually to a subsequence, still denoted by {u,}, we

may assume that ||uy, |04 — 00 as n — oco. Thus we may consider that ||u,|joe > 1 for any integer n.
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Following our assumptions, there is a positive constant M such that for all n large enough we have

M+1+ funlos > JA(un>—i<J’( o), tin)

- / (V) d A/runw(”d:c—_/ (V1 (@) )| Vatn ()] des +
/ |un‘q

/Q (| Vun]) der — ql | V@IV, @) da
<—%w>éww%pm

> Q—fﬁﬂwﬁ?

Since (p)o > 1, letting n — oo we obtain a contradiction. It follows that {u,} is bounded in E. Similar

AV

Y

arguments as those used in the end of the proof of Theorem 4.1 imply that, up to a subsequence, {u,,}
converges strongly in F.

The proof of Lemma 4.3 is complete.
Lemma 4.4. Functional Jy satisfies condition (A2) from Theorem 4.3.

Proof. We construct a sequence of subsets Ay € Iy, such that sup,¢ 4, Jx(u) <0, for each k € N.

Let z; € Q and r; > 0 be such that B, (x1) C Q and |B,, (z1)| < |©2|/2. Consider 6; € C§°(Q2), a
function with supp(#;) = B, (z1).

Define Q; = Q\ By, (7).

Next, let z2 € ©Q and ro > 0 be such that B,,(z2) C Qi and |By,(z2)] < [©1]/2. Consider
05 € C3°(), a function with supp(fs) = By, (22).

Continuing the process described above we can construct by recurrence a sequence of functions 61,
b,..., O € C5°(Q2) such that supp(6;) # supp(6;) if i # j and [supp(6;)| > 0 for any i, j € {1,...,k}.

We define the finite dimensional subspace of F,
F = span{6,,0s,...,0x}.

Clearly, dimF = k and |, 10]9®) dz > 0, for any § € F\ {0}. We denote by S; the unit sphere in E,
ie. S1 ={u € E; |luljoo = 1}. For any number t € (0,1) we define the set

Ap(t) =t- (S N F).

Since for any bounded symmetric neighborhood w of the origin in R*, v(dw) = k holds (see Proposition
5.2 in [75]) we deduce that y(Ag(t)) = k for any ¢ € (0,1).
Finally, we show that for each integer k there exists t; € (0,1) such that

sup Jy(u) <0.
u€Ag(t)
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For any ¢ € (0,1) we have

sup Jx(u) < sup Jy(t0)
uEAk(t) 0eSiNF

=  sup {/ cI)(t|V0|)dx)\/ —1(@)|g|a(@) }
feSiNE Q q( )
sup {t@ / (Vo)) :c—/ |9|2(=) dx}
feSiNF Q
= su ¢(P)o (1— / 9|2 dm)} .
eeS}r)wF{ gt two- q+ 91

Since S; N F' is compact we have m = mingeg,nr fQ 10|19%*) dz > 0. Combining that fact with the

IN

information given by relation (4.5), that is (p)o > ¢*, we deduce that we can choose t; € (0,1) small

enough such that
A 1

e <0
The above relations yield

sup Jy(u) <0.
u€Ag(t)

The proof of Lemma 4.4 is complete.

Proor orF THEOREM 4.2. Using Lemmas 4.3 and 4.4 we deduce that we can apply Theorem 4.3
to functional Jy. So, there exists a sequence {u,} C E such that J' (u,) = 0, for each n, Jy(u,) < 0
and {u,} converges to zero in F.

The proof of Theorem 4.2 is complete.

4.1.4 Examples

Next, we point out two concrete examples of problems to which we can apply the main results of this
section.
ExXAMPLE 1. We consider problem

—div(log(1 4 |Vu|")|[Vu[P~2Vu) = Mu|?®) =2y, for z€Q (4.18)

u =0, for x € 09,
where p and 7 are real numbers such that 1 < p, r, N > p+r and ¢(z) is a continuous function on
such that 1 < q(x) for all z € Q and, furthermore,

Np
N —p

infg(x) <p and supgq(z) <
Q Q

In this case we have
o(t) =log(1+|t[") - [t|P7%,  forallt€ R
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and .
O(t) = / o(s) ds, for all t € R.
0

Clearly, ¢ is an odd, increasing homeomorphism of R into R, while ® is convex and even on R and
increasing from R4 to Ry.

By Example 2 on p. 243 in [19] we know that

(p)o=p and (p)’=p+r

and thus relation (4.3) in Theorem 4.1 is satisfied. It is easy to deduce that relations (4.2) and (4.4) are
fulfilled. Thus, we have verified that we can apply Theorem 4.1 in order to find out that there exists
A* > 0 such that any A € (0, \*) is an eigenvalue of problem (4.18).
ExAMPLE 2. We consider problem
, < |VulP~2Vu
—div| ——————~
log(1 4+ |Vul)
u =0, for x € 0Q,

) = \u|?®) =2y, for z€Q
(4.19)

where p is a real number such that p > N + 1 and ¢ € C(Q) satisfies 1 < ¢(x) < p — 1 for any = € Q.

In this case we have
0=
P = Jog(1 + )

and

is an increasing continuous function from R* to R*, with ®(0) = 0 and such that function ®(v/%) is

convex. By Example 3 on p. 243 in [19] we have

Plo=p—1< (p)ozpzligglflolgo(gzi)t)),

Thus, conditions (4.2), (4.5) and (4.6) from Theorem 4.2 and Remark 2 are verified. We deduce that
every A > 0 is an eigenvalue of problem (4.19). Moreover, for each A > 0 there exists a sequence of

eigenvectors {u,} such that lim, oo u, = 0 in W3 Lo ().

4.2 Eigenvalue problem —div((a;(|Vu|) 4 as(|Vu|))Vu) = Mu|1®) 2y
4.2.1 Introduction

Let Q be a bounded domain in RY (N > 3) with smooth boundary 9. In this section we are concerned
with the study of the eigenvalue problem

—div((a1(|Vu]) + aa(|Vu|))Vu) = Aul?® =2y, for ze€Q
((a1(|Vul) + a2(|Vul)) Vu) = Alul (4.20)

u =0, for x € 0N.
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We assume that functions a; : (0,00) — R, i = 1,2, are such that mappings ¢; : R — R, i = 1,2,
defined by

a;([t])t, for t#0
0, for t=0,

are odd, increasing homeomorphisms from R onto R. We also suppose throughout this section that
A>0and q:Q — (0,00) is a continuous function.

Since the operator in the divergence form is nonhomogeneous we introduce an Orlicz-Sobolev space
setting for problems of this type (see Chapter 1 for definitions, notations and properties of Orlicz-
Sobolev spaces). We introduce spaces Wi Lo, (2) and Wi Lg, (), where

¢
D,(t) = /0 vi(s) ds, forallte R, i=1,2.

We define ) ton()
. ot 0. 2 .
i)o := inf and (p;)° :=s 1=1,2,
b0 =0 ) 2 P = 50
and assume that condition (1.10) is fulfilled for ¢ = 1,2 and
[T (®@) M (s) . L(®i)7(s)
}1_11% ) st<o@, and tli>ngo ) st_oo Z—l 2 (421)

We introduce the Orlicz-Sobolev conjugate (®;), of ®;, i = 1,2, defined as
t -1
P (Pi) " (s)
(®:), () = /0 SN 98
We will analyze problem (4.20) under the following assumptions

1< (p2)o < (p2)° < qlx) < (p1)o < (m)°, VzeQ (4.22)

and .
It
=0, forallk >0. (4.23)

lim

t—o0 ((1)2)*(k‘t)

4.2.2 Auxiliary results
In this section we point out certain useful results of great interest.

Lemma 4.5. The following relations hold true

/ (| Vu(@)]) dz < [u] 230,V u € Wi Lo, (@) with Julloe, <1, i = 1,2;
Q

®;(|Vu(z)|) dz > ||u\|0¢ , VueWyLe, (Q) with |ullos, > 1, i =1,2;
Qi(|Vu(z)]) dz > ||uH0q) , YVu € WyLe, (Q) with |ullos, <1, i=1,2;

D;i(|Vu(z)|) dz < HuH0<I> , Vu€WyLe, (Q) with |ullos, > 1, i=1,2.

S— 55— 5—



4. DIRICHLET EIGENVALUE PROBLEMS IN ORLICZ-SOBOLEV SPACES 64

Proof. The proof of the first two inequalities can be carried out as in [19, Lemma C.9].

Next, assume ||ullo.p, < 1. Let & € (0, ||lullo.e,). By the definition of (p;)?, it is easy to prove that
®;(t) > 70’ d;(t/r), Vt>0, 7€ (0,1).

Using the above relation we have

/ O;(|Vu(z)]) dz > @) . / 3, ('V“(f””) dz. (4.24)
Q Q0 £
Defining v(z) = u(x)/€,
this lemma we find
[ 2ve@)) do = olE > 1 (4.25)
0

Relations (4.24) and (4.25) show that
[ @vuta)) do = 0
Letting £ " ||ul|o,®, in the above inequality we obtain
/Q<I>,~(|Vu(a:)|) d > |ullf'y,, Vu € WsLa, () with [Jufoe, <1.
Finally, we prove the last inequality in the lemma. It is easy to show that

< O-piO’
Qi(t) —

Vt>0ando > 1. (4.26)

Then, for all u € W} Lg,(Q) with |Jul|o.e;, > 1, relation (4.26) implies

[ avuta) o - ( i

: ”“” | K (‘u o)

0
lallF)

|Vu

dx

IN

The proof of Lemma 4.5 is complete.

Lemma 4.6. Assume relation (4.22) holds true. Then the continuous embedding
Wo La, () € Wy La, ()

holds true.

Proof. By [3, Lemma 8.12 (b)] it is enough to show that ®; dominates ®2 near infinity, i.e. there
exist £ > 0 and tg > 0 such that
Dy(t) < Dy(k-t), Vi>t.
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Indeed, since by (4.22) we have (p2)? < (p1)o it follows that

pa(t) - e1(t)
Do(t) ~ Pi(t)’

Vt>0.

The above relation and some elementary computations imply

<$;Eg> >0, Vt>0.

Thus, we deduce that ®1(t)/®P4(t) is increasing for any ¢ € (0, 00). It follows that for a fixed tg € (0, 00)

we have

®i(to) _ $a(t)
Do(to) — Po(t)’
Let k € (0, min{1, ®;(to)/P2(to)}) be fixed. The above relations yield

Vi>tg.

1
q)z(t) < E : <I>1(t), Vi>tg.

Finally, we point out that in order to end the proof of the lemma it is enough to show

1 1
— () <Py | = -t Vit .
L 1()_ 1<k_ )7 >0

Indeed, define function H : [0,00) — R by

H(t) = & (;t) —%qw).

H'(t) = % <<p1 <,1€t> - wl(t)> :

Since ¢ is an increasing function and 1/k > 1 we deduce that H is an increasing function. That fact
combined with the remark that H(0) = 0 implies

Then we get

H(t)> H(0)=0, Yt>0,

or
1 1
—O(t) <Py | = -t Vt .
L 1()_ 1(]{5 )7 >0

The proof of Lemma 4.6 is complete.

Lemma 4.7. Assume relation (4.22) holds true. Then there exists ¢ > 0 such that the following

inequality holds true
- [D1(t) + Ba(t)] > tP)o 41" i >0,
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Proof. Using the definition of (p;)g we deduce that
¢ ’
< 1(t)> >0, V>0,

t(®P1)o

or, function ®;(t)/tP)o for ¢t € (0,00). Thus, we deduce that
O (t) > By (1) - £, V>,

or letting ¢; = 1/®1(1)
o - @ (t) >t v 1. (4.27)

Next, by the definition of (ps)?, it is easy to prove that
Dy(t) > 77 o (t/7), VE>0, € (0,1).
Letting t € (0,1) and 7 =t the above inequality implies
Dy(t) >t @y(1), Ve (0,1),

or letting co = 1/®5(1)
o Ba(t) >t vie(0,1). (4.28)

Finally, let ¢ = 2 - max{ecj,co}. Then, since by relation (4.22) we have (p2)? < (p1)o and since
relations (4.27) and (4.28) hold true we deduce that

c- [®y(t) + Pa(t)] > 2- +(P1)o > tPr)o t(P2)O’ Vi>1,

and
¢ [@1(t) + Dy(t)] > 2 @) > o 4 4(2)° i e (0,1)

The proof of Lemma 4.7 is complete.
4.2.3 Main result

Since we study problem (4.20) under hypothesis (4.22) by Lemma 4.6 it follows that Wi Le, (Q) is
continuously embedded in W Lg,(£2). Thus, a solution for a problem of type (4.20) will be sought in
the variable exponent space Wi Lg, (£2).

We say that A € R is an eigenvalue of problem (4.20) if there exists u € W} Le, () \ {0} such that

/ (a1(|Vu]) + a2(|Vul])) VuVo dx — )\/ |u|9® 2y dz = 0,
Q Q

for all v € Wi Lo, (€2). We point out that if ) is an eigenvalue of problem (4.20) then the corresponding
u € WiLe,(Q)\ {0} is a weak solution of (4.20).

Define
/(I)l(|Vu|) d:c+/ ®o(|Vul) dx
)\1 = inf & 1 & :
wEWE L, (2\{0} / i) g
q(z)

Our main result is given by the following theorem.
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Theorem 4.4. Assume that conditions (4.21), (4.22) and (4.23) are fulfilled. Then Ay > 0. Moreover,
any A € [A1,00) is an eigenvalue of problem (4.20). Furthermore, there exists a positive constant Ao
such that Ao < A1 and any A € (0, \g) is not an eigenvalue of problem (4.20).

Remark 4.1. Relations (4.21) and (4.23) enable us to apply [33, Theorem 2.2] (see also [3, Theorem
8.33]) in order to obtain that Wi L, (S2) is compactly embedded in L9 (Q). That fact combined with the
continuous embedding of L1 (Q) in LPO)(Q) and with the result of Lemma 4.6 assures that Wi Le, ()
is compactly embedded in LP0) ().

4.2.4 Proof of main result

Let E denote the generalized Sobolev space Wi Lg, (©2). In this section we denote by || - [o.¢, the norm
on Wi L, () and by || - ||o.e, the norm on Wi Le, (£2).

In order to prove our main result we introduce four functionals J, I, Jy, I1 : E — R by

J(u) :/Q<1>1(|Vu|)dx+/Q<I>Q(IVu|) dx,

o= [ L@ g
rw) = [ S da,

Jl(u)—/al(\VuMVu]Q d:):—i—/az(VumVu]Q dx,
Q

Q
I (u) :/ u|9®) dz.
Q
Standard arguments imply that .J, I € C'(E,R) and

/

(J (u),v) = /Q(al(\VuD + ax(|Vul)) VuVu dz,

for all u, v € E. We will prove Theorem 4.4 in four steps.
e STEP 1. We show that A1 > 0.
By Lemma 4.7 and relation (4.22) we deduce that the following relations hold true

2- ¢ (®1(|Vau(x)]) + 2| Vu(@)]) 2 2 ([Vu(@)| P + [Vu(@)| #2)") > [Vu(@)|* +[Vu()|©

and
(@)1 + u(z)]1 > fu(z)]1@),

Integrating the above inequalities we find

20~/(<I>1(|Vu(x)) + Bo(|Vu(z)])) do > /(|vu|q+ +|Vul! ) dz, YueE (4.29)
Q Q
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and

/Q(yu\q+ + |ul?) dx > /Q lu|?®) dz Yue E. (4.30)
On the other hand, it is well known that there exist two positive constants A\,+ and A,- such that
/Q|qu+ dx > A+ /Q |7 dz, Vue Wol"ﬁ(Q) (4.31)
and
/Q|vu|q‘ dx > A, /Q lu|? dz, Yue Wy (Q). (4.32)

Using again the fact that ¢~ < ¢ < (p1)o and a similar technique as that used in the proof of Lemma
4.6 we deduce that E is continuously embedded in W, a’ (Q) and in W9 (Q). Thus, inequalities (4.31)
and (4.32) hold true for any u € E.

Using inequalities (4.31), (4.32) and (4.30) it is clear that there exists a positive constant ;1 such
that

/Q(\wq* V) do > ’“‘/Q W|1® dy W€ B (4.33)
Next, inequalities (4.33) and (4.29) yield
/Q(<I>1(|Vu(aj)) + &(|Vu(a)]) dz > 2”0/Q 7@ d Yue B, (4.34)
The above inequality implies
T(u) > “‘23_ I(u) VucE. (4.35)

The last inequality assures that Ay > 0 and, thus, step 1 is verified.
Remark 4.2. We point out that by the definitions of (p;)o, i = 1,2, we have
ai(t) -t = pi(t) -t > (pi)o®i(t), Vt>0.

The above inequality and relation (4.34) imply

Ao = inf Ji(v)

>0. 4.36
veE\{0} I1(v) ( )

e STEP 2. We show that A; is an eigenvalue of problem (4.20).

In order to show that \; is an eigenvalue of problem (4.20) we point out certain auxiliary results.

Lemma 4.8. The following relations hold true:

- 0
o0 () — (4.37)

and
m J(u) = 00. (4.38)

Jull =0 T(u)



4. DIRICHLET EIGENVALUE PROBLEMS IN ORLICZ-SOBOLEV SPACES 69

Proof. Since F is continuously embedded in Le () it follows that there exist two positive constants

c1 and ¢ such that
||u||0,@1 > |u|q+7 VuekFE (439)

and
”uHU#I’l ECR |u‘q—7 VueEFE. (440)

For any u € E with |lul|o,e, > 1 by Lemma 4.5 and relations (4.30), (4.39), (4.40) we infer

||UHIS,1<I>1

Jw) e o
1)~ ol 4l 6l + 6 lulle,

a 7

Since (p1)o > ¢ > ¢, passing to the limit as |Jul|o.s, — oo in the above inequality we deduce that
relation (4.37) holds true.

Next, by Lemma 4.6, space W Lg, () is continuously embedded in W3 La, (€2). Thus, if ||ul|o.e, — 0
then |lul/o,e, — 0.

The above remarks enable us to affirm that for any v € E with ||ullp», < 1 small enough we have
[ullo,@, < 1.

On the other hand, since (4.23) holds true we deduce that W Lg, () is continuously embedded in
LT (Q). It follows that there exist two positive constants d; and dg such that

HUHOSI& >dy - |u’q+7 Vue WolL‘Pz(Q) (4.41)

and
llullo,0, > do - |u|q_, Yue W(}L%(Q). (4.42)

Thus, for any v € E with ||u/o,e, < 1 small enough, Lemma 4.5 and relations (4.30), (4.41), (4.42)
imply

(p2)°
J(u) - fQ Dy (|Vu|) dx S HUHO,@2
= + - = gt + —a— -
T0) ™ ul? s d fulldg, + &7 lulldq,
q q

Since (p2)? < g~ < ¢*, passing to the limit as ||ulos, — 0 (and thus, ||ulos, — 0) in the above
inequality we deduce that relation (4.38) holds true.

The proof of Lemma 4.8 is complete.

Lemma 4.9. There exists u € E\ {0} such that % =\

Proof. Let {u,} C E'\ {0} be a minimizing sequence for Ay, i.e.

. J(un)
1
ns0 1(uy)

=X >0. (4.43)
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By relation (4.37) it is clear that {u,} is bounded in E. Since FE is reflexive it follows that there exists
u € E such that u, converges weakly to v in E. On the other hand, it is easy to show that functional
J is weakly lower semi-continuous. Thus, we find

liminf J(u,) > J(u). (4.44)

n—oo
By Remark 4.1 it follows that E is compactly embedded in Lp(')(Q). Thus, u,, converges strongly in
LPO)(Q). Then, by relation (1.5) it follows that
lim I(u,) = I(u). (4.45)

n—oo

Relations (4.44) and (4.45) imply that if u # 0 then

J(u)
Tw) "

Thus, in order to conclude that the lemma holds true it is enough to show that v can not be trivial.
Assume by contradiction the contrary. Then u, converges weakly to 0 in E and strongly in LI)(Q).
In other words, we will have

lim I(u,)=0. (4.46)

n—oo

Letting € € (0, A1) be fixed by relation (4.43) we deduce that for n large enough we have
| (un) — M1 (up)| < €l(uy),
or
(M — )1 (uy) < J(up) < (A1 + €)1 (uy).

Passing to the limit in the above inequalities and taking into account that relation (4.46) holds true we
find

lim J(u,)=0.

That fact combined with the conclusion of Lemma 4.5 implies that actually u, converges strongly to 0

0,6, = 0. By this information and relation (4.38) we get

im (un)

in E, ie. limy, oo ||ty

<

= o0,

and this is a contradiction. Thus, u # 0.
The proof of Lemma 4.9 is complete.
By Lemma 4.9 we conclude that there exists u € E'\ {0} such that

J(u) o J(w)
— =\ = f ——. 4.47
T(w) ~ ' 7 wer\oy T(w) (447)
Then, for any v € F we have
d J(u+ ev) | )

de I(u+ ev) '~
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A simple computation yields
/(a1(|Vu\) + az(|Vul|))VuVo dx - I(u) — J(u) - / \u|q(z)72uv dr =0, VveE. (4.48)
Q Q

Relation (4.48) combined with the fact that J(u) = A1 (u) and I(u) # 0 implies the fact that A\; is an
eigenvalue of problem (4.20). Thus, step 2 is verified.

e STEP 3. We show that any A € (A1, 00) is an eigenvalue of problem (4.20).
Let A € (A1, 00) be arbitrary but fixed. Define T) : E — R by

T(u) = J(u) — M (u).

Clearly, T\ € C'(E,R) with

/ ’

(T (u),v) = (J (u),v) — NI (u),v), YueE.

Thus, A is an eigenvalue of problem (4.20) if and only if there exists uy € E\ {0} a critical point of T}.

With similar arguments as in the proof of relation (4.37) we can show that T} is coercive, i.e.
limy—oc Ta(u) = o0o. On the other hand, it is known that functional T) is weakly lower semi-
continuous. These two facts enable us to apply [75, Theorem 1.2] in order to prove that there exists
u) € E a global minimum point of T and, thus, a critical point of T. In order to conclude that step
4 holds true it is enough to show that wy is not trivial. Indeed, since A; = inf,c g\ {0y % and A > )\
it follows that there exists vy € E such that

J(va) < A(vy),

or
T)\('I},\) < 0.

Thus,
infTy <0
E

and we conclude that u)y is a nontrivial critical point of T\, or A is an eigenvalue of problem (4.20).

Thus, step 3 is verified.

e STEP 4. We show that any A € (0, \g), where )\ is given by relation (4.36), is not an eigenvalue of
problem (4.20).

Indeed, assuming by contradiction that there exists A € (0, o) an eigenvalue of problem (4.20) it
follows that there exists uy € E \ {0} such that

/

(J (uy),v) = XTI (uy),v), VveE.

Thus, for v = u) we find

’

(T (un), un) = MI (up), un),
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or

Jl(u,\) = )\Il(u)\).

The fact that uy € E'\ {0} assures that I;(uy) > 0. Since A < Ag, the above information implies
Jl(u,\) > )\gfl(uA) > AIl(U)\) = Jl(u,\).

Clearly, the above inequalities lead to a contradiction. Thus, step 4 is verified.
By steps 2, 3 and 4 we deduce that Ay < A;.

The proof of Theorem 4.4 is now complete.

Remark 4.3. We point out that by the proof of Theorem 4.4 we can not conclude if A\g = A1 or Ag < A1.
Such a study rests open. In the case when it is possible to have \g < A1, if such a case could arise, the
question regarding the ezistence of an eigenvalue of problem (4.20) in the interval [Ag, A1) also rests an

open problem.

4.3 An optimization result

Let 2 be a bounded domain in R (N > 3) with smooth boundary 9. Assume that a; : (0,00) — R,
1= 1,2, are two functions such that mappings ¢; : R — R, i = 1, 2, defined by

a;([t])t, for t#0
pi(t) =
0, for t=0,
are odd, increasing homeomorphisms from R onto R, A is a real number, V(z) is a potential and ¢,
g2, m : Q — (1,00) are continuous functions. Let f(z,u) = (Ju|®®~2 + |u|2#)~2)y. We analyze the
eigenvalue problem

—div((a1(|Vu as(|Vu U ) |u| (@) =2, = T, U T
div((a1(|Vul) + a2(|Vul)) Vu) + V(2)|ul AM(z,u), z€Q (4.49)

u =0, x € 00

Problem (4.49) can be placed in the context of the eigenvalue problem studied in the above section since
in the particular case when q1(z) = g2(z) = ¢() for any z € Q and V = 0 in Q it becomes problem
(4.20). The form of problem (4.49) becomes a natural extension of problem (4.20) with the presence of
the potential V' in the left-hand side of the equation and by considering that in the right-hand side we
have q; # g2 on Q.

For i = 1,2 define

t
D,(t) = / vi(s) ds, forallte R, i=1,2.
0
Define function spaces W Lg, () as in Chapter 1. We also refer to Chapter 1 for definitions, notations

and properties of Orlicz-Sobolev spaces. Here we assume that conditions (1.10) and (1.12) are satisfied
fori=1,2.
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We will study problem (4.49) when g1, g2, m : Q — (1,00) are continuous functions satisfying the

following assumptions:

1< (p2)o<(p2)’ <gy <qgf <m™ <m™ <qy <qf <(p)o<(p)’ <N, (4.50)
* N e}
and the potential V' : Q — R satisfies
") ' Q N Q
Ve L"(Q), withr(z)e C(Q) and r(z) > o Vaoe. (4.52)

Condition (4.50) which describes the competition between the growth rates involved in equation (4.49),
actually, assures a balance between them and, thus, it represents the key for the present study. Such
a balance is essential since we are working on a non-homogeneous (eigenvalue) problem for which a
minimization technique based on the Lagrange Multiplier Theorem can not be applied in order to find
(principal) eigenvalues (unlike the case offered by the homogeneous operators). Thus, in the case of
nonlinear non-homogeneous eigenvalue problems the classical theory used in the homogeneous case
does not work entirely, but some of its ideas can still be useful and some particular results can still be
obtained in some aspects while in other aspects entirely new phenomena can occur. To focus on our
case, condition (4.50) together with conditions (4.51) and (4.52) imply

V(@) m
/Q<I>1(|Vu])da:+/Q<I>2(\Vu|)dx+/ﬂm($) |u|™®) da:

lim = 00
oz, 0 / @ gg 4 / 0. 81 jox(e) gy
o () o ¢@2(7)
and v
/ &1 (|Vul) dx+/ By (|Vu|) dz +/ (@) @) gy
im 29 0 o m(z) .
lello, @y —o0 / . Ju| 2 (®) dq:+/ LM!‘”(IE) dx
o q1(x) o ¢@2(7)

In other words, the absence of homogeneity is balanced by the behavior (actually, the blow-up) of
the Rayleigh quotient associated to problem (4.49) in the origin and at infinity. The consequences of
the above remarks is that the infimum of the Rayleigh quotient associated to problem (4.49) is a real

number, i.e.

/Q®1(|Vu|)dx+/ﬂ¢g(|Vu\)dx—i—/ﬂm(z)|u| @) dx

inf
weWg Loy (2)\{0} / 71 |u|‘“(x) dl‘-‘r/
o @1() Q

€R, (4.53)
‘u|qz(l') dr

QQ(I

and it will be attained for a function ug € Wi Le, (Q2) \ {0}. Moreover, the value in (4.53) represents
an eigenvalue of problem (4.49) with the corresponding eigenfunction ug. However, at this stage we
can not say if the eigenvalue described above is the lowest eigenvalue of problem (4.49) or not, even

if we are able to show that any A small enough is not an eigenvalue of (4.49). For the moment this
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rests an open question. On the other hand, we can prove that any A superior to the value given by
relation (4.53) is also an eigenvalue of problem (4.49). Thus, we conclude that problem (4.49) possesses
a continuous family of eigenvalues.

Related with the above ideas we will also discuss the optimization of the eigenvalues described by
relation (4.53) with respect to potential V', provided that V' belongs to a bounded, closed and convex
subset of L"()(Q) (where r(x) is given by relation (4.52)). By optimization we understand the existence
of some potentials V, and V* such that the eigenvalue described in relation (4.53) is minimal or maximal
with respect to the set where V lies.

By relation (4.50) it follows that W Lg, () is continuously embedded in Wi Lg, () (see, e.g. [58,
Lemma 2]). Thus, problem (4.49) will be analyzed in the space W Lg, (£2).

We say that A\ € R is an eigenvalue of problem (4.49) if there exists u € W} Lg, (Q2) \ {0} such that

/ (ax(|Vul) + ax(|Vul)) VaVo dz + / V(@)™ da
Q Q

_ /\/(|u’q1(w)2 + |u]2@ =)y dz = 0,
Q

for all v € W3 Lo, (Q2). We point out that if ) is an eigenvalue of problem (4.49) then the corresponding
eigenfunction u € W3 Lo, (2) \ {0} is a weak solution of problem (4.49).
For each potential V € L™)(Q) we define

Vi(x)
e L 1#10vu) + oa(1vup] do + [ T2

ueWg Lg, (2)\{0} / 1 |u|q1(fc) dx+/ 1 |u‘q2(w) dz
o q1(x) o ¢2(x)

u|™®) dg

and

a U a U ul? dz 2)|u|™@ dz
e /Q[ L(IVul) + as(Vul)]|Vul? d +/Qv< )™ d

ueWg Lg, (2)\{0} /’u‘ql(x) dx—i—/ ’u|q2(x) dx
Q Q

Thus, we can define two functions 4, B : L")(Q) — R.

The first result of this section is given by the following theorem.

Theorem 4.5. Assume that conditions (4.50), (4.51) and (4.52) are fulfilled. Then A(V') is an eigen-
value of problem (4.49). Moreover, there exists uy € WiLe, () \ {0} an eigenfunction corresponding
to eigenvalue A(V') such that

[ @0vavh + @a(Tur ] do+ | Zg; )

/ ! |y |1 () d:r—l—/ ! uy |2 dz
o q(x) o ¢2(2)

Furthermore, B(V) < A(V), each A € (A(V),00) is an eigenvalue of problem (4.49), while each
A € (—o0, B(V)) is not an eigenvalue of problem (4.49).

A(V) =
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The next result asserts that on each convex, bounded and closed subset of L"()(Q) function A

defined above is bounded from below and attains its minimum. The result is the following:

Theorem 4.6. Assume that conditions (4.50), (4.51) and (4.52) are fulfilled. Assume that S is a
convez, bounded and closed subset of L") (Q). Then there exists V, € S which minimizes A(V) on S,
i.e.
A(V,) = inf A(V).
(Vi) = inf A(V)

Finally, we will focus our attention on the particular case when set S from Theorem 4.6 is a ball
in L"0)(Q). Thus, we will denote each closed ball centered in the origin of radius R from L")(Q) by
Bg(0), i.e.

Br(0) :={ue L"O(Q); |ul,() < R}.

By Theorem 4.6 we can define function A, : [0,00) — R by

A, (R)= min A(V).
VGER(O)

Our result on function A, is given by the following theorem:

Theorem 4.7. a) Function A, is not constant and decreases monotonically.

b) Function Ay is continuous.

On the other hand, we point out that similar results as those of Theorems 4.6 and 4.7 can be
obtained if we notice that on each convex, bounded and closed subset of L"()(€) function A defined in
Theorem 4.5 is also bounded from above and attains its maximum. It is also easy to remark that we
can define a function A* : [0,00) — R by

A*(R) = max A(V),
VEBR(0)

which has similar properties as A,.

4.4 The anisotropic case

Let @ ¢ RN (N > 3) be a bounded domain with smooth boundary 9. Consider that for each
i € {1,..., N}, p; are odd, increasing homeomorphisms from R onto R, ) is a positive real and q : Q —
(1,00) is a continuous function. The goal of this section is to present some results on the following

anisotropic eigenvalue problem

N
- Z 95 (i (8;u)) = Nul?™® 2y in Q,
i=1 (4.54)

u=20 on 0f).
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Define .
D,(t) = / vi(s) ds, forallte R, i€ {1,..,N}.
0

Define

N t@i(t) NO L t%’(t) .
(pi)o == %gg i(0) and (p;)° := igg i(1)’ ie{l,...,N}.

Assume that conditions (1.10) and (1.12) are satisfied for each i € {1,..., N}. Define the anisotropic
Orlicz-Sobolev space W&Lg(Q) as in Chapter 1. Consider all the definitions, notations and properties
of Orlicz-Sobolev and anisotropic Orlicz-Sobolev spaces from Chapter 1.

In the following, for each i € {1, ..., N} we define q; : [0,00) — R by,

»i(t)
t bl

0, for t=0.

for t>0
ai(t) =

Since ¢; are odd we deduce that actually, ¢;(t) = a;(|t|)t for each t € R and each i € {1,..., N}.
We say that A € R is an eigenvalue of problem (4.54) if there exists u € WUILS(Q) \ {0} such that

N
/ {Z la;(|0sul)| Ojudiw — /\|u]q(x)2uw} dx =0
L

for all w € W&Lg(Q). For A € R an eigenvalue of problem (4.54), function u from the above definition
will be called a weak solution of problem (4.54) corresponding to eigenvalue \.

The main results of this section are given by the following theorems:

Theorem 4.8. Assume that function q € C(S2) verifies hypothesis
(P, <4~ <q* < (P (4.55)
Then any A > 0 is an eigenvalue of problem (4.54).
Theorem 4.9. Assume that function q € C(Q) satisfies conditions
1<q <(P)- and ¢ < Pyoo- (4.56)
Then there exists A, > 0 such that any A € (0, \y) is an eigenvalue of problem (4.54).
Theorem 4.10. Assume that function ¢ € C(Q) satisfies inequalities
1<q™ <q" <(R)-. (4.57)

Then there exist two positive constants A\, > 0 and \* > 0 such that any A € (0,A,) U (A*,00) is an
eigenvalue of problem (4.54).

Remark 4.4. By Theorem 4.10 it is not clear if Ay < X" or Ay > X*. In the first case an interesting

question concerns the existence of eigenvalues of problem (4.54) in the interval [A., \*].
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In order to state the next result we define

N

/ S ((0su]) da
: izt
Al = inf 1 )
ueW L (2))\{0} u|?®) dz
o q(x)
and
N
/ > ai(|0sul)|Oul* da
. Q=
Ao = inf .

ueW L (@)\{0} / ]9 da
Q

Theorem 4.11. Assume that there exist ji, jo2, k € {1,..., N} such that

(pjl)o =q¢ and (pj2)0 = q+ )

and
q" < min{(px)o, (Po)*} -

7

(4.58)

(4.59)

Then 0 < Mg < A1 and every X € (A\1,00) is an eigenvalue of problem (4.54), while no X\ € (0, Ag) can

be an eigenvalue of problem (4.54).

Remark 4.5. At this stage we are not able to say whether \g = A\ or A\g < A1. In the latter case an

interesting question concerns the existence of eigenvalues of problem (4.54) in the interval [Ag, A1].



Chapter 5

Dirichlet eigenvalue problems for
difference equations

5.1 Spectral estimates for a nonhomogeneous difference problem

5.1.1 Introduction and main results

Discrete boundary value problems have been intensively studied in the last decade. The modeling of
certain nonlinear problems from biological neural networks, economics, optimal control and other areas
of study have led to the rapid development of the theory of difference equations (see the monographs of
R. P. Agarwal [5] and W. G. Kelley & A. C. Peterson [42] and the papers of R. P. Agarwal, K. Perera
& D. O’Regan [6, 7], A. Cabada, A. Iannizzotto & S. Tersian [15], X. Cai & J. Yu [16], J. Yu & Z. Guo
[79], G. Zhang & S. Liu [80] and the reference therein).

In view of developing a viable theory of discrete boundary problems, special attention has been
given to the study of the spectrum of certain eigenvalue problems. A classical result in the theory of

eigenvalue problems involving difference equations asserts that the spectrum of problem

~A(Au(k - 1)) = du(k), ke 1,T], (5.1)

u(0) =u(T'+1) =0,

where T' > 2 is an integer, [1,77] is the discrete interval {1,2,...,T} and Au(k) = u(k+ 1) — u(k) is the
forward difference operator, is finite and all the eigenvalues are positive.

On the other hand, some recent advances obtained in [6, 15] show that for some eigenvalue problems
involving difference operators the spectrum contains a continuous family of eigenvalues.

The goal of this section is to continue the work of the papers mentioned above by presenting a new
phenomenon concerning the behaviour of eigenvalues of a nonhomogeneous difference equation. Using

the above notations, we are concerned in this section with the eigenvalue problem

—A(Au(k — 1)) + |u(k)|[7?u(k) = Ag(k)u(k)]"u(k), k€ [1,T], (5.2)

u(0) =u(T'+1) =0,

78
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where ¢ and r are two real numbers satisfying 2 < r < g and g : [1,T] — (0, 00) is a given function.

We shall prove the existence of two positive numbers Ag and Aj, with A\g < A; such that for A € (0, Ao)
problem (5.2) has no non-zero solutions while for any A € [A;, 00) problem (5.2) has non-zero solutions
in a specific function space. Moreover, useful estimates will be also given for Ay and Ay with respect to
the initial data ¢, r, T" and g.

In order to describe our result in its full generality we first define the function space
H={u:[0,T+1] — R; u(0) =u(T+1) =0}.

Clearly, H is a T-dimensional Hilbert space (see [6]) with the inner product

T+1
v) = Au(k-1)Av(k-1), YuveH.
k=1

The associated norm is defined by

T+1 1/2
Jull - (Z A - 1>|2> .
k=1

We say that A € R is an eigenvalue of problem (5.2) if there exists v € H \ {0} such that

T+1

ZAU —1)Av(k —1) +Z|u )9 2u(k )\Zg (k)" 2u(k)v(k) =0, Yo e H.

Function w in the above definition will be called an eigenvector of problem (5.2). The set of all
eigenvalues of problem (5.2) will be called the spectrum of problem (5.2).

The following theorem represents the main result of this section.

Theorem 5.1. Let 2 <r <gq,T >2 and g: [1,T] — (0,00) be a given function. Then there exist two
positive constants N\g and A1 with A\g < A1 such that no A € (0, \g) is an eigenvalue of problem (5.2)

while any A € [A\1,00) is an eigenvalue of problem (5.2). Moreover, we have

SV 1 rg=2)  (Tg=n)\7
WS B and e Shesns P (TS T 6

where |gloo = maxyep 1 g(k).

Notation. For any a and b integers satisfying a < b we denote by [a, b] the discrete interval {a,a+1, ..., b}.

5.1.2 Some estimates of eigenvalues

In this section we will point out certain remarks on how we can estimate the positive eigenvalues

corresponding to positive eigenvectors for problem

~A(Au(k - 1) = du(k), ke 1,T], (5.4)

u(0) =u(T'+1)=0.

In this section, the main result is given by Theorem 5.2 which is of interest in its own right as well:
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Theorem 5.2. Let A > 0 be an eigenvalue of problem (5.4) with the property that the corresponding
eigenvector uw = {u(k) : k € [0,T + 1]} is positive, i.e. u(k) > 0 for any k € [1,T]. Then we have the

estimates
4 in 1 max{u(1),u(T)}
e <A< {ir (S | )

Proof. First, we point out certain general remarks on the behavior of Au(k) for k € [0,T]. Since
u(k) > 0 for k € [1,T] satisfies equation (5.2) and A > 0 we have

A(Au(k —1)) = —Xu(k) <0, Yke[LT].

Thus, we deduce that sequence (Au(k)) is decreasing for k € [0, 7.
Second, we show that the left inequality holds true. In order to do that we start by defining

m =max{s € [1,T]; Au(s—1) >0, Au(s) <0}.

Undoubtedly, m can be defined as above since we have u(7' 4+ 1) =0 and Au(T) =u(T + 1) —uw(T) =
—u(T) < 0. (Actually, m is the largest local maximum point of w in [1,77].)
On the other hand, since Au(m) < 0 and (Au(k)) is a decreasing sequence for k € [0,7T] we notice
that
Au(k) <0, Vke[m,T],
and, thus,
u(k+1) <u(k), Ykem,T],

i.e. sequence (u(k)) is strictly decreasing for k € [m,T]. A similar argument, based on the fact that

Au(m — 1) > 0 implies that Au(k) > 0 for any k € [0, m — 1], i.e. sequence (u(k)) is nondecreasing for

k € [0,m].

Adding identities u(k) — u(k — 1) = Au(k — 1) for k € [m + 1,T + 1] we obtain u(7T' 4+ 1) — u(m) =

St Au(k —1) > (T + 1 —m)Au(T), ie.
_—ulm) o Ay (5.6)
T+1—m — ' '

Since by equation (5.4) we have that

A(Au(k — 1)) = =du(k), Vke[m,T],

summing the above relations with respect to k € [m,T] we obtain

T
Au(T) = Au(m — 1) = =X\ " u(i).

=m

Taking into account that Au(m — 1) > 0 the above equality implies

T
Au(T) > =X Z u(i) .
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The above inequality, relation (5.6) and the fact that the sequence (u(k)) is decreasing for k € [m, T

yield
—u(m) T T
e S S N>
Triom = /\;u(z) > )\u(m)gl
or
/\Zml_ T+1— (5.7)

In order to go further, we add identities u(k) — u(k — 1) = Au(k — 1) for k € [1,m], obtaining that
u(m) —u(0) = >, Au(k — 1). This inequality and the fact that sequence (Au(k)) is decreasing for
k € [0,T] imply

Au(0) > U™ (5.8)

Since by equation (5.4) we have that
A(Au(k — 1)) = =Xu(k), VEkel[l,m],

summing the above relations with respect to k € [1,m]| we obtain

m

Au(m) — Au(0) = -\ Z u(i) .

m

Using the fact that (u(k)) is nondecreasing for k € [0, m] we find

%<>\Zl (5.9)

Now, by (5.7) and (5.9) we get

T m 1 1
A 1+ A 1>+ —.
;n + ; T—I—l—m+m

Thus, we conclude that

4
NT+1) > 2
(T+D> 757

or

4
(T +1)?

Finally, we prove the second inequality. By equation (5.4) we have

A >

Au(k) — Au(k — 1) = —du(k), Vkell,T].
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Summing the above relations we find

T
w(T) +u(l) =X uli).
=1

Since u(k) > 0 by using the above relation, we find, on the one hand, that
T 1) > AT mi k
u(T) +u(l) = kgﬁ,nﬂ“( )

. u(T) + u(1)

T minke[l’T} U(k')

> A, (5.10)
and, on the other hand,
w(T) 4 u(1) = Au(l) +u(T)),

or

1> A

Furthermore, we notice that if u(kg) = mingep 7ju(k) then ko € {1,7}. Indeed, let us assume by
contradiction that ko € [1,7]\ {1,7}. Then, since

Au(k‘o> — Au(ko — 1) = —Xu(k()) s

or

0 <wu(ko+1)—2ulky) +u(ko — 1) = —Au(kg) <0,

we obtain a contradiction. Consequently, kg € {1,T'}. That fact and relation (5.10) yield

max{u(1),u(T)}
Q+mmmmanZA'

1
T
Theorem 5.2 is completely proved.

Remark 1. We emphasize that for the estimate in the left-hand side of (5.5) we can give an alternative
proof. This idea is described in what follows. The eigenvalues of problem (5.4) can be calculated directly,

solving the linear second-order difference equation
A(Au(k — 1)) + Au(k) =0,

(see, e.g. [42, Chapter 3], [11, pp.38]). The eigenvalues of (5.4) are

km . 9 km
)\k—2<1—COS <T+1>>—4SIH (M)’ kG[l,T],

and the corresponding eigenvectors are

_Jo g km . 2km . Tkw 0
o = 1 0,sin 11 ,sin Tl , ., SiN T ) .
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Note that 0 < A\ < 4 and the estimate from the left-hand side in (5.5) implies

4 . T
maﬁ:(T+n2<M:4$&<%T+U>’

or, equivalently
<o)
———<sin|{ —— | .
(T'+1) 2(r+1)
That fact also follows from the elementary inequality

a:<sin(7r2—$>, Vae(0,1).

The last inequality is equivalent with the following fact

2
—x <sin(z), Vze€ ((), E) ,

0 2

which geometrically means that the graph of sin(z) is above the chord which joints the points (0,0)
and (7/2,1).

Remark 2. We point out that for a problem of type (5.4) there always exists at least a positive
eigenvalue with a positive corresponding eigenfunction, namely, the first eigenvalue (see, e.g., [7] or [3]).
Thus, denoting by A1 ([0,T'+ 1]) the first eigenvalue of equation (5.4), by using Theorem 5.2, we deduce
that

(Tj1)2 M0, T+1])<1. (5.11)
Moreover, we point out that the left-hand side inequality in (5.11) is a discrete variant of the celebrated
Faber-Krahn inequality which is valid in the continuous case (see, e.g., [26, 44, 46]), since in the
particular case when T' = 2 a simple computation shows that A\(][0,3]) = 1 (actually, in this case 1 is
the only eigenvalue of the problem), and, thus, the left-hand side of inequality (5.11) can be rewritten

in the following way
4

mh([& 3)) <A([0,T+1]), VT >2.

Remark 3. We notice that by a simple computation it can be proved that in the degenerate case T' =1
the only eigenvalue of problem (5.4) is A\1([0,2]) = 2 while in the case T" = 2 the two eigenvalues of

problem (5.4) are equal to 1. Thus, under these conditions, we have the equality case in the right-hand

side of inequality (5.5). In other words, the case when there is equality can occur.

We point out that with a similar proof the result of Theorem 5.2 can be extended to the following:

Theorem 5.3. Let p > 1 be a fized real number and let a > 1 and b > a + 2 be two integers. Consider
the problem
—A(|Au(k — 1)[P2Au(k — 1)) = Mu(k)|P~2u(k), k€ [a,b—1],
(5.12)
u(la—1) =u(b) =0.
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Let A > 0 be an eigenvalue of problem (5.12) with the property that the corresponding eigenvector
u,u(k) >0 for any k € [a,b— 1]. Then we have the estimates

2 w1, ! max{u(1)~, u(T)!
ety << (1 G ) (5.13)

In the case when p=2,a=1and b =T + 1 in Theorem 5.3 we obtain Theorem 5.2.
Finally, we recall that following the hypotheses of Theorem 5.3 the first eigenvalue, A1 ,([a — 1,8]),

is defined from a variational point of view by the so-called Rayleigh quotient, that is

b

3 [Au(k - 1P
Ap(la—1,b]) = inf ==— : (5.14)
? S

We note that in the case p = 2 we will use notation A([a — 1,0]) instead of A; 2([a — 1,b]). Theorem
5.3 shows that relation (5.11) can be extended thanks to the following relation

4

agp <Mle-10) =1, (5.15)

5.1.3 Proof of Theorem 5.1

e First, we show the existence of A\g > 0 such that any A € (0, \g) is not an eigenvalue of problem (5.2).
Define the Rayleigh type quotient

T+1 9 T
kZl |Au(k — D" + kzl Ju(k)
A= inf == — . 1
0 uegl\{O} T (5.16)
2 () ulk)r

In a first instance we prove that A\g > 0. In order to show that, we start by pointing out that
relations (5.14) and (5.11) imply

T+1 T 4 T
D 1Auk = D = M([0, T+ 1) u(k)]® > o5 > |u(k)]?, YueH. (5.17)
k=1 k=1 (T+1) k=1

Since we have 2 < r < ¢ we deduce
(k) + [u(k)|? > Ju(k)[", YueH, Yke[l,T].

Summing the above inequalities we obtain

T

T T
Do luk)P ) fuk)C =) Juk)]" = S Y g®)uk)]", VueH. (5.18)
k=1 k=1

k=1 k=1 ~ gl £
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Combining relations (5.17) and (5.18) we infer

T+1

4
Z|Au —1|2+Z|u > min{ } Zg
(T+ 9o £
(5.19)
7‘
- H.
(T'+1) \g\oozg e
The last inequality shows that
4
A > ——n— >0. 5.20
RCERIE (5:20)
Let us now define, Ji, I1, Jo, Io: H — R by
| T4l T 1 I
Z\Au - P+ |u(k)|* fl(U)=;Zg(k)IU(k)V7
k:1 k=1
and
T+1 T
Z | Au(k — 1) + Z u(k)[? To(w) =D g(k)[u(k)|".
k=1
Standard arguments imply that Ji, I1 € C’l(H, R) with
T+1 T
(Ji(u),v) = Aulk = 1)Av(k = 1)+ Y (k)" *u(k)o(k),
k=1 k=1

and

for any u, v € H.

Lemma 5.1. Let A\ be defined by relation (5.16). Then no X € (0,\g) is an eigenvalue of problem
(5.2).

Proof. Indeed, assuming by contradiction that there exists A € (0, \g) an eigenvalue of problem
(5.2), it follows that we can find wy € H \ {0} such that

(J1(wn),v) = MI(ws),v), Vo€ H.
Letting v = wy we deduce (J;(wy), wy) = MIj(wy),w,), or
J()(w)\) = )\Io(w)\) .

Since w)y # 0 we have that Jg(w)\) > 0 and, thus, Iy(wy) > 0. Combining that fact with the ideas that
A € (0,A0) and A = inf,c {0} o (( )) we infer

Jo(wx) = Aolo(wr) > Mo(wy) = Jo(wy),
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which is a contradiction. The proof of Lemma 5.1 is complete.

e Secondly, we show that there exists A; such that any A € (\,00) is an eigenvalue of problem
(5.2).

For any A > 0 we define functional Sy : H — R by

Sxy(u) = Ji(u) = A1 (u), YueH.
We notice that Sy € C'(H,R) with the derivative given by
(S (u),v) = (Jy(u),v) — AL (u),v), Yu, veH.
Thus, A is an eigenvalue of problem (5.2) if and only if there exists uy € H \ {0} a critical point of S).

Lemma 5.2. For any A € (0,00) functional Sy is coercive, i.e. im0 Sx(u) = 0.

Proof. 1t is obvious that

T

L T 1 ,
Sx(u) > 2HuH +qZ!u(k¢)! " Z\u(k)
k=1

k=1

for any v € H. For any m > 2 let us denote

T 1/m
b = (Z \u(k)\m> .
k=1

It is not difficult to notice that each |- |,,, m > 2, is a norm on H. Since H is a finite dimensional
Hilbert space we deduce that for any mj, mg > 2 the norms | - |, | - |m, and || - || are equivalent.

The above pieces of information imply that there exist two positive constants C7 and Cs such that
1
Sx(u) = 5HuH2 + Chflull* = Coflul",

for any u € H. Since 2 < r < g, the proof of Lemma 5.2 is complete.

Define
T+1

fZ\Au — 12+ Z|u

A1 = inf . 5.21
! uegl\{O} 1L (5:21)
-

> k) u(k)l"

k=1

Due to (5.16), a simple estimate shows that

11 11
rmin< =, — r Ag < A < rmaxq =, — ¢ Ap.
2 q 2q

Since 2 < r < ¢, we clearly have
r r
- <A1 < =)Ao 5.22
p 0= A1LS 540 ( )

In particular, (5.20) and the left hand size of (5.22) imply A\; > 0.
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Lemma 5.3. Any A € (A1, 00) is an eigenvalue of problem (5.2).

Proof. We fix A € (A\1,00). By Lemma 5.2 we deduce that Sy is coercive. On the other hand, it is
clear that functional Sy is weakly lower semi-continuous. These two facts enable us to apply Theorem
1.2 in [75] in order to prove that there exists uy € H a global minimum point of Sj.

Next, we show that uy is not trivial. Indeed, since A\ = inf,cp, w20 % and A > Ap it follows that
there exists vy € H such that

Jl(v)\) < )\11(1))\) ,

or

Sx(uy) <0.

In particular, infr; Sy < 0, and we conclude that uy # 0.
Next, we show that A is an eigenvalue of problem (5.2). Let v € H fixed. The above property of wuy
gives that

d
%S)\(u,\ + GU)‘E:(] =0,

or

(J(wy),v) — AT (up),v) =0, YveH,

that means A is an eigenvalue of problem (5.2). The proof of Lemma 5.3 is complete.
e Next, we show that A\ is also an eigenvalue of problem (5.2). In order to do that we first prove

the following result.

: Jo(w) _ 1 Jo(u) _
Lemma 5.4. lim,—o % = lim )| -0 IS(Z) = 00.

—

Proof. Considering again norms, | - |, m > 2, defined in Lemma 5.2 and recalling that they are

equivalent with norm || - || we find that there exist two positive constants D; and Ds such that

Jo(u) _ Jull® + Dafull
Io(uw) = Dalull"

, Yue H\{0}.

Now taking into account that 2 < r < ¢, the conclusion of Lemma 5.4 immediately holds.
Lemma 5.5. The real number \1, given by relation (5.21), is an eigenvalue of problem (5.2).

Proof. Let (A,) be a sequence in R such that A\, \, A\; as n — co. By Lemma 5.3 we deduce that
for each n there exists u, € H \ {0} such that

(T (un),v) — M (I (un),v) =0, YveH. (5.23)
Taking v = u,, in the above equality we find
Jo(un) = Ando(uy), Vn. (5.24)

The above equality and Lemma 5.4 imply that (u,) is a bounded sequence in H. Indeed, assuming by

contradiction that (uy) is not bounded in H it follows that passing eventually to a subsequence, still
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denoted by (u,) we have ||u,| — co. On the other hand, the fact that A, \, A1 and relation (5.24)
imply that for each n large enough the following holds true
Jo(un)
Io(un)
Lemma 5.4 shows that the above inequality and the fact that |u,| — oo lead to a contradiction.

=A< A +1.

Consequently, (uy,) is bounded in H. We deduce the existence of u € H such that, passing eventually

to a subsequence, u, converges to u in H. Passing to the limit as n — oo in (5.23) we get
(J1(u),0) = M(Iy(u),0) =0, VveH,

i.e. A1 is an eigenvalue of problem (5.2) provided that u # 0.
Finally, we explain why u # 0. Assuming by contradiction that u = 0 we deduce that u,, converges
to 0 in H. By relation (5.24) we deduce that for any n the following equality holds
J() (un)
To(un)
Passing to the limit as n — oo and taking into account the result of Lemma 5.4 and the fact that

=\

An \\ A1 we obtain a contradiction. The proof of Lemma 5.5 is complete.

e Finally, we point out that the conclusion of Theorem 5.1 holds true.
PROOF OF THEOREM 5.1. In order to obtain the first part, it is enough to combine Lemmas 5.1, 5.3
and 5.5; in particular, we clearly have A\g < A;. The first two inequalities of (5.3) come from (5.22) and
(5.20), respectively.

It remains to prove the right hand side inequality of (5.3), i.e., Ay < A, where we use notation
r—2
_ r(g—2) (T(qfr)>qf2 e S —
A T o Latr2) .Fixae H\ {0} by a(k) =s>0, k € [1,T]. Due to (5.21), we have
1
3 a0+ LS

r(s?+ L4
P = ( T 1 ) .
8" =1 9(k)

LS
k=1

Taking function A : (0,00) — (0, 00) defined by

r(s? + %sq)
"Y1 g(k)
1
q(r—2) ) a2

one can easily show that its minimum is attained at the point sg = (T(qir)
being h(sg) = A. This concludes the proof.

h(s) =

, the minimum value

Remark 4. We notice that the spectrum of problem (5.2) is not completely described by our study.
Although we have estimates for \g and A1, at this stage we are not able to say if A\g = Ap or A\g < A1.
Note that A\g and A\ are very close to each other whenever r is close to 2; in that sense, see the first
inequality in (5.3). Due to the nonhomogeneous nature of problem (5.2), we are strongly convinced
that we usually have Ag < A1, i.e., there is a gap between A\g and A;. If so, the problem of the

existence/nonexistence of eigenvalues in the interval [Ag, A1) should be elucidated.
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5.2 Eigenvalue problems for anisotropic discrete boundary value prob-
lems

In this section we present some results regarding the existence of solutions for the discrete boundary

value problem

_ wlke — DIPE=D=2A0(k — 1)) = \u (k)=2y,
A(|Au(k — 1) Au(k = 1)) = Nu(k)[1®)~2u(k), k€ Z[1,T], (5.25)

uw(0) =u(T'+1) =0,

where T' > 2 is a positive integer and Au(k) = u(k + 1) — u(k) is the forward difference operator. Here
and hereafter, we denote by Z[a, b] the discrete interval {a,a + 1,...,b} where a and b are integers and
a < b. Moreover, we assume that functions p : Z[0,7] — [2,00) and ¢ : Z[1,T] — [2,00) are bounded
while A is a positive constant.

We note that problem (5.25) is the discrete variant of the variable exponent anisotropic problem

N pi(x)—2
— Z 0 (|2 u Mu|?@ =2y, for ze€Q
u =0, for x €99,

where @ C RN (N > 3) is a bounded domain with smooth boundary, A > 0 is a real number, and p;(z),
q(x) are continuous on Q such that N > p;(z) > 2 and g(z) > 1 for any x € Q and all i € Z[1, N].
Problem (5.26) was recently analyzed by M. Mihailescu, P. Pucci & V. Radulescu in [53, 54].

Using critical point theory we can establish the existence of a continuous spectrum of eigenvalues
for problems of type (5.25). The idea is to transfer the problem of the existence of solutions for problem
(5.25) into the problem of existence of critical points for some associated energy functional. On the
other hand, we point out that, to our best knowledge, discrete problems like (5.25), involving anisotropic
exponents, have not yet been discussed. Thus, the present study can be regarded as a contribution in
this direction.

We are interested in finding weak solutions for problems of type (5.25). For this purpose we define

the function space
H = {u:Z[0,T 4+ 1] — R; such that u(0) = (T + 1) = 0}.

Clearly, H is a T-dimensional Hilbert space (see [6]) with the inner product

T+1
(u,v) = Z Au(k — 1)Av(k—1), Vu,veH.
k=1

This associated norm is defined by

T+1 1/2
lull = (Z Aulh - 1>|2> .
k=1
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By a weak solution for problem (5.25) we understand a function v € H such that

T+1 T
D 1Au(k = DPE D2 Au(k - DAv(E - 1) = A [u(k)] " Pu(k)o(k) =0,
k=1 k=1

for any v € H.

Denote for short maxegz, ) p(k) by maxz, y p and mingezqp) p(k) by mingq, s p-

The main results of this section are the following.

Theorem 5.4. Assume that functions p and q verify hypothesis

max p < min q. (5.27)
Z(0,7]  Z[1,T]

Then for any X\ > 0 problem (5.25) has a nontrivial weak solution.

Theorem 5.5. Assume that functions p and q verify hypothesis

in p. 2
2 < 2o o

Then there exists N** > 0 such that for any A > XN** problem (5.25) has a nontrivial weak solution.

Theorem 5.6. Assume that functions p and q verify hypothesis

i in p. 2
! < 2o o2

Then there exists \* > 0 such that for any A € (0, \*) problem (5.25) has a nontrivial weak solution.

Remark 1. We point out that if relation (5.29) is verified then relation (5.28) is fulfilled, too. Conse-
quently, the result of Theorem 5.5 can be completed with the conclusion of Theorem 5.6. More exactly,

we deduce the following corollary.

Corollary 5.1. Assume that functions p and q verify hypothesis

min ¢ < min p.
Z[1,T) Z[0,T]

Then there exist \* > 0 and \** > 0 such that for any X € (0, \*) U (X\**,00) problem (5.25) possesses

a nontrivial weak solution.

Remark 2. On the other hand, we point out that the result of Theorem 5.6 holds true in situations

that extend relation (5.28) since in relation (5.29) we could have

min ¢ < min p < max q.
Z[1,T] Z[0,T] Z[1,T]
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